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a b s t r a c t

The paper considers testing and signal identification for covariance matrices from two
populations of marginally sub-Gaussian distributed. A multi-level thresholding proce-
dure is proposed for testing the equality of two high-dimensional covariance matrices,
which is designed to detect sparse and faint differences between the covariances. A
novel U-statistic composition is developed to establish the asymptotic distribution of
the thresholding statistics in conjunction with the matrix blocking and the coupling
techniques. It is shown that the proposed test is more powerful than the existing
tests in detecting sparse and weak signals in covariances. Multiple testing procedures
are constructed to discover different covariances and the sub-groups of variables with
different covariance structures between the two populations. The proposed procedures
are based on the multi-level thresholding test, which are able to control the false
discovery proportion (FDP) with high power. Simulation experiments and a case study on
the returns of the S&P 500 stocks before and after the COVID-19 pandemic are conducted
to demonstrate and compare the utilities of the proposed methods.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Understanding how variables interact with each other is one of the key goals in scientific, economic and social research.
ovariance which shows the linear association among variables is a commonly used measure for studying dependence. It is
idely used in a variety of applications. For example, in portfolio allocation, the aim is to minimize a quadratic form of the
ovariance among many financial assets. The optimal allocation is determined by the inverse of the covariance (Markowitz,
952). Understanding the covariance structure is also a basic step in data analysis as different dependence structures lead
o different inference procedures. For instance, in the Hotelling’s test for means and Fisher’s linear discriminant analysis,
he pooled covariance estimate is used under the assumption of the same covariance matrix between the two samples.
he inverse covariance matrix is used in the Gaussian graphical model (Liu, 2013; Ren et al., 2015), and is utilized to
nhance the signal strength in the innovated Higher Criticism test for high-dimensional means (Hall and Jin, 2010; Chen
t al., 2019).
Detecting differences in covariance matrices among different experimental and treatment regimes are commonly

ursued in econometrics and statistics. In fact, treatment effects may be reflected in the dependence structures in
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dditional to means although the latter has been the main focus of treatment effect studies. In financial problems, it is
f practice importance to check whether covariances among stocks change over time. If the covariance matrices between
wo time periods are different, the risk of a portfolio and the optimal allocation would be different (Fan et al., 2015a). The
aussian graphical model (GGM) is commonly used in network analysis, where network connectivity is determined by
he nonzero values in the inverse of a covariance matrix. Thus, different covariance matrices under different treatments
r time periods imply different network dependence structures. In recent works, Liu et al. (2021) and Qiu et al. (2016)
onsidered change point detection in GGM estimated at multiple time points and time-varying estimation of GGM,
espectively. Two-sample covariance testing can be used as a preliminary step to check whether the network structure
as changed between different periods. Therefore, testing for the equality of covariance matrices Σ1 and Σ2 from two

populations is an important problem.
Nagao (1973) and Perlman (1980) presented studies under the conventional fixed dimensional setting; see Anderson

(2003) for a comprehensive review. The modern high-dimensional data have generated a renewed interest under the so-
called ‘‘large p, small n’’ paradigm. For Gaussian data with the dimension p and the sample size n being the same order,
Schott (2007) and Srivastava and Yanagihara (2010) proposed two sample tests based on the distance measure ∥Σ1−Σ2∥

2
F ,

the squared Frobenius matrix norm between the two covariances. Bai et al. (2009) considered a corrected likelihood
ratio test via the large dimensional random matrix theory. For nonparametric settings without explicitly restricting p
and the sample sizes, Li and Chen (2012) proposed an ℓ2-test based on a linear combination of U-statistics which is an
nbiased estimator of ∥Σ1 − Σ2∥

2
F . Qiu and Chen (2012) studied an ℓ2-test for the bandedness of a covariance. Cai et al.

2013) proposed a test based on the maximal standardized differences (an ℓmax-type formulation) between the entries
f two sample covariance matrices. Chang et al. (2017) constructed a simulation based approach to approximate the
istribution of the maximal statistics. Studies have shown that the ℓ2-tests are powerful for detecting dense and weak
ifferences (Chen et al., 2019), while the ℓmax-formulation is powerful against sparse and strong signal settings. However,
oth types of tests encounter reduced power when the signals are rare and faint.
There are recent works in statistic and econometric literature that combine multiple tests to enhance power. Fan et al.

2015b) and Yu et al. (2021) proposed to add a thresholding statistic to an ℓ2-statistic for testing high-dimensional means
nd covariances. He et al. (2021) constructed a family of U-statistics and combined them with an ℓmax-type statistic.
lthough those tests are powerful to detect dense signals (due to the ℓ2-component) and sparse and strong signals (due
o the thresholding component), they are not powerful to detect signals that are both sparse and weak, which is an
pen question for covariance testing problems. Detailed discussion of those methods and comparison with the proposed
pproach are given after Proposition 3.
Detecting rare and faint signals has attracted much attention in high-dimensional statistical inference. Studies have

een largely concentrated for the mean problems (Fan, 1996; Donoho and Jin, 2004; Delaigle et al., 2011; Zhong et al.,
013; Qiu et al., 2018), which built various versions of thresholding tests. However, studies of sparse and weak signals
or covariance matrices are much less. Although thresholding statistics for means could be extended for covariances,
he results of the means tests cannot be readily applied to covariance testing due to the complicated dependence
mong sample covariances. Meanwhile, Chudik et al. (2018) proposed a thresholding procedure for variable selection
n high-dimensional linear regression. Arias-Castro et al. (2012) investigated the near optimal test for detecting nonzero
orrelations in a one sample setting with Gaussian data and clustered signals.
The first aim of this paper is on enhancing the power performance in testing differences between two covariances when

he differences are both sparse and faint, which is the most challenging setting for signal detection and brings about the
ssue of detection boundary for covariance matrices. We introduce thresholding on the ℓ2-formulation of Li and Chen
2012) to remove those non-signal bearing entries of the covariances, which reduces the overall noise (variance) level
f the test statistic and increases the signal to noise ratio for the testing problem. A multi-level thresholding procedure
s proposed to select the threshold level that maximizes a standardized thresholding statistic under the null hypothesis.
his makes the proposed global test adaptive to a wider range of signal sparsity and strength. Under the setting of rare
nd faint differences between the two covariances, the power of the proposed global test is studied and its detection
oundary is derived, which shows the benefits of the multi-thresholding over existing two sample covariance tests.
The second aim is to construct a multiple testing procedure based on a step-down procedure of the multi-level

hresholding tests to identify the pairs of variables with different covariances between the two populations or treatments.
t is shown that the step-down procedure with an augmentation step is able to control the exceedance rate of the false
iscovery proportion (FDP) with a higher power. A multiple testing procedure to recover the sub-groups of variables with
ifferent covariance structures is also proposed.
The paper is organized as follows. We introduce the setting of two-sample covariance testing in Section 2. The multi-

evel thresholding statistic is presented in Section 3, while Section 4 outlines a proposal for identifying different covariance
airs. Assumptions and asymptotic distributions of the proposed thresholding statistics are reported in Section 5, followed
y theoretical power analysis in Section 6, establishing the detection boundary of the proposed global test and the
roperties of the multiple testing procedure. Simulation studies and a real data analysis on the returns of the S&P 500
tocks before and after the outbreak of the COVID-19 pandemic are presented in Sections 7 and 8, respectively. Further
iscussion with extensions of the proposed procedure to temporal dependent data and regression models with estimated
arameters is made in Section 9. All technical proofs are relegated to the supplementary material (SM).
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B

. Preliminary

There are two independent samples of p-dimensional random vectors X1, . . . ,Xn1
i.i.d.
∼ F1 and Y1, . . . ,Yn2

i.i.d.
∼ F2 from

two distributions F1 and F2, respectively, where Xk = (Xk1, . . . , Xkp)T, Yk = (Yk1, . . . , Ykp)T, n1 and n2 are the sample sizes,
and ‘‘i.i.d’’. stands for ‘‘independent and identically distributed’’. Let µ1 = (µ11, . . . , µ1p)T and µ2 = (µ21, . . . , µ2p)T be
the means of F1 and F2, and Σ1 = (σij1)p×p and Σ2 = (σij2)p×p be the covariance matrices of F1 and F2, respectively. Let
Ψ1 = (ρij1)p×p and Ψ2 = (ρij2)p×p be the corresponding correlation matrices. We consider testing

H0 : Σ1 = Σ2 vs. Ha : Σ1 ̸= Σ2 (2.1)

under a high-dimensional setting where p ≫ n1, n2.
Let ∆ = Σ1−Σ2 = (δij)p×p where δij = σij1−σij2 are component-wise differences between Σ1 and Σ2, q = p(p+1)/2 be

the number of distinct parameters and n = n1n2/(n1+n2) be the effective sample size in the testing problem. Let {πℓ,p}
p!
ℓ=1

denote all possible permutations of {1, . . . , p} and Xk(πℓ,p) and Yk(πℓ,p) be the reordering of Xk and Yk corresponding to
a permutation πℓ,p. To regulate the dependence among variables, we assume that there is a permutation π∗,p such that
Xk(π∗,p) and Yk(π∗,p) are weakly dependent as defined via β-mixing (Bradley, 2005), or there exists a spatial structure on
the variables of Xk and Yk and they satisfy a spatial mixing condition (Jenish and Prucha, 2009) on their dependence. As
the proposed statistic in (3.1) is of the ℓ2-type and is invariant to permutations of Xk and Yk, there is no need to know
the permutation π∗,p. In the following, we provide two examples for testing covariances in econometrics studies.

Example 1. It is known that the covariance structure is important in portfolio selection (Markowitz, 1952; Fan et al.,
2015a). A specific interest is in detecting covariance changes over different time periods. Let X̃lk = (X̃lk,1, . . . , X̃lk,p)T be
the returns of p stocks on the kth day in period l for l = 1, 2. As the returns may be simultaneously affected by market
overall performance, we consider the model (Fama and French, 1993)

X̃lk,j = ρljX̃lk−1,j + F̃Tlkγ lj + ϵlk,j

for l = 1, 2 and j = 1, . . . , p, where F̃lk stands for market common factors for all the stock returns, γ lj is the coefficient of
those common factors on the jth stock, and ρlj represents the effect of the previous day’s return. Let ϵlk = (ϵlk,1, . . . , ϵlk,p)T
be the stock adjusted returns after removing the effects of market factors, and Σϵ,l = Cov(ϵlk) for l = 1, 2. We consider to
test H0 : Σϵ,1 = Σϵ,2 over the two periods. Here, we assume {ϵlk} over time are independent and the dependence among
the components of ϵlk satisfies a β-mixing condition after certain permutation, which would be reasonable as the stock
adjusted returns are more likely to be dependent within the same industry sector, so that the covariance matrix exhibits
an approximate block-diagonal structure. Also notice that the time independence assumption of {ϵlk} can be relaxed to a
weakly dependent assumption, which will be discussed in Section 9.

Example 2. Many economic data exhibit spatial features (Arbia and Baltagi, 2008) as space and distance affects economic
behavior and regional economic dependence. Studying spatial dependence is a key aspect in spatial data analysis. Our
setting covers the problem of testing spatial covariances. Let Xlk = (Xk(u1), . . . , Xk(up))T be the kth observation on a
spatial domain with p locations in period l for l = 1, 2, where uj denotes the jth location. Let Σs,l = Cov(Xlk) be the
spatial covariance of the observed variable. We are interested in testing the spatial covariances being the same over the
two periods. Namely, consider the hypotheses H0 : Σs,1 = Σs,2 vs. Ha : Σs,1 ̸= Σs,2. Here, the observations are spatially
weakly dependent in the sense that the dependence between Xk(ui) and Xk(uj) decreases as the distance between ui and
uj increases.

Let X̄ =
∑n1

k=1 Xk/n1 and Ȳ =
∑n2

k=1 Yk/n2 be the two sample means where X̄ = (X̄1, . . . , X̄p)T and Ȳ = (Ȳ1, . . . , Ȳp)T.
Let

Σ̂1 = (σ̂ij1) =
1
n1

n1∑
k=1

(Xk − X̄)(Xk − X̄)T and

Σ̂2 = (σ̂ij2) =
1
n2

n2∑
k=1

(Yk − Ȳ)(Yk − Ȳ)T,

and κ = limn1,n2→∞ n1/(n1 + n2). Moreover, let θij1 = Var{(Xki − µ1i)(Xkj − µ1j)}, θij2 = Var{(Yki − µ2i)(Ykj − µ2j)};
ρ

(1)
ij,lm = Cor{(Xki − µ1i)(Xkj − µ1j), (Xkl − µ1l)(Xkm − µ1m)}, and ρ

(2)
ij,lm = Cor{(Yki − µ2i)(Ykj − µ2j), (Ykl − µ2l)(Ykm − µ2m)}.

oth θij1 and θij2 can be estimated by

θ̂ij1 =
1
n1

n1∑
k=1

{(Xki − X̄i)(Xkj − X̄j) − σ̂ij1}
2 and

θ̂ij2 =
1
n

n2∑
{(Yki − Ȳi)(Ykj − Ȳj) − σ̂ij2}

2.

2 k=1
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s θ̂ij1/n1+ θ̂ij2/n2 is a ratio-consistent estimator to the variance of σ̂ij1− σ̂ij2, we define a standardized difference between
ˆij1 and σ̂ij2 as

Mij = F 2
ij for Fij =

σ̂ij1 − σ̂ij2

(θ̂ij1/n1 + θ̂ij2/n2)1/2
, 1 ≤ i ≤ j ≤ p.

Cai et al. (2013) proposed a maximum statistic Mn = max1≤i≤j≤p Mij that targets at the largest signal between Σ1
nd Σ2. Li and Chen (2012) proposed an ℓ2-test that aims at ∥Σ1 − Σ2∥

2
F . Donoho and Jin (2015) briefly discussed the

ossibility of applying the Higher Criticism (HC) statistic for testing H0 : Σ = Ip with Gaussian data. We are to propose a
est by carrying out multi-level thresholding on {Mij} to filter out potential signals via an ℓ2-formulation, and show that
uch thresholding leads to a more powerful test than both the maximum test and the ℓ2-type tests when the signals are
are and faint.

. Multi-level thresholding test for covariances

To remove the non-signal bearing entries in sample covariances, we consider to threshold Mij at λp(s) = 4s log(p) for
∈ (0, 1), and construct a thresholding statistic

Tn(s) =

∑
1≤i≤j≤p

MijI{Mij > λp(s)}, (3.1)

here I(·) denotes the indicator function. The constrain on the threshold level s less than 1 is due to the large deviation
esult of Fij that P{max1≤i≤j≤p |Fij| > 2

√
log(p)} → 0 as n, p → ∞ under H0 of (2.1) and Assumption 1A (or 1B), 2, 3 (see

emma 2 in SM). This implies the thresholding statistic Tn(s) is asymptotically zero for s ≥ 1 under H0 of (2.1).
Compared with the ℓ2-statistic of Li and Chen (2012), the statistic Tn(s) removes those small standardized differences

ij between Σ̂1 and Σ̂2, which results in a smaller variance than the ℓ2-statistic that sums all pairs of Mij for i ≤ j.
ompared with the ℓmax-test of Cai et al. (2013), thresholding enhances the power to detect the alternative hypotheses
y including all relatively large standardized differences Mij. Those comparisons imply two forces of thresholding
hat increase the signal to noise ratio for hypotheses testing: increase the signals under alternative hypotheses while
imultaneous controls the noise variation.
The proposed thresholding statistics for covariances is in the same spirit as the thresholding tests for means (Fan,

996; Donoho and Jin, 2004; Hall and Jin, 2010) and regression coefficients (Qiu et al., 2018). As the entries of a sample
ovariance matrix can be stacked together as a long vector, thresholding tests for means could be extended for covariances.
owever, the results of the means tests cannot be readily applied to covariance testing due to the circular dependence
n sample covariances, which makes the analysis of thresholding statistics on sample covariances more challenging.
pecifically, the dependence among entries of a sample covariance matrix does not follow a direction as any entries
n a row or column of the sample covariance matrix are dependent due to sharing common data component. We propose
novel matrix blocking method in couple with the martingale central limit theorem (Hall and Heyde, 1980) to overcome
he challenges for covariance testing and derive the asymptotic distribution of Tn(s), which is detailed in the proof of
heorem 1 in the SM.
Let µTn,0(s) and σ 2

Tn,0(s) be the mean and variance of the thresholding statistic Tn(s), respectively under H0. Let φ(·)
nd Φ̄(·) be the density and survival functions of N(0, 1), respectively. Recall that q = p(p + 1)/2. Proposition 1 and
heorem 1 in Section 5 shows that under H0 of (2.1), Assumptions 2–4, 5A or 5B and either (i) the exponential growth
f p (Assumption 1A) with s > 1/2 or (ii) the polynomial growth of p that n ∼ pξ for ξ ∈ (0, 2] (Assumption 1B) with
> 1/2 − ξ/4,

σ−1
Tn,0(s){Tn(s) − µTn,0(s)}

d
→ N(0, 1) as n, p → ∞,

here µTn,0(s) = µ̃Tn,0(s)[1 + O{λ
3/2
p (s)n−1/2

}], σ 2
Tn,0(s) = σ̃ 2

Tn,0(s){1 + o(1)},

µ̃Tn,0(s) = q[2λ1/2
p (s)φ{λ1/2

p (s)} + 2Φ̄{λ1/2
p (s)}] and (3.2)

σ̃ 2
Tn,0(s) = q[2{λ3/2

p (s) + 3λ1/2
p (s)}φ{λ1/2

p (s)} + 6Φ̄{λ1/2
p (s)}]. (3.3)

It is noted from the above that σ̃ 2
Tn,0(s)/σ

2
Tn,0(s) → 1. Let µ̂Tn,0(s) be an estimate of µTn,0(s) that satisfies

µ̂Tn,0(s) − µTn,0(s) = op{σ̃Tn,0(s)}. (3.4)

y Slutsky’s theorem, under (3.4), we have

σ̃−1
Tn,0(s){Tn(s) − µ̂Tn,0(s)}

d
→ N(0, 1) as n, p → ∞.

natural choice of µ̂Tn,0(s) is the main order term µ̃Tn,0(s) given in (3.2). According to the expansion of µTn,0(s) in
roposition 1,

µTn,0(s) − µ̃Tn,0(s)
= Op{λ

5/4
p (s)p1−sn−1/2

}, (3.5)

σ̃Tn,0(s)
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hich converges to zero under Assumption 1B and s > 1 − ξ/2. Let zα be the upper α quantile of N(0, 1). We reject the
ull hypothesis of (2.1) if

Tn(s) > µ̃Tn,0(s) + zα σ̃Tn,0(s), (3.6)

hich is called the single level thresholding test as it depends on a single s.
In the followings, we assume Condition (3.4) is satisfied to simplify the analysis. When estimators satisfying (3.4) are

ot available, we may choose µ̂Tn,0(s) = µ̃Tn,0(s) while the lower threshold bound has to be chosen as 1 − ξ/2 to make
3.5) converge to 0.

More accurate estimator of µTn,0(s) can be constructed by establishing expansions for µTn,0(s) and then correcting for
he bias empirically. Delaigle et al. (2011) found that more precise moderate deviation results can be derived for the
ootstrap calibrated t-statistics, which provides more accurate estimator for the mean.
To enhance the power of the single level thresholding test, we consider thresholding with multiple threshold levels.

pecifically, we take the maximum of the standardized statistic of Tn(s) as the test statistic. Let Tn(s) = σ̃−1
Tn,0(s){Tn(s) −

ˆ Tn,0(s)} be the standardization of Tn(s), and

Sn(s0) = {sij : sij = Mij/{4 log(p)} and s0 < sij ≤ (1 − η)} (3.7)

e a set of threshold levels for a threshold lower bound s0 and an arbitrarily small positive constant η. The multi-level
hresholding statistic is constructed as

Vn(s0) = sup
s∈Sn(s0)

Tn(s), (3.8)

hich is a similar formulation as the Higher Criticism (HC) statistic (Donoho and Jin, 2004) and an ℓ2-variant (Zhong et al.,
013) for detecting rare and faint signals in means. From Theorem 1, a choice of s0 is either 1/2 or 1/2− ξ/4 depending
n p having the exponential or polynomial growth with respect to n, where ξ is the polynomial growth rate such that
∼ pξ .
From Theorem 2 in Section 5, an asymptotic α-level multi-thresholding test (MTT) rejects the null hypothesis of (2.1)

f

Vn(s0) > [qα + b{log(p), s0, η}]/a{log(p)}, (3.9)

here a(y) = {2 log(y)}1/2, b(y, s0, η) = 2 log(y)+2−1 log log(y)−2−1 log(π )+log(1−s0−η), and qα is the upper α quantile
f the Gumbel distribution. This proposed test is powerful against sparse and weak signals as revealed in Section 6.
Since the convergence of Vn(s0) to the Gumbel distribution can be slow when the sample size was small, we employed

bootstrap procedure using a consistent covariance estimator, denoted as Σ̂, proposed by Rothman (2012), which ensures
he positive definiteness of the estimated covariance. Since Σ1 = Σ2 under the null hypothesis, the two samples {Xk}

n1
k=1

nd {Yk}
n2
k=1 were pooled together to estimate Σ1. For the bth bootstrap resample, we drew n1 samples of X∗ and n2

amples of Y∗ independently from N(0, Σ̂). Then, the bootstrap test statistic V∗(b)
n (s0) was obtained based on X∗ and Y∗.

his procedure was repeated B = 500 times to obtain {V∗(1)
n (s0), . . . ,V

∗(B)
n (s0)} under the null hypothesis. The bootstrap

mpirical null distribution of the proposed statistic was F̂0(x) =
1
B

∑B
b=1 I{V

∗(b)
n (s0) ≤ x} and the bootstrap p-value was

1− F̂0{Vn(s0)}, where Vn(s0) was the multi-thresholding statistic from the original samples. We reject the null hypothesis if
the p-value is less than the nominal significant level α = 0.05. The bootstrap approximation may be justified as follows.
First of all, the regularized estimator Σ̂ of the covariance Σ is able to retain the large covariance entries and set all
small estimates to zero with probability converging to 1. Second, as the normal random variables are independent if their
covariance is zero, the generated parametric bootstrap samples from the normal distribution satisfy Assumptions 2–4
and 5A or 5B in Section 5 for large n. By Theorems 1 and 2, the bootstrap version of the single and multi-thresholding
statistics have the same limiting Gaussian distribution and the extreme value distribution, as the proposed statistics using
the original data, respectively. The bootstrap approximation would offer more accurate approximation to the distribution
of the test statistics of the MTT than the limiting Gumbel distribution.

4. Identify differentially correlated pairs

If the null hypothesis in (2.1) is rejected, we aim to recover the pairs of variables with different covariances between
the two populations. This is equivalent to consider the multiple testing hypotheses

H0,ij : σij1 = σij2 vs. Ha,ij : σij1 ̸= σij2 (4.1)

for 1 ≤ i ≤ j ≤ p. Let m0 be the number of true null hypotheses, and ma = q − m0 be the number of covariances with
different values between the two populations. For testing the multiple hypotheses (4.1), let Rej be the number of null
hypotheses that are rejected, and FP and FN be the numbers of false positives (Type I errors) and false negatives (Type II
errors), respectively. The false discovery proportion defined as FDP = FP/max{Rej, 1} is the proportion of falsely rejected
null hypotheses among all rejections, and the false discovery rate FDR = E(FDP) is the expectation of the FDP.

There are well known multiple testing procedures for FDR control (Benjamini and Hochberg, 1995; Storey, 2002).
Particularly, Cai et al. (2013) proposed a test procedure for (4.1) based on the standardized differences {F } (the signed
ij
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oot of Mij) that controls the FDR. However, as the FDR is the expected FDP over repeated experiments, controlling FDR
t a level α does not imply controlling FDP at α for the observed data of an experiment. As an alternative, Genovese
nd Wasserman (2006) considered the FDP exceedance rate which takes account of the variation in the FDP and is a

more stringent measure for controlling the Type I errors of the multiple testing than the FDR. They proposed a step-down
procedure based on a maximum statistic to control P(FDP > c) ≤ α for a given c ∈ (0, 1). The role of c is analogous to
hat of the significance level in a testing problem. A smaller c generates a more conservative multiple testing procedure
hile a larger c leads to more liberal results. Typical candidate values of c could be 0.1 or 0.2 (Genovese and Wasserman,
006). As shown in Section 6, the MTT in (3.9) is more powerful than the maximum type tests in detecting sparse and
eak signals. We develop a step-down procedure based on the MTT for hypotheses (4.1) that is powerful in identifying
parse and small differences between Σ1 and Σ2.
Let (i∗1, j

∗

1), (i
∗

2, j
∗

2), . . . , (i
∗
q, j

∗
q) be the indexes corresponding to the ordered standardized differences Mi∗1 j

∗
1

≥ Mi∗2 j
∗
2

≥

· · ≥ Mi∗q j∗q where q = p(p + 1)/2 denotes the total number of covariances. Let Dl = {(i∗l , j
∗

l ), (i
∗

l+1, j
∗

l+1), . . . , (i
∗
q, j

∗
q)} for

= 1, 2, . . . , q. To detect signals among the pairs in Dl, we device a step-down procedure that applies the proposed MTT
or successive hypotheses

HDl,0 : σij1 = σij2 for all (i, j) ∈ Dl vs. HDl,a : σij1 ̸= σij2 for some (i, j) ∈ Dl. (4.2)

e start with l = 1 which corresponds to hypotheses (2.1). If the null hypothesis of (4.2) is rejected, we remove the
air (i∗l , j

∗

l ) corresponding to the largest Mij in Dl, and repeat the MTT for HDl+1,0. Let HDls ,0 be the first null that is not
ejected, and Rs = {(i∗1, j

∗

1), . . . , (i
∗

ls−1, j
∗

ls−1)} be the rejection set of pairs identified by the step-down procedure if ls > 1.
o enhance the power of the procedure, we expand Rs by including the next ⌊(ls − 1)c/(1− c)⌋ pairs after (i∗ls−1, j

∗

ls−1) in
1 for a small constant c ∈ (0, 1) whenever ls > 1, leading to using the first ⌊(ls −1)/(1− c)⌋ pairs in D1 as the identified
ignal set over the covariances between the two populations.
The sequence of the MTT for (4.2) serve as a step-down procedure for the multiple testing problem (4.1). From

heorem 2, if there is no signal in Dl, the MTT is able to control the size for testing the hypotheses (4.2) so that the
robability of rejecting HDl,0 is less than α. This implies 1−α confidence in controlling the FDP. The rationale for enlarging
he rejection set of the step-down procedure is that if we only choose Rs as the set of identified signals, the FDP would
iminish to zero with probability 1− α. By additionally the top ⌊(ls − 1)c/(1− c)⌋ pairs in Dls , the power of the multiple
esting procedure is increased while the rate of FDP exceeding c can still be controlled at α level asymptotically.

The proposed testing procedure can be also applied to identify sub-groups of variables with different covariance
tructure between the two populations. Let G̃h = {j1, . . . , jph} be the index set of the hth sub-group of variables with
ize ph and Gh = G̃h × G̃h for h = 1, . . . , g0. Let Σ1,h and Σ2,h be the covariances of the hth sub-group, which are the
ub-matrices of Σ1 and Σ2 with elements in Gh. We are interested in identifying the sub-groups with different covariance
atrices, namely,

H0,h : Σ1,h = Σ2,h vs. Ha,h : Σ1,h ̸= Σ2,h (4.3)

or h = 1, . . . , g0.
Let TGh (s) =

∑
(i,j)∈Gh,i≤j MijI{Mij > λp(s)} be the thresholding statistic on Gh, and VGh (s0) be the corresponding multi-

evel thresholding statistic on Gh. Let {h∗

1, h
∗

2, . . . , h
∗
g0} be the indexes for the ordered {VGh (s0)} such that VGh∗1

(s0) ≥

Gh∗2
(s0) ≥ · · · ≥ VGh∗g0

(s0). Let Hl = Gh∗
l

∪ · · · ∪ Gh∗
g0

for l = 1, . . . , g0. Similar to (4.2), we consider the MTT for the
verall hypotheses HHl,0 : σij1 = σij2 for all (i, j) ∈ Hl in a step-down manner. Following the construction of the multiple
esting procedure for the hypotheses (4.1), the proposed testing procedure for (4.3) is constituted by a step-down process
ased on the multi-level thresholding statistic VHl (s0) and an augmentation step.

. Assumptions and asymptotic distributions

Let C be a positive constant whose value may change in the context. For two real sequences {an} and {bn}, an ∼ bn
eans that there are two positive constants c1 and c2 such that c1 ≤ an/bn ≤ c2 for all n. For two σ -fields A and B, let

ζ (A,B) =
1
2
sup

v1∑
l1=1

v2∑
l2=1

⏐⏐P(Al1 ∩ Bl2 ) − P(Al1 )P(Bl2 )
⏐⏐

be the β-mixing coefficient (Bradley, 2005) between A and B, where the supremum is taken over all finite partitions
{Al1 ∈ A}

v1
l1=1 and {Bl2 ∈ B}

v2
l2=1 of the sample space, and v1, v2 ∈ Z+, the set of positive integers. Without loss of generality,

we assume E(X1) = E(Y1) = 0. We make the following assumptions in our analysis.

Assumption 1A. As n → ∞, p → ∞, log p ∼ nϖ for a ϖ ∈ (0, 1/5).

Assumption 1B. As n → ∞, p → ∞, n ∼ pξ for a ξ ∈ (0, 2].
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ssumption 2. There exists a positive constant τ such that

τ < min
1≤i≤p

{σii1, σii2} ≤ max
1≤i≤p

{σii1, σii2} < τ−1 and (5.1)

min
i,j

{θij1/(σii1σjj1), θij2/(σii2σjj2)} > τ. (5.2)

ssumption 3. There exist positive constants η and C such that for all |t| < η,

E{exp(tX2
ki)} ≤ C and E{exp(tY 2

ki)} ≤ C for i = 1, . . . , p.

Assumption 4. There exists a small positive constant ρ0 such that

max{|ρij1|, |ρij2|} < 1 − ρ0 for any i ̸= j, (5.3)

nd max{|ρ (1)
ij,lm|, |ρ

(2)
ij,lm|} < 1 − ρ0 for any (i, j) ̸= (l,m).

ssumption 5A. There is a permutation π∗,p of the data sequences {Xkj}
p
j=1 and {Ykj}

p
j=1 such that the permuted sequences

k(π∗,p) and Yk(π∗,p) are β-mixing with the mixing coefficients ζx,p(h), ζy,p(h) ≤ Cγ h for a constant γ ∈ (0, 1), any p ∈ Z+

and positive integers h ≤ p−1, where ζx,p(h) = sup1≤m≤p−h ζ {Fm
1 (Xk(π∗,p)),F

p
m+h(Xk(π∗,p))}, F

mb
ma (Xk(π∗,p)) = σ {Xkj(π∗,p) :

ma ≤ j ≤ mb} for 1 ≤ ma ≤ mb ≤ p, and ζy,p(h) is similarly defined.

Assumptions 1A and 1B specify the exponential and polynomial growth rates of p relative to n, respectively. Assump-
tion 2 prescribes that θij1 and θij2 are bounded away from zero to ensure the denominators of Mij being bounded away
from zero with probability approaching 1. Assumption 3 assumes the distributions of Xki and Yki are sub-Gaussian. Sub-
Gaussianity is commonly assumed in high-dimensional literature (Bickel and Levina, 2008; Xue et al., 2012; Cai et al.,
2013), which contains the Gaussian distribution and distributions with bounded support as special cases. This assumption
is a sufficient condition for XkiXkj being sub-exponential distributed, which is needed to derive the asymptotic expansion
of the large deviation probability P(Fij > z)/Φ̄(z), namely, the Cramér type large deviation result (Petrov, 1995). Although
concentration inequalities of P(Fij > z) hold under weaker conditions on Orlicz norm of Xki, those conditions by Orlicz
norm are not sufficient to derive the asymptotic expansion of P(Fij > z) and the ratio-consistence of P(Fij > z) to the
standard normal tail probability Φ̄(z), which is needed for the asymptotic properties of the proposed statistic. However,
this condition can be weakened to the Linnik condition or the Statulevičius condition (Saulis and Statulevičius, 1991)
on XkiXkj; see the discussion after Proposition 1. Assumption 4 regulates the correlations among variables in Xk and Yk,
and subsequently the correlations among {Fij} where Mij = F 2

ij . Assumption 5A controls the dependence among sample
covariances so that σ̂ij1 − σ̂ij2 and σ̂lm1 − σ̂lm2 are nearly independent if the four variables are far apart from each other.
This condition implies that the covariance matrices Σ1 and Σ2 are bandable, which include banded or block diagonal
matrices with relatively small block sizes, after certain permutation of variables. The β-mixing coefficients are assumed
exponentially decaying for an unknown variable permutation π∗,p. However, there is no need to know this permutation to
perform the proposed test in (3.9). The exponential rate is to simplify proofs, while the theoretical results in this section
still hold under an arithmetic rate at the expense of more technical details. As special cases, Theorem 3.3 in Bradley
(2005) and Mokkadem (1988) showed that both Markov chains and linear processes with i.i.d. innovations are β-mixing
under some weak conditions. Meanwhile, normally distributed data with banded or block diagonal covariance after certain
variable permutation satisfy this assumption as well. Similar mixing conditions for dependence among variables were also
made in Delaigle et al. (2011), Zhong et al. (2013), Xu et al. (2016) and He et al. (2021).

For spatially dependent data, Assumption 5A can be replaced by the following.

Assumption 5B. The jth variables Xkj and Ykj are associated with a location index uj for j = 1, . . . , p. Let d(ui, uj) be
the distance between ui and uj. Assume d(ui, uj) > d0 for a positive constant d0 for all i, j = 1, . . . , p and i ̸= j. For
two location index sets A1 and A2, let d(A1, A2) = min{d(ui, uj) : ui ∈ A1, uj ∈ A2} be the distance between A1 and
A2, and F(Xk, A1) = σ {Xkj : uj ∈ A1} be the σ -field generated by the data contained in A1. The sequences {Xkj}

p
j=1 and

{Ykj}
p
j=1 are spatially β-mixing with the mixing coefficients ζx,p(h), ζy,p(h) ≤ Cγ h for a γ ∈ (0, 1) and h > 0, where

ζx,p(h) = supd(A1,A2)>h ζ {F(Xk, A1),F(Xk, A2)}, and ζy,p(h) is similarly defined.

Assumption 5B regulates the dependence among spatial data. Spatial mixing conditions are often employed in spatial
literature (Jenish and Prucha, 2009; Gaetan and Guyon, 2010). The condition mini,j{d(ui, uj)} > d0 implies expanding
domain asymptotics for the spatial data. Assumptions 5A and 5B are used to control the dependence among sample
covariances for different type of data, as motivated in Examples 1 and 2 of Section 2. The theoretical properties of the
proposed statistics are derived for both types of mixing assumptions to broaden the application of the proposed tests.

Recall that µTn,0(s) = E{Tn(s)|H0}, σ 2
Tn,0(s) = Var{Tn(s)|H0}, q = p(p + 1)/2, and φ(·) and Φ̄(·) are the density and

2
survival functions of N(0, 1), respectively. The following proposition provides expansions of µTn,0(s) and σTn,0(s).
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roposition 1. Under Assumptions 1A or 1B, 2 – 4 and 5A or 5B, µTn,0(s) = µ̃Tn,0(s)[1 + O{λ
3/2
p (s)n−1/2

}] where

µ̃Tn,0(s) = q[2λ1/2
p (s)φ{λ1/2

p (s)} + 2Φ̄{λ1/2
p (s)}].

In addition, under either (i) Assumption 1A with s > 1/2 or (ii) Assumption 1B with s > 1/2−ξ/4, σ 2
Tn,0(s) = σ̃ 2

Tn,0(s){1+o(1)},
here σ̃ 2

Tn,0(s) = q[2{λ3/2
p (s) + 3λ1/2

p (s)}φ{λ
1/2
p (s)} + 6Φ̄{λ

1/2
p (s)}].

The derivation of µTn,0(s) and σ 2
Tn,0(s) in Proposition 1 mainly uses the Cramér large deviation result P(Fij > z)/Φ̄(z) =

1 + o(1) for z = o(n1/6) under sub-exponential distribution of XkiXkj and the null hypothesis of (2.1). Nevertheless, from
Lemma 2.3 and Theorem 6.4 in Saulis and Statulevičius (1991), the sub-exponential distribution condition can be relaxed
to the Statulevičius condition Γm(XkiXkj) ≤ (m!)1+γ1/∆m−2

1 for constants γ1 ≥ 0, ∆1 > 0 and m = 3, 4, . . ., or the
innik condition E exp(|XkiXkj|

γ2 ) < C for a constant γ2 ∈ (0, 1), where Γm(XkiXkj) denotes the cumulant of XkiXkj of
order m. But, the range of the large deviation expansion might be more restrictive comparing to z = o(n1/6) under
he sub-exponential condition of XkiXkj, which would restrict the relationship between log p and n. Note that the sub-
xponential condition of XkiXkj is a special case of the Statulevičius condition with γ1 = 0. Therefore, the sub-Gaussian
ondition of Xki in Assumption 3 can be weakened to E exp(c|Xki|

γ0 ) < ∞ for positive constants c and γ0 ∈ (0, 2],
hich implies E exp(c|XkiXkj|

γ0/2) < ∞. Note that γ0 = 1 corresponds to the sub-exponential distribution assumption
f Xki. Amosova (2002) also showed that the Statulevičius condition (or the Linnik condition with a different expansion
ange) is sufficient and necessary for the Cramér large deviation result. To simplify the derivation and better illustrate the
heoretical techniques for analyzing the thresholding statistic, we make the sub-Gaussian condition on Xki in Assumption 3
o substitute the Statulevičius and Linnik conditions on XkiXkj.

The next theorem derives the asymptotic distribution of Tn(s) at a given s. The main challenge is to deal with the circular
ependence among {Mij}. Although Stein’s method (Stein, 1972) can be applied to establish distributional approximation
or sum of certain dependent sequences, it cannot be directly applied to our case, as each Mij is dependent with more
han p other summands in Tn(s) so that the local dependence structure for Stein’s method does not hold; see Theorem 3.6
in Ross (2011). To tackle the challenge that {Mij} in the same row and the same column are dependent, we propose a novel
matrix blocking technique with Berbee’s coupling theorem (Athreya and Lahiri, 2006, page 516) to represent Tn(s) by a
-statistic formulation constructed on independent blocks of variables. The martingale central limit theorem is applied
n the U-statistic to show the asymptotic normality of Tn(s). This technique and the proofs are given in the SM.

heorem 1. Suppose Assumptions 2–4 and 5A or 5B are satisfied. Then, under the H0 of (2.1), and either (i) Assumption 1A
ith s > 1/2 or (ii) Assumption 1B with s > 1/2 − ξ/4, we have

σ−1
Tn,0(s){Tn(s) − µTn,0(s)}

d
→ N(0, 1) as n, p → ∞.

It is shown in the SM that the correlation between MijI{Mij > λp(s)} and MilI{Mil > λp(s)} with a common variable i
ecreases with the increase of the threshold level s. Compared with thresholding sample means, the restriction on s in
heorem 1 is to control the dependence among the thresholded sample covariances in Tn(s).
Recall that a(y) = {2 log(y)}1/2 and b(y, s0, η) = 2 log(y)+ 2−1 log log(y)− 2−1 log(π )+ log(1− s0 − η). The asymptotic

istribution of the multi-thresholding statistic Vn(s0) is given in the following theorem.

heorem 2. Suppose conditions of Theorem 1 and (3.4) hold, under H0 of (2.1),

P[a{log(p)}Vn(s0) − b{log(p), s0, η} ≤ x] → exp(− exp(−x)).

6. Power analysis

This section evaluates the power of the proposed MTT in (3.9) under the alternative hypotheses of (2.1) with few
non-zero δij and the values of those nonzero δij being faint, where δij = σij1 − σij2. Let ma denote the number of nonzero
ij for i ≤ j, and ⌊·⌋ be the integer truncation function. We consider the covariance class with sparse and weak differences

C(β,{r0,ij}) =
{
(Σ1,Σ2) : ma = ⌊q1−β

⌋ nonzero δij with signal strength

δij = {2r0,ij log(q)/n}1/2 = {4r0,ij log(p)/n}1/2{1 + o(1)} for δij ̸= 0
}
,

(6.1)

here β ∈ (1/2, 1) is the signal sparsity parameter and {r0,ij} are the signal strength parameters. The covariance class
(β, {r0,ij}) constitutes the most challenging setting for detecting differences between two covariances. Here, as shown
n Cai et al. (2013), {log(p)/n}1/2 in (6.1) is the minimum rate for successful signal detection under the sparse setting.
or testing H0 : Σ1 = Σ2, Li and Chen (2012) proposed an ℓ2-type test. They showed that their test is powerful if the

Frobenius distance ∥Σ1 −Σ2∥F is larger than c(p/n)1/2 for a positive constant c. Note that if all the signals have strength
arger than n−1/2 and the number of signals is larger than p, the Frobenius distance between Σ1 and Σ2 is larger than
p/n)1/2, and the ℓ2-test is powerful. Therefore, we call the case with more than p signals as dense signal regime, which
corresponds to β ∈ (0, 1/2]. Meanwhile, β ∈ (1/2, 1) is regarded as the sparse signal regime. See Donoho and Jin (2004),
Hall and Jin (2010) for similar settings in the context of testing means.
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For (Σ1,Σ2) ∈ C(β, {r0,ij}), define the standardized signal strength

rij = r0,ij/{(1 − κ)θij1 + κθij2} for σij1 ̸= σij2, (6.2)

y recognizing that the denominator is the main order term of the variance of
√
n(σ̂ij1−σ̂ij2). Under Gaussian distributions,

ij1 = σii1σjj1 + σ 2
ij1 and θij2 = σii2σjj2 + σ 2

ij2. Since the difference between σij1 and σij2 is at the order {log(p)/n}1/2 under
(β, {r0,ij}), we have rij = r0,ij/(σii1σjj1 + σ 2

ij1)(1 + O[{log(p)/n}1/2]). Define the maximal and minimal standardized signal
trength

r̄ = max
(i,j):σij1 ̸=σij2

rij and
¯
r = min

(i,j):σij1 ̸=σij2
rij. (6.3)

For (Σ1,Σ2) ∈ C(β, {r0,ij}), let µTn,1(s) and σ 2
Tn,1(s) be the mean and variance of Tn(s) under the alternative hypothesis,

and let

Powern(Σ1,Σ2) = P
(
Vn(s0) > [qα + b{log(p), s0, η}]/a{log(p)}|Σ1,Σ2

)
e the power of the MTT in (3.9). Let SNR(s) = {µTn,1(s)− µTn,0(s)}/σTn,1(s) be the signal to noise ratio of the single level

thresholding test in (3.6). Since

Vn(s0) = max
s∈Sn(s0)

σTn,1(s)
σ̃Tn,0(s)

{
Tn(s) − µTn,1(s)

σTn,1(s)
−

µ̂Tn,0(s) − µTn,0(s)
σTn,1(s)

+ SNR(s)
}
,

he power of the MTT is determined by the maximum of SNR(s) over s ∈ Sn(s0). This indicates the power enhancement of
he MTT over the single level thresholding test, as it utilizes the maximum signal to noise ratio over a range of threshold
evels.

Recall that ξ ∈ (0, 2] gives the growth rate of p with respect to n as n ∼ pξ . To present the power of the MTT, we first
ntroduce a family of detection boundaries indexed by ξ ∈ [0, 2]:

ρ∗(β, ξ ) =

⎧⎨⎩{(4 − 2ξ )1/2 − (6 − 8β − ξ )1/2}2/8, 1/2 < β ≤ 5/8 − ξ/16,
β − 1/2, 5/8 − ξ/16 < β ≤ 3/4,

{1 − (1 − β)1/2}2, 3/4 < β < 1.
(6.4)

he following proposition shows that the power of MTT is determined by the standardized signal strength and the signal
parsity under polynomial growth rate of p in Assumption 1B.

roposition 2. Under Assumptions 1B, 2–4, 5A or 5B, (3.4) and the covariance class C(β, {r0,ij}) in (6.1), for s0 = 1/2− ξ/4,
f
¯
r > ρ∗(β, ξ ), the power of the MTT converges to 1 so that Powern(Σ1,Σ2) → 1 for a series of nominal sizes αn =

¯ {(log p)ϵ} → 0 as n, p → ∞, where ϵ is an arbitrarily small positive constant.

Proposition 2 shows that the power of the proposed MTT converges to 1 if
¯
r is above the boundary ρ∗(β, ξ ). It can

e shown that ρ∗(β, ξ ) is a non-increasing function of ξ for a given β ∈ (1/2, 5/8). As smaller ξ implies larger p, this
eans a higher detection boundary of MTT for a larger dimension, and stronger signals are needed to guarantee the
ower of MTT converging to 1 for a higher growth rate of p. Also notice that ρ∗(β, 2) (namely, if n ∼ p2) is the optimal
etection boundary for testing means with uncorrelated Gaussian data (Donoho and Jin, 2004), which corresponds to
he lower limit s0 of the threshold levels being zero in Theorems 1 and 2. Restricting s ≥ s0 = 1/2 − ξ/4 controls the
izes of the thresholding tests asymptotically, which slightly reduces the utility of the MTT in detecting weak signals for
/2 < β ≤ 5/8 − ξ/16.
The following proposition shows that ρ∗(β, 0) is the detection boundary when dimension p grows exponentially fast

ith n, which can be viewed as a degenerated polynomial growth case with ξ = 0.

roposition 3. Under Assumptions 1A, 2–4, 5A or 5B, (3.4) and the covariance class C(β, {r0,ij}) in (6.1), for s0 = 1/2, if
¯
r >

∗(β, 0), the power of the MTT converges to 1 so that Powern(Σ1,Σ2) → 1 for a series of nominal sizes αn = Φ̄{(log p)ϵ} → 0
s n, p → ∞, where ϵ is an arbitrarily small positive constant.

From Cai et al. (2013), the power of the ℓmax-test converges to 1 if

max
1≤i≤j≤p

|σij1 − σij2|

(θij1/n1 + θij2/n2)1/2
> 4(log p)1/2,

hich is equivalent to the standardized signal strength rij larger than 4 in our context. From the detection boundary in
(6.4), the MTT can have power approaching 1 for rij ∈ (0, 1). This means the signal strength required by the ℓmax-test is
stronger than that required by the proposed test. Also, the ℓ2-test of Li and Chen (2012) does not have non-trivial power
for β > 1/2. Hence, the proposed MTT is more powerful than both the ℓ2-tests and ℓmax-tests in detecting sparse and
weak signals.

Several recent works consider to utilize results from different tests to enhance power. In particular, Fan et al. (2015b)
and Yu et al. (2021) combined an ℓ type test and a thresholding component with a high threshold level. He et al. (2021)
2
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ombined multiple sum-of-qth-power tests for q ≥ 1 with an ℓmax-type test. However, our proposal is different from those
xisting methods in the following aspects. A key difference is the way to enhance the signal to noise ratio. The proposed
pproach uses a thresholding procedure to filter out the non-signal components while keeping those with signals. In this
ay, the signals in the proposed thresholding statistic are retained, but its variance is much reduced. To achieve this, the
roposed procedure uses a sequence of thresholds at

√
4s log p for s ∈ (0, 1), and chooses the threshold level s that gives

the most significant result. For sparse and weak signals with standardized strength rij less than 1, the threshold level s
needs to be chosen smaller than 1 to retain most of the signals.

In contrast, Fan et al. (2015b), Yu et al. (2021) chose the threshold at log(log n)
√
log p. Note that log(log n) diverges

o infinity slowly comparing to
√
4s in our procedure. Using this threshold level cannot detect sparse and weak signals.

oreover, translating the power results in Fan et al. (2015b) to our setting, the power of their test converges to 1 if the
aximal standardized signal strength is larger than 9{log(log n)}2/2, which is much stronger than that required by the
roposed test. Similar arguments also apply to the test of He et al. (2021) which combined multiple sum-of-qth-power
ests for q ≥ 1 with an ℓmax type test. From Equation (2.11) and Proposition 2.4 in He et al. (2021), the signal to noise ratio
f their U-statistic includes the variances of all variables in the denominator, which would suffer power loss for testing
parse signals, and their maximum test requires strong signals to have power approaching 1. Therefore, the tests in Fan
t al. (2015b), Yu et al. (2021) and He et al. (2021) are designed for detecting dense signals (due to the component of ℓ2
r ℓq statistics) and strong signals (due to the thresholding component with a high threshold level or an ℓmax statistic).
hile, our proposed test is designed for detecting signals that are both sparse and weak, which is the most challenging

ase in signal detection.
Let Ra be the set of discovered different covariances between the two populations by the proposed multiple testing

rocedure for (4.1), which includes the rejections Rs from the step-down process and those from the augmentation step.
et Rej, FP and TP be the size of Ra, and the numbers of false positives and true positives in Ra, respectively, where
P = Rej − FP. The following theorem shows that the proposed procedure is able to recover all the different covariances
hile maintains the FDP exceedance rate controlled.

heorem 3. Suppose Assumptions 2–4, 5A or 5B, and (3.4) are satisfied. Under the covariance class C(β, {r0,ij}) in (6.1) and
ither (i) Assumption 1A with s0 = 1/2 or (ii) Assumption 1B with s0 = 1/2 − ξ/4, if

¯
r > β , the proposed multiple testing

rocedure for the hypotheses (4.1) controls the FDP exceedance rate asymptotically such that P(FDP > c) ≤ α, as n, p → ∞.
nd, the power of the proposed test converges to 1 such that TP/ma → 1 in probability as n, p → ∞.

Note that the condition
¯
r > β on the standardized signal strength is required for identifying rare and faint signal. For

ariable selection in high-dimensional linear regression models, Ji and Jin (2012) showed that consistent variable selection
s impossible if

¯
r < β .

. Simulation results

We report results from simulation experiments which were designed to evaluate the performances of the proposed
wo-sample MTT under high dimensionality with sparse and faint signals. We also compared the proposed test with the
ests in Srivastava and Yanagihara (2010) (SY), Li and Chen (2012) (LC) and Cai et al. (2013) (CLX).

The two random samples {Xk}
n1
k=1 and {Yk}

n2
k=1 were respectively generated from

Xk = Σ
1
2
1 Z1k and Yk = Σ

1
2
2 Z2k, (7.1)

here {Z1k} and {Z2k} are i.i.d. random vectors from a common population. We considered two distributions for the
nnovation vectors Z1k and Z2k: (i) N(0, Ip); (ii) Gamma distribution where components of Z1k and Z2k were i.i.d.
tandardized Gamma(4,2) with mean 0 and variance 1. It is noted that the Gamma distribution is not sub-Gaussian. Our
nclusion of the Gamma setting is to check on the robustness of the proposed test with respect to the sub-Gaussian
ssumption. Moreover, as discussed after Proposition 1, the sub-Gaussian assumption can be relaxed to weaker Linnik
ondition or Statulevičius condition on XkiXkj, which would include this Gamma distribution setting as a special case. To

esign the covariances Σ1 and Σ2, let Σ
(0)
1 = D

1
2
0 Σ(∗)D

1
2
0 , where D0 = diag(d1, . . . , dp) with elements generated according

to the uniform distribution U(0.1, 1), and Σ(∗)
= (σ ∗

ij ) was a positive definite correlation matrix. Once generated, D0 was
held fixed throughout the simulation and created heterogeneity for different dimensions of the data. Two designs of Σ(∗)

were considered in the simulation:

Design 1: σ ∗

ij = 0.4|i−j|
; (7.2)

Design 2: σ ∗

ij = 0.5I(i = j) + 0.5I(i, j ∈ [4k0 − 3, 4k0]); (7.3)

for k0 = 1, . . . , ⌊p/4⌋. Design 1 has an auto-regressive structure and Design 2 is block diagonal of size 4.
To generate scenarios of sparse and weak signals, we chose

Σ
(⋆)

= Σ
(0)

+ ϵ I and Σ
(⋆)

= Σ
(0)

+ U + ϵ I , (7.4)
1 1 c p 2 1 c p

1346



S.X. Chen, B. Guo and Y. Qiu Journal of Econometrics 235 (2023) 1337–1354

u
k
A
a
Σ

w
β
0
(
s
µ

b
l
t
o
a
m
a
r
t

2
r
r
6
p
t
l

t
r

Table 1
Empirical sizes for the tests of Srivastava and Yanagihara (2010) (SY), Li and Chen (2012) (LC), Cai et al. (2013) (CLX) and the proposed multi-level
thresholding test based on the limiting distribution calibration in (3.9) (MTT) and the bootstrap calibration (MTT-BT) for Designs 1 and 2 under the
Gaussian and Gamma distributions with the nominal level of 5%.
p (n1, n2) SY LC CLX MTT MTT-BT

Gaussian Design 1

175 (60, 60) 0.048 0.058 0.054 0.088 0.058
277 (80, 80) 0.052 0.052 0.058 0.064 0.056
396 (100, 100) 0.042 0.046 0.058 0.064 0.054
530 (120, 120) 0.056 0.048 0.050 0.056 0.046

Gaussian Design 2

175 (60, 60) 0.060 0.048 0.052 0.094 0.048
277 (80, 80) 0.040 0.060 0.040 0.064 0.052
396 (100, 100) 0.052 0.042 0.044 0.090 0.048
530 (120, 120) 0.050 0.046 0.044 0.060 0.054

Gamma Design 1

175 (60, 60) 0.046 0.060 0.066 0.068 0.046
277 (80, 80) 0.046 0.050 0.044 0.062 0.042
396 (100, 100) 0.046 0.052 0.046 0.046 0.044
530 (120, 120) 0.060 0.056 0.040 0.038 0.040

Gamma Design 2

175 (60, 60) 0.070 0.056 0.048 0.066 0.046
277 (80, 80) 0.038 0.058 0.036 0.062 0.048
396 (100, 100) 0.048 0.050 0.042 0.036 0.044
530 (120, 120) 0.054 0.056 0.048 0.046 0.042

where U = (ukl)p×p is a banded symmetric matrix and ϵc is a positive number to guarantee the positive definiteness of
Σ

(⋆)
2 . Specifically, let k0 = ⌊mp/p⌋, where mp = ⌊q1−β/2⌋ is the number of distinct pairs with nonzero ukl, ul+k0+1 l =

l l+k0+1 = {4r log(p)/n}1/2 for l = 1, . . . , k1, k1 = mp − pk0 + k0(k0 + 1)/2, and ukl = {4r log(p)/n}1/2 for |k − l| ≤ k0 and
̸= l if k0 ≥ 1. Set ϵc = |min{λmin(Σ

(0)
1 + U), 0}| + 0.05, where λmin(A) denotes the minimum eigenvalue of a matrix

. Since ϵc > 0 and λmin(Σ
(⋆)
2 ) ≥ λmin(Σ

(0)
1 + U) + ϵc > 0, both Σ

(⋆)
1 and Σ

(⋆)
2 were positive definite under Designs 1

nd 2. Under the null hypothesis, we chose Σ1 = Σ2 = Σ
(0)
1 implied under (7.1), while under the alternative hypothesis

1 = Σ
(⋆)
1 and Σ2 = Σ

(⋆)
2 .

The simulated data were generated from (7.1) according to a randomly selected permutation πp of {1, . . . , p}, which
as held fixed once generated. To mimic the regime of sparse and faint signals, we considered a set of β and r . We fixed
= 0.6 and set r = 0.1, 0.2, . . . , 1 to create different signal strengths, and r = 0.6 while β was varied from 0.3 to

.9 to show the impacts of sparsity levels on the tests. The sample sizes (n1, n2) were (60, 60), (80, 80), (100, 100) and
120, 120), respectively, and the corresponding dimensions p = 175, 277, 396 and 530 according to p = ⌊0.25n1.6

1 ⌋. We
et s0 = 0.5 according to Theorem 1 and the discussion following (3.8), and η was chosen as 0.05 in (3.7). We chose
ˆ Tn,0(s) = µ̃Tn,0(s). The simulation was replicated 500 times for each simulation setting.

Table 1 reports the empirical sizes of the proposed multi-thresholding test based on the asymptotic Gumbel distri-
ution (denoted as MTT) and the bootstrap calibration (MTT-BT), together with three existing methods, at the nominal
evel 0.05, for the Gaussian and Gamma distributed random vectors, respectively. We observe that the MTT based on
he asymptotic distribution exhibited some size distortion when the sample size was small. However, with the increase
f the sample size, the sizes of the MTT became closer to the nominal level. At the meantime, the CLX and SY tests
lso experienced some size distortion under the Gamma scenario in smaller samples. It is observed that the proposed
ulti-thresholding test with the bootstrap calibration (MTT-BT) performed consistently well under all the scenarios with
ccurate empirical sizes. Besides, the empirical sizes with Gamma distribution illustrated that the proposed test were
obust to the sub-Gaussian assumption. This shows that the bootstrap calibration offered more accurate approximation
o the distribution of the test statistic under the null hypothesis.

Fig. 1 displays the empirical powers with respect to different signal strengths r for covariance matrix Designs 1 and
with n1 = n2 = 80 and p = 277, and n1 = n2 = 100 and p = 396 for Gaussian distributed data, respectively. Fig. 2

eports the empirical powers under different sparsity (β) levels when the signal strength r was fixed at 0.6. Simulation
esults on the powers for the Gamma distribution are available in the SM. It is noted that at β = 0.6, there were only
8 and 90 unequal entries between the upper triangles of Σ1 and Σ2 among a total of q = 38503 and 78606 entries for
= 277 and 396, respectively. To make the powers comparable for different methods, we adjusted the critical values of

he tests by their respective empirical null distributions so that the actual sizes were approximately equal to the nominal
evel 5%. Due to the size adjustment, we only reported the numerical power results for the MTT-BT.

Fig. 1 reveals that the power of the proposed MTT-BT was the highest under all the scenarios. Although the powers of
he other tests improved as the signal strength r was increased, the MTT-BT maintained a lead over the whole range of
∈ [0.1, 1]. The power advantage of the MTT-BT over the other three tests got larger as the signal strength r increased.
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Fig. 1. Empirical powers with respect to the signal strength r for the tests of Srivastava and Yanagihara (2010) (SY), Li and Chen (2012) (LC), Cai et al.
(2013) (CLX) and the proposed multi-level thresholding test with the bootstrap calibration (MTT-BT) for Designs 1 and 2 with Gaussian innovations
under β = 0.6 when p = 277, n1 = n2 = 80 and p = 396, n1 = n2 = 100 respectively.

We observe from Fig. 2 that the proposed test also had the highest empirical power across the range of β . The powers of
the MTT-BT at the high sparsity level (β ≥ 0.7) were higher than those of the CLX test. The latter test is known for doing
well under sparsity. We take this as an empirical confirmation to the attractive detection boundary of the proposed MTT
established in the theoretical analysis reported in Section 6. The monotone decrease pattern in the power profile of the
four tests reflected the reality of reduction in the number of signals as β was increased. It is noted that the two ℓ2 norm
based tests SY and LC are known to have good powers when the signals are dense (β ≤ 0.5). This was well reflected in
Fig. 2 indicating the two had comparable powers to the MTT-BT when β = 0.3 and 0.4. However, after β was larger than
0.5, both SY and LC’s powers started to decline quickly and were surpassed by the CLX and the MTT-BT. This is consistent
with the result of Fig. 1 that the ℓ2-tests without regularization incorporated too many uninformative dimensions and
lowered their signal to noise ratios.

To identify the differentially correlated pairs, we evaluated the proposed step-down procedure with augmentation
(SDA), denoted as SDA-MTT, for hypotheses (4.1), and compared it with the two support recovery procedures SR and
SR-FWER in Cai et al. (2013), where FWER denotes the family-wise error rate that is the probability of making false
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Fig. 2. Empirical powers with respect to the sparsity level β for the tests of Srivastava and Yanagihara (2010) (SY), Li and Chen (2012) (LC), Cai et al.
(2013) (CLX) and the proposed multi-level thresholding test with the bootstrap calibration (MTT-BT) for Designs 1 and 2 with Gaussian innovations
under r = 0.6 when p = 277, n1 = n2 = 80 and p = 396, n1 = n2 = 100 respectively.

positive errors. The SR procedure thresholds Mij by 4 log p, and the SR-FWER procedure uses a threshold on Mij that
controls the FWER at a given α. We also applied the step-down with augmentation procedure in conjunction with the
ℓmax-test of Cai et al. (2013), based on the maximum of Mij over a sequence of sets, which is denoted as SDA-Max. Similar
bootstrap calibration for the MTT for the global test of (2.1) was used to obtain more accurate quantile of VDl (s0) under
the null hypotheses in the proposed SDA-MTT procedure. The covariances were set as Σ1 = 0.6Ip and Σ2 = 0.6Ip + U,
where U is symmetric with entries ull+1 = ul+1l = {4rl log(p)/n}1/2 for l = ⌊q1−β/2⌋ and ukl = 0 otherwise. To mimic a
range of signal strength, rl was set as 0.8, 0.6 and 0.5 with proportions 0.2, 0.4 and 0.4, while the sparsity β was set as
0.5 and 0.6, respectively. Six combinations of sample sizes and dimension were considered as reported in Table 2. The
exceedance parameter c and significant level α in the step-down procedures for SDA-MTT and SDA-Max were 0.1 and
0.05, respectively.

Table 2 reports the empirical proportion of FDP larger than 0.1 (FDPEx), the FDR, and the power (number of true
discoveries over number of different covariances) of the four signal recovery procedures, SDA-MTT, SR, SR-FWER and
SDA-Max. We observe that the proposed SDA-MTT procedure could control the FDP exceedance rate around the nominal
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Table 2
The empirical rate of FDP > 0.1 (FDPEx), FDR and power of the proposed SDA-MTT procedure, the support recovery procedures (SR and SR-FWER)
in Cai et al. (2013) which are based on thresholding Mij , and SDA-Max procedure that applies the ℓmax-test of Cai et al. (2013) in conjunction with
the stepdown-augmentation procedure for the multiple hypotheses (4.1) of signal identification at α = 0.05 and c = 0.1, under the mixture signal
etting with strengths 0.8, 0.6 and 0.5 by proportions 0.2, 0.4 and 0.4 respectively, and signal sparsity β = 0.5, 0.6.
Methods n1 = 150, n2 = 150, p = 100 n1 = 200, n2 = 200, p = 100

β = 0.5 β = 0.6 β = 0.5 β = 0.6

FDPEx FDR Power FDPEx FDR Power FDPEx FDR Power FDPEx FDR Power

SDA-MTT 0.042 0.038 0.956 0.064 0.030 0.910 0.028 0.048 0.966 0.042 0.036 0.918
SR-FWER 0 0.006 0.804 0.006 0.014 0.752 0 0.006 0.826 0.006 0.012 0.772
SR 0 0.008 0.840 0.006 0.016 0.794 0 0.008 0.860 0.006 0.014 0.810
SDA-Max 0 0.006 0.876 0 0.008 0.806 0 0.008 0.898 0 0.006 0.832

n1 = 150, n2 = 150, p = 200 n1 = 200, n2 = 200, p = 200

SDA-MTT 0.048 0.058 0.976 0.058 0.042 0.938 0.014 0.056 0.980 0.042 0.044 0.960
SR-FWER 0 0.002 0.806 0 0.006 0.762 0 0.004 0.836 0 0.006 0.796
SR 0 0.004 0.836 0 0.008 0.788 0 0.004 0.862 0 0.008 0.826
SDA-Max 0 0.006 0.886 0 0.006 0.822 0 0.006 0.918 0 0.006 0.868

n1 = 150, n2 = 150, p = 400 n1 = 200, n2 = 200, p = 400

SDA-MTT 0.040 0.064 0.984 0.054 0.056 0.958 0.024 0.068 0.988 0.026 0.052 0.966
SR-FWER 0 0.002 0.810 0 0 0.768 0 0.002 0.844 0 0.004 0.790
SR 0 0.002 0.836 0 0.006 0.796 0 0.002 0.866 0 0.004 0.820
SDA-Max 0 0.002 0.896 0 0.004 0.844 0 0.004 0.920 0 0.002 0.872

level 0.05 with high powers under all the cases. Comparing with SDA-MTT, the other three approaches were less powerful
and more conservative with FDR close to 0. Simply thresholding Mij by a universal level (SR and SR-FWER) were able to
recover 70%–80% of the signals. But they were not as powerful as the proposed SDA-MTT whose power reached over 95%
for most of cases. The less showing of the SDA-Max confirmed that the MTT was more powerful than the ℓmax-test, as
onveyed from Figs. 1 and 2.

. Case study

The S&P 500 index is an important benchmark financial indicator for the U.S. and beyond. The index fell dramatically
n March 2020 after the outbreak of the COVID-19 in the U.S. The stock prices of some sectors, like transportation
nd energy, dropped more than 60%. The impact of COVID-19 on the S&P 500 index have been recently studied via
he vector autoregressive model in Yilmazkuday (2021), Lento and Gradojevic (2021). We analyzed the change of the
ependence among the S&P 500 stocks before and after the outbreak of the COVID-19 pandemic. Specifically, we focus on
he covariance matrix of the pre-whitened daily returns of the S&P 500 stocks, and tested for change in the covariances
efore and after the outbreak of the pandemic. To reflect the two regimes, we considered the time span from January
st, 2019 to December 31st, 2020 with 252 trading days as the pre-pandemic period, and the time range from April 1st,
020 to September 1st, 2021 (342 trading days) as the in-pandemic period. As the COVID-19 virus was detected in January
020, and the sudden crash of the U.S. stock market happened in March 2021, we did not include the period from January
st to March 31st, 2020 in the analysis to avoid the most volatile impacts of the pandemic.
After removing the non-overlapping S&P 500 stocks in the two periods, there were 493 common stocks left for the

nalysis. Let Z1t1j and Z2t2j be the closing prices of the jth stock at the t1th day in the pre-pandemic period and at
he t2th day in the in-pandemic period, respectively, where t1 = 1, . . . , n1 = 252 and t2 = 1, . . . , n2 = 342. Let
ltj = log(Zltj/Zlt−1j) be the daily log-returns for l = 1 and 2. To remove the time dependence in the returns {Rltj}, we fit
n auto-regressive model with order 1 to each stock for the pre-whitening purpose (Cryer and Chan, 2008). Specifically,
e fitted the AR(1) model Rltj = φj0 + φj1Rlt−1j + ϵltj for l = 1, 2 and j = 1, . . . , p = 493. Let ϵlt = (ϵlt1, . . . , ϵltp)T, and Σl
e the covariance matrix of the pre-whitened return ϵlt for period l.
We first considered testing the overall hypotheses H0 : Σ1 = Σ2 vs. Ha : Σ1 ̸= Σ2. The proposed multi-thresholding

est with bootstrap calibration (MTT-BT) and the maximum test of Cai et al. (2013) (CLX) were applied on the residuals {ϵ̂lt}
rom the fitted AR(1) model for each stock. Both MTT-BT and CLX rejected the null hypothesis of equal covariance matrices
t the significant level 0.05. Furthermore, we applied the proposed multiple testing procedure SDA-MTT to identify the
airs of stocks with different covariances, as well as the other three procedures, SR-FWER, SR and SDA-Max, considered in
he simulation studies. Table 3 provides the cross tabulation of the numbers of identified pairs of stocks among the four
ethods, where the diagonal entries give the numbers of identified pairs by each method, and the off-diagonal values
resent the number of commonly identified pairs by two test methods.
Table 3 shows that the SDA-MTT procedure detected 717 significant stock pairs with different covariances, which was

he highest among the four methods. The SDA-MTT procedure identified all the significantly different covariances found
y the other three methods, reflecting higher power of the MTT test. The detected pairs by the other three tests were
ested so that all the detected stock pairs by SR-FWER (SDA-Max) were also detected by SDA-Max (SR), which was due

o the three tests are all based on the sorted standardized difference Mij for the cut-off values.
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Table 3
Cross tabulations of the numbers of stock pairs with significantly different covariances for
the S&P 500 data between the pre-pandemic and in-pandemic periods. The numbers on
the diagonals show the significant stock pairs detected by each test, while the off-diagonal
entries are the numbers of common stock pairs detected by the two methods in the row
and column.
Methods SDA-MTT SR-FWER SR SDA-Max

SDA-MTT 717 247 318 274
SR-FWER 247 247 247
SR 318 274
SDA-Max 274

Fig. 3. Network connectivity plots for those significant stock pairs discovered by SDA-MTT but not SDA-MAX. For the within sector plot in Panel
(a), two nodes connected by an edge represent the significant pairs additionally detected by SDA-MTT; for the cross sector plot (Panel b), each node
represents a sector and the edge width is proportional to the number of the additional significant stock pairs. The numbers inside the parentheses
in Panel (b) were the numbers of additional significant cross sector stock pairs found by SDA-MTT.

As both SDA-MTT and SDA-Max procedures are built on the step-down process, we focus on the two methods.
omparing with SDA-Max, the proposed SDA-MTT procedure additionally detected 79 within sector and 364 cross sector
tock pairs. Fig. 3 displays network connectivity plots for significant within sector and cross sector covariance pairs
etected only by SDA-MTT. We notice from Panel (a) that the proposed procedure identified at least six within sector
tock clusters with significant covariances changes, not discovered by SDA-MAX. Apple Inc. (AAPL) and NVIDIA Corporation
NVDA) in the Information Technology sector, Aflac Inc. (AFL) in the Financial sector and CSX Corporation (CSX) in the
ndustrial sector, TJX Companies Inc. (TJX) in the Consumer Discretionary sector and Sherwin-Williams Company (SHW)
n the Materials sector were the hubs of the newly detected covariance clusters. In particularly, the covariances connected
o Apple, NVIDIA and Sherwin-Williams decreased after the pandemic as compared to the pre-pandemic period, while
hose associated with AFL, CSX and TJX increased positively. Changes of covariances among stocks would affect portfolio
llocation, as holdings of positively correlated stocks tend to have higher risk profile than holdings of weakly or negatively
orrelated stocks.
To better understand the changes of covariances before and after the start of the pandemic, we summarize and

eport three categories of the identified significant pairs by SDA-MTT and SDA-MAX (in parenthesis) in Table 4, which
re ‘‘positively enhanced’’, ‘‘negatively enhanced’’ and ‘‘decreased in strength’’. The ‘‘positively (negatively) enhanced’’
ategory contained stock pairs whose covariances increased (decreased) and their values were positive (negative) in the
n-pandemic period. And the ‘‘decreased in strength’’ category includes pairs with unchanged signs of covariances in the
wo periods but the magnitude of the covariances decreased. From Table 4, it is noticed that most of the significant pairs
oth within and cross the Financial and Industrial sectors were positively enhanced, while most of those associated with
he Information Technology and Health Care sectors were either negatively enhanced or decreased in the covariance. These
indings on the dependence patterns within and cross stocks of sectors detected by the proposed SDA-MTT procedure
ould have immediate implications on the risk management strategies as we know stocks in a portfolio with higher
ositive (lower negative) covariances would generates higher (lower) risk. Thus, a portfolio mainly allocated in the
inancial and Industrial sectors may suffer a higher risk during the in-pandemic period than the pre-pandemic period.
urthermore, portfolios invested in the Information Technology and Health Care sectors may have a better control of risks.
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Table 4
Number of significantly different covariance stock pairs detected by SDA-MTT and SDA-Max (in parentheses) within sectors (diagonal entries) and
cross sectors (off diagonal entries) of S&P 500 stocks for three categories of significant stock pairs: ‘‘Positively enhanced’’, ‘‘Negatively enhanced’’ and
‘‘Decreased in strength’’. The number of stocks in each sector is given in the parenthesis to the sector name. The numbers of significant different
covariance detected by the SDA-MTT (SDA-Max) for the three categories were 219 (105), 312 (96) and 186 (73), respectively.
(a) Positively enhanced

Cons.Disc. Utilities Financials Industrials I.T. Health Care Energy Cons.Stap. Materials Real Estate Telecom

Cons.Disc. (77) 18 (7) 9 (3) 27 (14) 10 (4) 4 (2) 0 (0) 0 (0) 2 (1) 7 (3) 5 (4) 1 (0)
Utilities (27) 20 (20) 7 (0) 5 (3) 1 (0) 0 (0) 0 (0) 0 (0) 1 (0) 0 (0) 0 (0)
Financials (66) 33 (21) 17 (12) 3 (2) 2 (0) 3 (0) 3 (2) 7 (3) 1 (0) 0 (0)
Industrials (68) 10 (1) 2 (0) 0 (0) 0 (0) 1 (0) 2 (0) 5 (0) 0 (0)
I.T. (83) 8 (3) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Health Care (60) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Energy (22) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Cons.Stap. (33) 0 (0) 0 (0) 0 (0) 0 (0)
Materials (26) 1 (0) 4 (0) 0 (0)
Real Estate (27) 0 (0) 0 (0)
Telecom (4) 0 (0)

(b) Negatively enhanced

Cons.Disc. Utilities Financials Industrials I.T. Health Care Energy Cons.Stap. Materials Real Estate Telecom

Cons.Disc. (77) 15 (7) 0 (0) 13 (2) 14 (3) 42 (18) 26 (6) 10 (3) 2 (1) 8 (1) 0 (0) 0 (0)
Utilities (27) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 1 (0) 0 (0) 0 (0) 0 (0)
Financials (66) 0 (0) 0 (0) 46 (20) 13 (2) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Industrials (68) 1 (0) 40 (14) 10 (2) 0 (0) 0 (0) 1 (0) 0 (0) 0 (0)
I.T. (83) 6 (3) 3 (1) 10 (0) 0 (0) 14 (2) 2 (0) 0 (0)
Health Care (60) 0 (0) 24 (8) 1 (0) 4 (1) 4 (2) 0 (0)
Energy (22) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Cons.Stap. (33) 0 (0) 0 (0) 2 (0) 0 (0)
Materials (26) 0 (0) 0 (0) 0 (0)
Real Estate (27) 0 (0) 0 (0)
Telecom (4) 0 (0)

(c) Decreased in strength

Cons.Disc. Utilities Financials Industrials I.T. Health Care Energy Cons.Stap. Materials Real Estate Telecom

Cons.Disc. (77) 0 (0) 0 (0) 0 (0) 3 (0) 8 (4) 1 (0) 0 (0) 0 (0) 3 (2) 0 (0) 0 (0)
Utilities (27) 1 (1) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Financials (66) 0 (0) 3 (1) 5 (1) 3 (0) 0 (0) 0 (0) 4 (0) 0 (0) 0 (0)
Industrials (68) 8 (4) 21 (10) 12 (3) 0 (0) 0 (0) 26 (14) 0 (0) 0 (0)
I.T. (83) 45 (24) 19 (6) 1 (0) 0 (0) 8 (3) 0 (0) 0 (0)
Health Care (60) 1 (0) 0 (0) 0 (0) 10 (0) 0 (0) 0 (0)
Energy (22) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0)
Cons.Stap. (33) 0 (0) 0 (0) 0 (0) 0 (0)
Materials (26) 3 (0) 1 (0) 0 (0)
Real Estate (27) 0 (0) 0 (0)
Telecom (4) 0 (0)

9. Discussion

Testing for covariance of regression errors. Example 1 and the case study consider testing the covariance of regression
errors where the estimated residuals are used to formulate the test procedure. Here, we briefly explain that the limiting
distribution of the proposed test statistic based on the estimated residuals would be the same as that based on true
regression errors. To illustrate the key point, we consider the one-sample case for simplicity. Let X̃kj = F̃Tkγ j + ϵkj and
k = (ϵk1, . . . , ϵkp)T for j = 1, . . . , p and k = 1, . . . , n, where F̃k are fixed dimensional covariates, and {ϵk} are i.i.d. with
ov(ϵk) = Σϵ . Let γ̂ j and {ϵ̂kj} be the estimated coefficient and residuals, respectively. Let σ̂ϵ,ij be the sample covariance
etween {ϵ̂ki}

n
k=1 and {ϵ̂kj}

n
k=1, θ̂ϵ,ij =

∑n
k=1(ϵ̂kiϵ̂kj−σ̂ϵ,ij)2/n, and F̂ϵ,ij =

√
nσ̂ϵ,ijθ̂

−1/2
ϵ,ij be the standardized sample covariance.

The proposed thresholding statistic for testing Σϵ being diagonal can be constructed as Tϵ,n(s) =
∑

1≤i<j≤p F̂
2
ϵ,ijI{F̂

2
ϵ,ij >

p(s)}.
Let σ̃ϵ,ij =

∑n
k=1 ϵkiϵkj/n − ϵ̄iϵ̄j and θϵ,ij = Var(ϵkiϵkj), where ϵ̄i =

∑n
k=1 ϵki/n. Let T̃ϵ,n(s) be the same thresholding

tatistic built on the true residuals ϵkj = X̃kj − F̃Tkγ j. From the proofs of Proposition 1 and Theorem 1, the key to derive
he limiting distribution of Tϵ,n(s) is the large deviation result for F̂ϵ,ij, similar as Lemma 2 for Fij in the SM. Since σ̂ϵ,ij

an be written as σ̃ij plus some small order terms, it can be shown that the tail probability P(
√
nσ̂ϵ,ijθ̂

−1/2
ϵ,ij > c

√
log p) is

symptotically equivalent to P(
√
nσ̃ϵ,ijθ

−1/2
ϵ,ij > c

√
log p) for any positive constant c. Hence, the limiting distributions of

(s) and T̃ (s) would be the same.
ϵ,n ϵ,n

1352



S.X. Chen, B. Guo and Y. Qiu Journal of Econometrics 235 (2023) 1337–1354

s
e
t

T
d
s
s
a
t
r
{

Notice that Tϵ,n(s) can be viewed as a plug-in version of T̃ϵ,n(s) with γ j replaced by γ̂ j. It is well known that plug-in
tatistics typically have more complicated asymptotic distributions due to the additional variability of the plugged-in
stimates. However, the proposed statistic does not suffer from this problem due to the regularization offered by the
hresholding, which avoids error accumulation as in ℓ2-type statistics.

esting for covariance under temporally dependent data. The proposed test procedures are developed for independent
ata. The proposed approach can be extended to weakly dependent data. Suppose X1, . . . ,Xn1 and Y1, . . . ,Yn2 are
tationary time series with mean zero and covariance matrices Σ1 = (σij1) and Σ2 = (σij2) respectively. Clearly, we
till use σ̂ij1 − σ̂ij2 to estimate the difference between σij1 and σij2. However, due to the time dependence, θij1 and θij2
re no longer the variances of

√
n1σ̂ij1 and

√
n2σ̂ij2. Long-run variances of the sequences {XkiXkj}

n1
k=1 and {YkiYkj}

n2
k=1 need

o be estimated, which can be used to construct a standardized estimate of σ̂ij1 − σ̂ij2. Let Ŵij1 and Ŵij2 be the long-
un covariance estimators based on the kernel smoothing method (Andrews, 1991) for the sequences {XkiXkj}

n1
k=1 and

YkiYkj}
n2
k=1, respectively. Similar as Fij for the independent case, the standardized difference between σ̂ij1 and σ̂ij2 is defined

as F̂ij = (σ̂ij1 − σ̂ij2)(Ŵij1/n1 + Ŵij2/n2)−1/2 for the time-series case. Then, similar as (3.1), the single level thresholding
statistic is T̂n(s) =

∑
1≤i≤j≤p F̂

2
ij I{F̂

2
ij > λp(s)}, and the multi-level thresholding test statistic can be constructed in the same

way as (3.8). Similar as the discussion on the regression errors, a theoretical validation of the proposed procedure under
time dependent data relies on the large deviation results of F̂ij under weakly dependent data, which can be derived under
suitable conditions.

Similarly, the proposed test could also be extended to time series data with heteroskedasticity, for instance the
multivariate GARCH model (Bollerslev, 1990) where the conditional variance of each variable is modeled by a univariate
GARCH model and the correlations among variables do not change over time. The interest is on testing the correlation
matrix among variables. Note that the correlation between Xki and Xkj can be estimated by the standardized data
X̌k,i = d̂−1/2

k,i Xk,i, where d̂k,i is an estimate of the conditional variance of Xki under the GARCH model. Similar as the time
series with homogeneous variances discussed above, the proposed test for the correlation matrix can be constructed based
on the standardized data X̌k,i. We would consider these topics in future investigation.
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