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Berry—Esseen type bounds for Gaussian approximation of standardized
sums have been extensively studied under exponential type moment condi-
tions. In this paper, a Cramér type moderate deviation theorem is established
for self-normalized Gaussian approximation under finite moment conditions.
More specifically, let X1, X2, ..., X, be i.i.d. RP-valued random vectors
with zero means. Let S, ; = Zf’ X;; and V2 =3, X2 We show that
if the correlation matrix of X is I, and the thlrd moment of X 1 is finite, then

P(maxi<j<p Sn,j/Vu,j > x)
P(max|<j<p Zj > x)

uniformly for 0 < x < o(n'/®) and for all p=1,where Zy,...,Z) are inde-
pendent standard normal random variables. Similar result is also established
for large x when X has a general correlation matrix. The proof is based on
a new Cramér type moderate deviation theorem for the minimum of several
self-normalized sums. As an application, we propose a high dimensional one-
sample z-test that allows for an exponential growth of p without requiring the
commonly used sub-Gaussian assumption.

1. Introduction. Let Xi,..., X, be a sequence of independent and identically dis-
tributed (i.i.d.) RP-valued random vectors with zero means and finite variances. Let R be
the correlation matrix of X; = (X1, ...,le)T and ZR = (ZR, ...,Zl’f)T ~N(, R). Let

Wp=Wp1,..., W, p)T be the standardized sum, where
n
Xij
(1.1) Wy, j= (Z,_lEXZ 72 forl <j<p.

Gaussian approximation of maxj<;<, W, ; by maxj<j<, Z f has been extensively studied
in recent years. In a seminal paper, Chernozhukov, Chetverikov and Kato [10] proved that if
EXizj > c¢1 and Eexp(|X;;|/c2) < 2 for some positive constants ¢; and c2, then

log’/8(pn)

(1.2) ’IP’( max W, ; > x) IP’( max Zf > x)) <C Y

1<j<p 1<j<p
for x € R, where C is a positive constant depending only on ¢ and c;.

Since then, the Gaussian approximation result in (1.2) and its extensions have been used
in many aspects of modern statistical methods for high dimensional and/or complex data
analysis, including testing mean vectors [7, 55], testing covariance matrices [24, 57], testing
regression coefficients [15, 34, 58], testing independence or conditional independence [31,
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46], change point detection [2, 8, 19, 23, 53, 56], penalized regression models [47, 59], post-
selection inference [3, 4, 13, 36, 40], factor model analysis [20, 21], and graphical models
[9, 27, 28, 37, 50], among others.

The Berry—Esseen type bound in (1.2) has been improved to Cn =1/ 1og”/®(pn) by Cher-
nozhukov, Chetverikov and Kato [11] and Cn—1/4 10g5/ 4 (pn) by Chernozhuokov et al. [14]
under the same sub-exponential condition. When R is non-degenerate in the sense that
Amin(R) > ¢3 > 0 where Anin (R) is the minimum eigenvalue, Fang and Koike [22] provided a
bound of Cn~'/31og*/3(pn) under a sub-Gaussian condition, which has also been improved
to Cn~1/2 log4( pn)logn by Lopes [35] and Kuchibhotla and Rinaldo [30] under the same
sub-Gaussian condition and to Cn~'/?(log p)*/?1logn by Chernozhukov, Chetverikov and
Koike [12] for bounded variables. Furthermore, it is shown in Fang and Koike [22] and Cher-
nozhukov, Chetverikov and Koike [12] that the bound Cn—1/2 (log p)3/ 2 cannot be attained in
general. For a related direction called multiplier bootstrap approximations, Deng and Zhang
[18] improved the bound in (1.2) to C n—1/6 logs/ 6( pn) under the sub-Gaussian condition,
which has been further improved to Cn~1/?10g*?(pn) by Chernozhuokov et al. [14] for
sub-exponential symmetric variables.

Note that Berry—Esseen type bound like (1.2) does not imply

P(maxi<j<p Wy j > x)

(1.3) — 1

, R
P(maxi<j<p Z; > x)

uniformly for x > 0. To see this, let ® and ¢ be, respectively, the distribution function
and the density of A/(0,1). Let I = I, be the p x p identity matrix. Let a < b denote
a/b— 0 and a ~ b denote a/b — 1. Since 1 — ®(x) ~ ¢ (x)/x as x — o0, when R = I,

x=2q 10gp)1/2, g>1,p—ooand n K pz(q_l)(logp)4, we have p(1 — ®(x)) — 0 and
therefore
1—q 3/2
I o1 I 4 (log p)
(1.4) P(lgljasxp Z} > x)~ p(1 - ®(x)) Tralog ) S

Hence, any of the aforementioned Berry—Esseen bounds does not yield (1.3). When

P(maxj<i<, W, ;i > x
( 1<j<p "'n,j )—Hl,

R
P(maxi<j<p Z7 > x)

there is no justification to use P(maxi<;<p Zf > x) to estimate P(maxj<j<p, W, j > x).

It is worthy to note that the variances EX 12] are typically unknown, the sub-exponential
or sub-Gaussian assumption is very restrictive and so the standardized sum W,, cannot be
used directly in practice. It is natural to seek the Student’s 7-statistics, or equivalently, the
self-normalized sums. Let 7, = (Tj,.1, ..., Tn, p)T be the self-normalized sum, where

(1.5) Tn,j:f;f"f for1 <j < p.
(2 i=1 Xij)1/2

The main purpose of this paper is to establish a Cramér type moderate deviation theorem
for maxj<j<, Ty, as well as max<;<p |T,, ;| under finite (2 + 7)-th moments, 0 < 7 < 1.

For classical Cramér type moderate deviation theorems concerning standardized sums, we
refer to [17, 33, 38] for the univariate case and [1, 41, 4345, 51] for the multivariate case;
see Saulis and StatuleviCius [42] for a comprehensive review for related topics. In particu-
lar, a Cramér type moderate deviation result for max<;<, |W,, ;| under the sub-exponential
condition was obtained by Kuchibhotla, Mukherjee and Banerjee [29]:

Plmaxi<j<p W jl>2) | _ (1+x)(log p)*/>

1.6
(1.6) P(maxlgjﬂ,lZﬂ > X) - nl/6
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for n > (log p)64/15(10gn)32/5(1 + ,u)_34/5 and n=19(1 4+ x) < clog_zg/g(p + n), where
¢ and C are positive constants depending only on ¢; and ¢, defined above, and p is the
median of maxj<;<p |Z f |. On the other hand, Cramér type moderate deviations for the self-
normalized sums provide a completely novel picture. Let X1, ..., X, be i.i.d. random vari-
ables with zero means and finite (2 4 7)-th moments, 0 <7 < 1. Let S, = > " | X; and
Vn2 =" Xiz. Shao [48] established that
P(Sn/ Vi = x)
— 1

1—d(x)

uniformly for 0 < x <« n™/“+2%)_Jing, Shao and Wang [26] obtained that

P(Su/Vazx) | _ ,A+0TEIX
1—®(x) T ntEXHMH2

(1.7)

(1.8)

for 0 < x < n™@2D0EX22/(E|X;>77)1/C+D) where A is an absolute constant. We refer
to Jing, Shao and Wang [26] for general independent random variables and Shao and Zhou
[49] for Studentized non-linear statistics.

The rest of this paper is organized as follows. Section 2 provides Cramér type moder-
ate deviation theorems for self-normalized Gaussian approximation. Section 3 presents an
application to high dimensional test for means. The proofs of main results are provided in
Section 4, where we shall establish a new Cramér type moderate deviation theorem for the
minimum of several self-normalized sums, whose proof is postponed to Section 5. Some pre-

liminary lemmas and propositions are presented in Section 6 and the Supplementary Material
[39].

2. Main results. We first introduce the notations to be used in the paper. Let ® and ¢ be,
respectively, the distribution function and density of N'(0, 1). Let a, < b, denote a,, /b, — 0
as n — oo, and a, ~ b, denote a, /b, — 1 for {a,} and {b,} being two sequences of real
numbers. We write a, = o(b,) if a,/b, — 0, and a, = O (b,) if limsup,,_, o, |an/by| < 00.
For a,b € R, let a A b denote min{a, b} and a Vv b denote max{a, b}. Let Ry = (0, c0) be
the set of positive real numbers. Let I be the k x k identity matrix, 1; be the k dimensional
vector of ones, and ¢ ; be the ith canonical basis vector in R¥. The matrix R = (Pij)1<i,j<p
is reserved for the correlation matrix of X; and 2 = (w;;)1<;, j<p for the inverse of R.

Let z' = (Z{,....Z)T ~N(0,1,) and Z® = (Z{, ..., Z5)T ~N(0, R). For 1 < j; <
o< jr<pand 1 <k <p,let R(ji,..., jk) = (pjlljgz)lfghngk be a k x k principal sub-
matrix of R and (i, ..., jr) be the corresponding inverse. For wgy > 0, let DX (wp) = {A =
(ajj) € RFXK - g — Z#i la;j| > wp for 1 <i <k} be the class of k x k diagonally domi-
nant matrix within a tolerance wg. Let Apin(A) and Amax(A) be, respectively, the minimum
and maximum eigenvalues of a square matrix A.

Let X1,..., X, be a sequence of i.i.d. R”-valued random vectors with zero means and
finite variances. Recall that R is the correlation matrix of X; = (Xq, ..., le)T and ZR =
(ZR, ..., lef)T ~ N (0, R). When R = I, we have our first main theorem as follows.

THEOREM 2.1.  Assume that R = I}, and
51 E|X;;|**"

(2.1) énjagp W <V

for some constants 0 < t <1 and y; < 0o. Then, as n — 00,

P(maxi<j<p Ty, j > x)

(2.2) -1

1
P(maxi<j<p Z; > x)
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and

(2.3) P(maxi<j<p [Tl > X)

P(maxi<;<p|Z}] > x)
uniformly for p > 1 and 0 < x <« n™/4+20,

Theorem 2.1 is a nontrivial multivariate extension of the univariate result (1.7) in Shao
[48]. The range of 0 < x K n™/ 4427 is the best possible even when p = 1; see Shao [48]
and Chistyakov and Gotze [16]. Note that both (2.2) and (2.3) are valid uniformly for all
p > 1, which allows for the potential use in arbitrarily large dimensional data analysis.

For general correlation matrix R = (p;;)1<;, j<p With an additional assumption that p(1 —
®(x)) — 0, we have the following theorem.

THEOREM 2.2. Assume that Condition (2.1) is satisfied for some constants 0 <t <1
and y; < 00, and the correlation matrix R = (p;j)1<i, j<p satisfies

2.4) max [p;j| < po
I<i<j<p
and
(2.5) Yo lpijl < Arp®
I<i<j=<p

for some constants pg < 1, Ay <ocoand 1 <co<2/(1+ pg). Then, as n — oo,

P(maxi<j<p Tn,j > x)

(2.6)
p(1 —®(x))
and
(2.7) P(maxi<j<p T, j| > x) 1

2p(1 —@(x))
uniformly for p > 1, p(1 — ®(x)) — 0 and 1 € x <« n*/4+29),

REMARK 2.1. When p;; = p(i — j) and Z?O:—oo |p(j)] < oo, Condition (2.5) holds with
co = 1. Note also that we allow for the possibility that cop > 1 in (2.5) to cover the case of
long-range dependence in R. From the proof of Theorem 2.3, one can replace (2.5) by the
following assumption to cover stronger dependence: there exist positive constants A < oo,

0<ép<land1<cy<2/(1+ py) such that

(2.8) Yo il < ApP
I=<i<j=p
and
. . 8o
2.9) a.ni=i<izpiol= ][ <apm.

REMARK 2.2. Since 1 — P (x) ~ ¢ (x)/x as x — 00, it is easy to see that p(1 — d(x)) —
0 is equivalent to p < xe*'/2. We also have P(max <<, ZF > x) ~P(maxi<;<p Z} > x) ~
p(1 — ®(x)) under (2.4) and (2.5) when p(1 — ®(x)) — 0. Furthermore, when t = 1, the
following exponential type non-uniform bound is an immediate consequence of (2.6):

. _ R _P

(2.10) ‘P(lgqja;p T, > x) P(lgljagp ZJ > x)‘ < o2
uniformly for 1 < p <« xe*’/2 and 1 & x < n'/%. In particular, we have (p/x)e‘"z/2 <
n~12(log p)3/?> when x > (2log p + logn)'/?. This means that (2.6) recovers the best possi-
ble Berry—Esseen bounds when x > (2log p + logn)'/2.
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As pointed out by Remark 2.2, Theorem 2.2 requires 1 < p < xex’/ 2. which is implied by
x > (2log p)'/?. To obtain a more general result that can be valid uniformly for all p > 1 in
the presence of correlation, we define SP = Sﬂ’r (00, A1, A2, 0, A0, 15 -+ -> X0, ps @015 - -+, @0, p)
as a subset of symmetric positive definite p x p matrices such that for any R € S, Conditions
(2.4) and (2.5) are satisfied for some constants pg < 1, Ay <ooand 1 <cg <2/(1+ pg), and

p

(2.11) max Y pj; < A,
I<i<p*
j=1
(2.12) Amin(RGits -+ s Jk)) > Aok
and
(2.13) Qi -0 j1) € D (wo)
for some constants A, < oo and Ao 1, ...,A0,p, @0,1,--.,@0,p > 0.

REMARK 2.3. Condition (2.11) is taken from Cai, Liu and Xia [6]. Conditions (2.12)
and (2.13) are required for the use of the Cramér type moderate deviation theorem for the
minimum of self-normalized sums in Section 4. It is noteworthy that we do not require a
uniform lower bound for the minimum eigenvalues or diagonally dominant properties, but
allow for the possibility that Ao — 0 and wpx — 0 as k — oo. We also do not impose
any condition on the maximum eigenvalues. The following is an example of R € Si in the
presence of long-range dependence with cp > 1 and wp x — O.

EXAMPLE I Letl,=(1,..., DT eRPand R=(1—p)I,+p1,15 with p = (8p)~1/2.
Then, it follows that Conditions (2.4)—(2.5) and (2.11)—(2.13) are satisfied for all p > 1 with
po=1/4, A1 =+2/8,A2=9/8,c0=3/2, R(j1, ..., jx) = (1 — p) Ik + pLk 1T, hox =3/4,
QU1 i) =0 =p) e —p(1=p) ' A+ (k= 1)p) 151} and wox =4/(3 +k).

THEOREM 2.3. Assume that Condition (2.1) is satisfied for some constants 0 <t <1
and y; < 00, and the correlation matrix R € Si for some constants py < 1, Ay, Ay < 00,
1 <co<2/(1 4 po) and Xo1,...,10,p, @0.1,--.,w0,p > 0 in Conditions (2.4)—(2.5) and
(2.11)—(2.13). Then, as n — oo,

P(malejfp Tn,j > x)

(2.14) 7
P(maxi<j<p Z; > x)

and

(2.15) P(max1§j§p|TnJ| >x)

P(maxi<;<p IZJI-| > Xx)
uniformly for p > 1 and 1 < x < n¥/4+29),

REMARK 2.4. Assume that Condition (2.1) is satisfied for some constants 0 < T < 1 and
yr < 00. For any correlation matrix R, we conjecture that as n — oo,

P(maxlfjfp Tn,j > x)

(2.16) 1
P(maxi<;<p Zf > x)

and

2.17) P(maxi<j<p [Ty, | > x)

R
P(maxi<j<p|Z}]| > x)

uniformly for p > 1 and 0 < x K nt/@+27)
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3. High dimensional one-sample #-test. Theorem 2.3 can be readily applied to con-
struct a one-sample test for high dimensional means. Let X1, ..., X, be a sequence of i.i.d.
R?-valued random vectors with mean vector p and a positive-definite covariance matrix X.
Let A be an invertible matrix in R”*” and WnA = (erl, e, W,f p)T be the standardized sum
of the transformed data AX 1, ..., AX,, where

n T
A i=1¢p jAXi :
(3.1) W, = (neg’jAZATep,j)l/z forl <j<p.

To test Hp : u = 0 versus Hj : u #% 0 or equivalently Ho : A =0 versus Hy : Au # 0, the
test statistic considered in Cai, Liu and Xia [6] can be written as

(3.2) M(A) = max W [

1<j<p

’

1/2

where the choices of A can be I, ¥/~ and > 1. In particular, under Hp : u = 0, some

weak conditions on X, and either
(3.3) logpk n'/*  and Eexp((e;?j E_IX,-)Z/cl) <2 for a positive constant ¢y,
or

2— T -1 2+
) p=0(n"*"*) and Ele, ;27" X;| f<y,
for some 7 > 0, y; <ocoand ¢ > 0,

they proved that for any y € R, as p, n — oo,

(3.5) P(M(x~') <2logp —loglog p + y) — exp(—%e_yﬂ).
Consequently, the null hypothesis Hp should be rejected with asymptotic level « € (0, 1) if
(3.6) M(Z7Y > 2log p — loglog p + qu»

where

(3.7) go = —logm — 2loglog(1/(1 — @)).

REMARK 3.1. Assume that Condition (3.3) is satisfied for a positive constant ¢; and that
the minimum eigenvalue of the correlation matrix of ¥ ~' X is bounded below by a positive
constant ¢p. Then, (3.5) can also be obtained by applying the Berry—Esseen type Gaussian
approximation result Corollary 1.3 in Fang and Koike [22].

REMARK 3.2. Similar conditions like (3.3) or (3.4) were also used in Chang et al. [7]
and Xue and Yao [55] in which the test statistics are based on the maximum statistic and the
Berry—Esseen type Gaussian or multiplier bootstrap approximation results are required.

Observe that the aforementioned conditions for (3.5) requires either a sub-Gaussian as-
sumption or a polynomial rate restriction of p in n, both of which are very restrictive. To
reduce those conditions, we shall seek for the Student’s ¢-statistics to replace the standard-

ized sums. Let t,‘:‘ = (t,f"l, N 54 p)T be the 7-statistic of the transformed data AXq, ..., AX,,
where

1
(3.8) ti=—r Zep]AX forl <j<p,

n,j
\/_njzl
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and

1 _ _ 1

A 2 2

(3.9) (Gn)" = 2ep jAXi = X))° Xpy==3 e jAX.
i=1

i=

Then, the proposed test statistic is defined by

A i A . 2
(3.10) M(A) = 125’21;‘[”’1‘ .

The following proposition provides the asymptotic distribution of (3.10) by applying the self-
normalized Gaussian approximation result in Theorem 2.3.

PROPOSITION 3.1. Let A be an invertible matrix in RP*P . Assume that Condition (2.1)
is satisfied with X;; replaced by e;’ jAX i for some constants 0 < v <1 and y; < oo, and

the correlation matrix of AX is contained in Si for some constants pg < 1, A1, Ar < 00,
I <co<2/(1+ po) and o1, ..., 00,p,@0,1,--.,w0,p > 0 in Conditions (2.4)—(2.5) and
(2.11)=(2.13). Then, under Hy: u =0, for any y € R, as p,n — oo and log p <« n™/?+7),

~ 1
(3.11) P(M(A) <2logp —loglogp+y) > exp(——ey/2>.
JT

Proposition 3.1 allows us to reject Hy with asymptotic level o € (0, 1) if
(3.12) M(A) > 2log p —loglog p + qa,

where ¢, is defined in (3.7). Assume that ¥ is known under some weak conditions and let
A = =~ !. Then, we notice that Condition (3.3) or (3.4) required to ensure the asymptotic
distribution in (3.5) can be greatly reduced in Proposition 3.1 where (3.2) is replaced by
(3.10). For the high dimensional scenario with log p < n'/4, the testing procedure (3.6) needs
a sub-Gaussian assumption while the proposed test (3.12) only requires a (2 4 7)-th moment
condition with T > 2/3. For the heavy-tailed scenario such that E|e;’ jE_lX (1717 <y, for
some constants 0 < 7 < 1 and y; < 00, the testing procedure (3.6) needs a polynomial rate
restriction of p = O (n™/?>~%) while the proposed test (3.12) allows for an exponential growth
of log p « n™+%)_ Table 1 summarizes the aforementioned comparisons. Therefore, the
proposed testing procedure (3.12) based on #-statistics is more suitable for higher dimensional
setting and/or more heavy-tailed data, comparing to the exiting method (3.6) based on the
standardized sums in Cai, Liu and Xia [6]. Furthermore, (3.12) can still be valid without
requiring any knowledge of X if we take A = I,,. All of these demonstrate the power of the
newly developed self-normalized Cramér type moderate deviation theorem.

TABLE 1
Comparisons between the required conditions of the testing procedure (3.6) in Cai, Liu and Xia [6] and the
proposed test (3.12) under high dimensional and heavy-tailed scenarios

High dimensional data Heavy-tailed data
Scenario logp < nl/* E|e£’j2_1Xi|2+T <y
(3.6) requires Eexp((e; i > 1x)2 /e <2 p=0n"/?%)

(3.12) requires Elel ;Z71X3° <oy log p « n™/2+7)
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4. Proof of main results. In this section, we provide the proofs of Theorems 2.1-2.3 and
Proposition 3.1. The proofs of Theorems 2.1-2.3 are based on the following new Cramér type
moderate deviation theorem for miny<¢<x 75, j,, where 1 < ji <--- < jr <pand 1 <k < p.

THEOREM 4.1. Assume that

k
(4.2) min 3 el Q- jek = ¢
=izk i
and
E|X' . |2+T
(4.3) L 3 =V

(Ze2k (EX2 Hl+t/
- ije

for some constants cy,cy > 0, 0 <t <1 and y; < co. Then, there is a constant C > 1
depending only on c1, ca, y; and k such that for 0 < x < n™/3+20),

(4.4)

_ 2
P(ml‘ﬂlfésk Tn,lgz >X) 1| < C(i + L)
P(min;<p<k Z;, > Xx) nt/2  pt/4

REMARK 4.1. In view of the proof of Theorem 4.1 which is postponed to Section 5, a
key step is to solve the following optimization problem:

(4.5) find » € R subjectto A" R(j1, ..., jior =AT Lk =17 Qs - -, ji) k.

It can be shown that (4.5) has a unique solution A = Q(ji,..., jr)1x if and only if
QUL .. jo)lk € R’j_, which is ensured by Condition (4.2) in Theorem 4.1. We note that
Conditions (4.1) and (4.2) are satisfied for Theorem 2.1 when R = I, for Theorem 2.2 since
only the results with k < 2 are used in this case, and for Theorem 2.3 under (2.12) and (2.13).

REMARK 4.2. A key step of the proof of Theorem 4.1 relies on a non-uniform multivari-
ate Berry—Esseen inequality in von Bahr [52], which involves a constant whose dependency
on k was not explicitly provided. This causes difficulty in specifying the dependency of the
constant C in (4.4) on k. However, a careful examination of other steps of the proof of Theo-
rem 4.1 suggests that C has at least an iterated exponential growth in k based on the current
proof techniques. As will be seen below, the growth rate does not affect the main Gaussian
approximation results in Theorems 2.1-2.3 since we shall prove by truncation.

4.1. Proof of Theorem 2.1. 'We shall only prove (2.3) since the proof of (2.2) is similar.
To prove (2.3), it suffices to show that for any ¢ € (0, 1), there are constants N > 1 and
8 € (0, 1) depending only on ¢, 7 and y; such that for p > 1,n > N and 0 < x < §n™/“+20),

P(maxi<j<p |Tn,j| > x)

(4.6)

7 1| <e.
P(maxi<j<p |Zj| > X)
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Since |T, ;| = T:j \Y, Tn_,j’ we have {|T, ;| > x} ={T,,; > x} U{=T, ; > x} while {T,, ; >
x}N{=T, ; > x} = & for x > 0. Hence, by R = I, and the inclusion-exclusion formula,

P( max |T,”~|>x):P<JQ{|T,,,,-|>x}):P(Lp) U {o—T,w->x})

I=j=p j=loe{—1,1)

14
@.7) =Y =ty ) P(ﬂ{wnﬂ>ﬂ)
k=1 I<ji<--<jx<poi,...,one{—1,1} 1<t<k
p
I R ; .
=Yt Y 3 IP’(lrfnelgk(Ingﬂ > x).
k=1 I<ji<-<jkZpol,...ope{—1,1}

The key idea of this proof is to apply Theorem 4.1 so that each P(minj<¢<¢ 0¢7T}, j, > x) in
(4.7) can be replaced by P(min|<¢<x 6¢Z ]I.Z > x) with a uniform rate of convergence, where
we may take ¢y = ¢ = 1 due to R(jy, ..., jx) = Ir. Since the constant C appeared in (4.4)
depends on k, to deal with the situation where p can become arbitrarily large (and so can k),
we simply truncate the inclusion-exclusion formula and use Bonferroni inequalities instead.
Let ¥, (x) =2p(1 — ®(x)). It turns out that this strategy works well for v/, (x) small. When
Y p(x) is large, on the other hand, we notice that P(max<;<, |ZJI. | > x) will be close to 1
because

p
I<j=p p

Hence, it suffices to show that P(max;<j<p |T,, ;| > x) is also close to 1. Therefore, we
formulate the detailed proof into two steps.
Step 1. Here we prove (4.6) for the case of ¥, (x) > v, =384/¢. Let

p 14 14 p
In=Z]l(Tn,j >Xx)=: ZIn,ja jn=Z]l(_Tn,j >x)=: Zjn,j,

j=1 j=1 j=1 j=1
P, =EZ, + Jp) and 8,(x) = n~/2x**7T 4 n=7/*. By Theorem 4.1 for k = 1, there is a
constant C; > 1 depending only on y; such that for 0 < x < nt/4+20)
Vp(X)(1 = C18,(x)) <Py < ¥p(x)(1 + C18,(x)).

Observe that v,(x)/2 < P, < 2%,(x) and P, — 1 > P, /2 > ¥,(x)/4 > 1 whenever
Y¥p(x) >4 and 6,(x) < 1/2C;. Then, by Chebyshev’s inequality and Theorem 4.1 for k = 2,
there is a constant C; > C; depending only on y; such that for p > 1, ¥,(x) > ¥, and
Sn(x) <¢&/288C,, we have

3
4.9) IP’( max |Tn,j|>x>zl—§.

1<j<p
Indeed,

IP’( max |7, ;] fx)
I<j=p

=PZy+Jn=0=PZn+TJn<1)

_ B B Var(Z, + J,) 2Var(Z,) +2Var(J,)
=P =Tt T =>Pa= ) == == 5

< 2 Z?:l(EI;E,j + Ejnz,]) +2 Z]Si#jsp(COV(In,iaIn,j) + COV(jn,i» jn,j))
B (Pn —1)?
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(273,, +4 Y (1- )1+ Cadp(x) — (1 - C18n(x))2)>

S
Pn =D I<i#j<p

16
= 4y (x) + 31/f (xX)Cr8,(x)) < =
wp( )( P )= 3
Combining (4.8) and (4.9), we have for ¥/, (x) > ¥ (> log(3/¢)) and 8, (x) < £/288C>,
(4.10) ‘P(maxlfjfp LVESI g/3 eV .
P(maxlfjfp |ZJI| > X) 1-— 67')0/7()()

Step 2. Assume that v/, (x) < 1. Then there exists a positive constant C, depending only
on ¢ and y; such that for p > 1 and 0 < x < n?/(4+27),

P(maxi<j<p Ty, | > x)

4.11 142 4 Cobux
@10 P(maxi<j<p|Z}|>x) — 2 %n (%)
and
P i<p | T i
4.12) maxizjep Tl >0 &5,
1
P(maxi<j<p|Z;| > x) 2

By taking C.6,(x) <e&/2, (4.6) is an immediate consequence of (4.11) and (4.12). Note also
that the constants N and § in (4.6) can then be determined by the definition of §,(x). In par-
ticular, we may take N = (4C, /8)4/ Tand § = (e /4C8)1/ 2+7) to obtain (4.6). Consequently,
it suffices to prove (4.11) since the proof of (4.12) is similar.

PROOF OF (4.11). Let m = m, be the smallest integer such that

Ve 1, 2m—1
e €
Cem)! 2
where it can be shown that m ~ cg/e as ¢ — 0 for a constant ¢y = 689.495--- > 384. Let
Cy be the positive constant appeared in (4.4) of Theorem 4.1 for the k-dimensional case and

suppose without loss of generality that C;1 < Cr <--- < (Cyp,. Let C,; = eVeCop.
When p > 2m, by Bonferroni inequalities, Theorem 4.1, (4.8) and (4.13),

(4.13)

]P’( max |7, ;| >x)

1<j<

2m—1

< Z (—l)k_1 Z Z P(lrgelgkang je >x)
k=1

I<ji<-<jk<poi,...ore{—1,1}

2m—1

< Z (=D 4 Com_18,(x)) Z Z P(llllzlgkagz > x)
k=1 I<ji<-<jk=por,...ope{—1,1}

§IP< max |Z1| >x> + Z Z ]P’( min O'gZ >x>

I=j=p I<ji<-<jom=po1,---,00m€{—1,1} I=st=2m
2m—1
+ Canmtin(@) 3 ()20~ ow)
2m—1 ..k
! P \omgy Yy (x)
P(lrgjai([)‘Z |>x>+<2m>2 (1= @)™+ Con-18a(2) Z !



SELF-NORMALIZED GAUSSIAN APPROXIMATION 1329

Y2 (x) Com—18p(x)(e?r® — 1)
1 V4 m n
SP(IISHJ?ISXP|Zj| >x)<1 * 2m)!(1 — e~ Vr)) 1 —e Vr® )
, Ve 2m—1 ’
Ve e
SIP’(lrSnja;(p|Zj| >x)<1 + 2! +e C2m—15n(x)>

I 8
§P<1r§njaégp|2j| > x) 1+ 7 + Ce,(x) ).

Thus, we establish (4.11).
When 1 < p < 2m, we notice that by (4.7) and a similar argument,

JP’( max |7, ;| >x>
I<j=p

p
_ I;(_l)k—l )3 3 P(llgeigk 00T j, > x)

1<ji<<Jk<PO1,eees ore{—1,1}

p
<SS (D)) Y 3 P(lri’lgiilkdgzjl-e > x)

k=1 1<ji<-<jk<poi,..,ore{—1,1}

p
I P\ 5k k
max | 7] > x) + Cpan(x)g:l: <k> 24(1 = ®(x))

Il
~
~—~

P yk(x)
1 14
P(lrsllf?p'Zf' >x) + CP‘S"(X)kZZI !

IA

Cpbu () (V7™ — 1))

I
SP( max |Zj|>x)(l+ oV

I<j=<p
1 Ve I
< P(lgljagp|zj| > x)(l + eV Cpd,(x)) < P(lgljaé(pﬂj} > x)(l + Cedp(x)).
This completes the proof of (4.11). Proof of (4.12) is similar. [J

4.2. Proof of Theorems 2.2 and 2.3. We shall only prove Theorem 2.3 since the proof
of Theorem 2.2 will be contained in Step 1 below. For Theorem 2.3, we shall only prove
(2.15) since the proof of (2.14) is similar. In the light of the proof of Theorem 2.1, we prove
(2.15) in the following three steps corresponding to the cases of ¥, (x) — 0, ¥, (x) — 00
and 0 < liminf v, (x) <limsup v, (x) < 0o, respectively.

Step 1. We first prove (2.15) for the case of v,,(x) — 0. By Bonferroni inequalities, (2.4)
and Theorem 4.1 with c; =1 — pg and ¢ = 1/(1 + pp), it follows that

P
(4.14) IP’(lr<nJa<xp T, ] > x) <> Y POTh; > x) < ¥p0)(1+ C18,(x))
== j=loe{—1,1}

and

14
P T, P(oT,,;
<1I§Ja§p| Ml>x)zj§ae{§,1} =

— Z Z P(o1Ty,i > x, 02Ty, > x)
I<i<j<poi,o0e{—1,1}

(4.15) > Yp(x)(1 = C18,(x))
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— Z Z P(oy ZR >x,o*szI~e > x)(1 + C28,(x)),

I<i<j<poi,o2e{—1,1}

where 8, (x) = n~"/2x2+" 4+ n=7/% and C, > C; > 1 are constants depending only on py and
yr. Observe that §,(x) — 0 for 0 < x K n™/ G120 a5 n — oo. By the normal comparison
inequality in Corollary 2.1 of Li and Shao [32], we notice that for x € R,

1 x2
4.16 IPGZ-R>x,GZR>x< 1—®(x 2+— iilex (— )
(4.16) (012 227 >x) = (1= @W)" + Jloijlexp "

Then, by using (2.4), (2.8), (2.9) and the fact that 1 — ®(x) > ¢ (x)/2x for x > 1, we have

> > Plozf >)C,UQZ§e > x)

I<i<j<poi,o0e{—1,1}

Y2 ) X
@1 = +( 2o+ ) )"’”'e"p(_1+|pi,-|>

1<i<j=<p.lpij|>80/2 1<i<j<p,|pijl<80/2

W,%(X) 2 2x2
< + A1 pPex (— )+s n(89) A p> % ex (— >,
> 1™ exp T+ 00 gn(do)A1p p 2+ 5
where
p*° x? 12 1 (1 — po)x?
exp(—1 ) < 2m)'/2 peo= xexp(—T)
4.18) Vp(x) + po (I + po)
1 —2)x?
< %€ exp<(co( + po) — 2)x )_) 0
2(1 + po)

and when &g € (0, 1],

2-5 752 2 _ sm)x2
P exp(— a ) < (2n)1/2p1_50x exp(—ﬂ)
Vp(x) 2+ 3o 2(2+60)

2-§ 5(%)62
KL x“ 7 %ex (—7) —0
P22 +60

(4.19)

uniformly for 1 < p <« xexz/ 2 as x — o0o. Hence, it follows from (4.14)-(4.15) and

(4.17)~(4.19) that P(maxj<;<p |Ty,j| > x) ~ ¥,(x). Note also that p < xe*’/2 is equiva-
lent to ¥, (x) — 0 and we have P(max <<, |zf| > x) ~ P(max| <<, |z‘§| > x) ~ Yp(x)
in this case by applying a similar argument. Thus, we establish (2.15).

Step 2. In view of (4.8) and Bonferroni inequalities, we can see that ¥, (x) — 0 if and only
if P(max<;<, |Z§| > x) — 0. Hence, when liminf/, (x) > 0, it suffices to show that

- - I
(4.20) ‘P(lgljasxp | T, | > x) ]P’(lrfnja;(p|Z]| > x)‘ — 0.
X2/ 2, which can be implied by
/2

Recall that when x — o0, ¥,(x) — 0 is equivalent to p < xe
x > (2log p)!/2. Then when x — oo and liminfy,(x) > 0, it follows that x < (2log p)
In this step, we prove (4.20) for the case of ¥, (x) — oo. Since P(max;<;<, |Z§| >x)—>1
in this case, it suffices to prove P(maxi<;<, |7, ;| > x) — 1.

By the fact that x < (2log p) 172, following the argument in (4.17)—(4.19), we have

co 2 2
lﬂlz( ) exp(— 1 j_ ) < 2mpo2x? exp(—lp_(:_x > < 4z p0=2/1HP0) 10g p — 0
(X £0 £0
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and when &g € (0, 1],

2—3o 2 2 S 2
p2 exp( i ) <2mp oy exp( a ) < 471p*53/(2+50) log p — 0.
V20 2+ 8o 2+ 8

Then, by a similar argument as that in Step 1 of the proof of Theorem 2.1 as well as the
normal comparison inequality in (4.16), we have as ¥/, (x) — 00, §,(x) — 0 and x — o0,

]P’( max |7, ;] <x>

1<j<p
< 2351 BL; ; + BTy ) + 28 cigjep(CoVZii- T, j) + CoV(Ti T )
B (Pn — 1)?
! R R
= P —1)2 (an+2 > > Ploz >x,0Z; > x)(1+ C28,(x))

I<i#j<poe(~11)

—4 Y (1-0W) (1—C18n(x))2>

I<i#j<p

=

(4wp(x)+3w2(x)c23n(x) + Z |/Ol'j|CXp<— x? ))
Vi) ’ I<iZj<p 1+ 10i)]

co 2—68p
- 64 +48Ca8, (1) 4+ 16A12p 16sgn(80)1;\1p
Yp(x) lpl%(x)ex /(1+po) wg(x)er /(2+30)
This establishes (4.20).

Step 3. It suffices to prove (4.20) for the case of 0 < liminf,(x) < limsup ¥, (x) < oo.
We use a similar argument as that in proving Lemma 6 of Cai, Liu and Xia [6]. Let m be a
positive integer such that p > 2m. We shall first let §,,(x) — 0 and x — oo (so that p — o0)
and then take m — oo according to the strategy used in Step 2 of the proof of Theorem 2.1.
Let k be an integer such that 1 < k < 2m. Let ¥ = ¥, > 0 be a sufficiently small positive
constant that will be specified later. Following Cai, Liu and Xia [6], we define

: : -
= < . . .
Tk {1 J1 < <]k<p-l<gl<aé(2<k|pﬂlpﬂz|>p ],

Tkld = {1 <j1<---<jr <p:card(S) =d, where S is the largest subset

£ {1, ..., k) such that o0 | <p UL
of { } such tha Ell;lglzxeslpﬂlpﬂz|_l7 ]

Tkd,1 = {1 <j1<---<jx < p:card(S) =d, where S is the largest subset

of {1,...,k} such that max o0 | <p Y,
{ } elﬂzeslpﬂlp,gzl <p

and there exists a £g € {1, ..., k}\S such that ma min |p;, ; -7
* o€t 1S su el;ezzxeSie{l,z}|’0”0”i|>p }

and Jija,2 = Jija\Jk|a,1, where 1 <d < k — 1. Then, it can be shown that J; = UZ;II Tk|d»
card(Jxja) < Cp+2k, card(J¢) ~ (IIZ) and card(Jya.1) < Cp?=142%k where 9 = 0, <

1/4m and C is a positive constant depending only on m. Note also that by a similar argument
as that in the proof of Lemma 6 in Cai, Liu and Xia [6], we have (i)

2
I (log p) 1
4.21) IP’( m£11<1kan ) P(lrgzlgkogz > x) (1 + 0( 7 )) + O(W)
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uniformly for (ji, ..., jk) € jkc and o, ...,0r € {—1, 1}; (i1)

IP( min agZR >x) <P<m1?agZR >x)

1<t<k
2
4.22) . . I (log p) L
_P(rglel?agzn>x> 1+0 7 + 0 2
=0 mp ) +o(p)=0(p™)
uniformly for (ji,..., jk) € Jkja,1 and o1, ..., 0 € {—1, 1}, where S is the largest subset of

—19.

{1,..., k} such that card(S) = d and maxg, «¢,es |r0/'z. sz2| <p and (iii) by the normal

comparison inequality in (4.16) and the facts that limsup v/, (x) < oo and x < (2log )2,

IP( min O’gZ >x>

1<t<k

min agZR > x)
£eSU{Lo)}

<P(

2
~(,min ozl > 5)(1+0(FE2 ) + 0 i)
= P(

R R —2d-2
Zer?\l{% agZ > x)IP’(agOZjZO >x,002j, > x)(14+o()+O(p )

(4.23)

< O(pl_d)((l - d>(x))2 + e—x2/(1+p0>) +o(p2)
< 0(p_d—1xzepox2/(1+po)) + 0(p—2d—2) < 0(p—d—(1—/00)/(1+p0) log p)

uniformly for (ji,..., jx) € Jkja,2 and o1, ...,0r € {—1, 1}, where £y € {1,...,k}\S and
£ € § satisty |pjt’ojl1 | > p~7, and R= (0ij)1<i, j<p is a correlation matrix such that ﬁj@oﬁl =
Pjeyiey and p;; = 0 for other off-diagonal elements. Hence, by (4.21)—(4.23) and a similar
argument as that in the proof of (4.11), there are constants Cpy,, > --- > Cr > C1 > 1 with Cy
depending only on Ci_1, Aok and wp x such that for Co,,,—18,(x) <1,

IP’( max |7, ;| >x>
l<j=<p

2m—1

< Z (— 1)k Z Z P(1I<nemk6ﬂ” je >x)
k=1

1<ji<--<jk<poi,.., ore{—1,1}

2m—1

k—1 R
= Z ((_1) +C2m—15n(x)) . Z Z P(]glgilkdzz >x>
k=1 I<ji<<jk=pot,...ope{—1,1}
2m—1
< > (D" Comiba) Y 3 P(lglglgkozz > x)
k=1 (s O ETE O1,-s0k (= 1,1}

m
+2 Z Z Z ]P)(lr<n€12kagZ >x>

k=1 d=1 (]] ,,,,, jk)enjkld,l [0 PN ake{fl,l}

m
2y X 3 P(llllggkO’gZ >x) =1+ 11+111,
k=1 d=1 (ji,..., JETk|d,2 O1smmes ore{—1,1}
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where by first letting §, (x) — 0 and x — oo (so that p — oo) and then m — oo, we have

2m—1k—1
11 < Z Z 0(pd—1+219k2kp—d) — 0(p419m—122m) — 0,
k=1 d=1
2m—1k—1
111 < Z Z O(pd+219k2kp—d—(l_PO)/(1+P0) IOg p)
k=1 d=1

0 (p*m=1=r0)/(+p032m 106 5} 5

and
2m—1 .
_ 1 1
1= Z(( 1) +0(1)). Z | Z P(ILI’IEIEI(U(Z >x>
k=1 1seeer JETE 01500k €{~1,1}
2m—1
+> > > o™
k=1 (ji,..., jk)GJkCUI ..... ore{—1,1}
2m—1
k-l
< 2 (Do) 30 3 P(lrgelgkogz > x)
k=1 I<ji<-<jk<pol,...op€{—1,1}
2m—1k—1

+2 Z Z Z Z IP’(lr<nell<1kogZ >x>

k=1 d=1(j1,.... jx)€Tk|d,1 O1,s-.0kE{—1,1}
2m—1k—1

+2 Z Z Z Z IP’( mlnko*gZ >x)

, ; 1<t<
k=1 d=1(ji,..., jx)€Jkja,2 01,....0k€{—1,1}

CEo(@r)

I 2/p I
<P(113]a§p|z | > x) +o(1) + 07 — 1) = P(lgljai(pﬂ | > x) +o(D).

Here we have taken ¢ = ¥, < (1 — pg)/4m(1 + po). Consequently, we have

I[”<1r<nja<xp|T,1 il > x) < P<1r<n]ax |Z | > x) +o(1).

Similarly, we can show that

IP’(lr<nJa<xp|T,1 il > x) > P(lriljajpﬂ | > x) +o(1).

This completes the proof of (4.20) and therefore (2.15).

4.3. Proof of Proposition 3.1. Let TnA = (Tnf\],
the transformed data AX, ..., AX,, where

Y p)T be the self-normalized sum of

(4.24) T} = — i=1 PJAXNZ
’ (Zizl(epvjAXi) )

forl <j<p.
Observe that

1/2
(425) {tA’>X}:{TA>x<n_lnﬁ> } forx>0,
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and that
n 12 3 |
e ~ /2
(4.26) X x(n—l-i—xZ) ™ forl <K x<n'”.

1/2

By taking x = (2log p — loglog p + y)'/< and applying Theorem 2.3, we have

P(M(A) > 2log p — loglog p + y)

(log p)*\\ '/
—[P<max| j|> 2logp — loglogp+y—|—0<
1<j<p n

1 24\ 1/2
P(lmax |ZA| > <210gp loglogp +y + O<( ogp) )) >(l +0(1))
<J=<p n

1
-1 - exp(—ﬁe_))/z),
as desired.

5. Proof of Theorem 4.1. 'We now proceed to prove (4.4). Throughout this proof as well
as the proofs of the propositions below, we shall simply write X;;, as X;;, write T, j, as Ty ;,

write Zﬁ as Zj, write R(ji,..., ji) as R and use C, Cy, C2,--- > 1 to stand for constants
depending only on ¢y, ¢2, yr and k. These constants may change from case to case. Let
i=1 Xy d EETAR k
Wyj=—=""—"— an V’~=<_7) orl <j<k.
" (S EXZ)12 A X

Clearly, we have T, j = W), j/V,, j. By the Cauchy inequality, we have
2
and therefore
(5.1) (T >x} D {(xWyj —x*V; /2> x%/2} = (S, ; > x%/2},
where S, j =>""_ 1 nij, nij =&ij — Elj/2 and &; =xX;;/ Qi IEEX2 1/2_This implies that
2
X
(5.2) P(]Lrljlgk Tj>x)=> ]P)<1r<njlilk Sni > 5 )

Hence, a lower bound of P(min;< ;< 7, ;j > x) follows from the proposition below.

PROPOSITION 5.1.  We have for C; < x < n®/(4+27)

x2+r

/2

5.3 ‘P(minlfjfk Sn.j > x2/2)

. - 1’ =G
P(minj<j<x Zj > x)

To derive an upper bound, following Shao and Zhou [49], we note that
1/2 2
Vaj=(1+ (Ve =) =14 (Ve = 1)/2= (V7 = 1%
and therefore
(5.4) {Th,j >x}C{Sn,j+ Dn,j >x2/2},
where

(5.5) Dy j=x*(V2; - 1)%.
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Consequently, we have
)
]P’(min T, ~>x)<]P’(min S, i+ Dy, i)>—, max D '<8>

(5.6) —HP( min 7, ; >x, max D, j >¢&,, max V, ; < M)
1<j<k 1<j<k 1<j<k

—{—IP( min 7, ; >x, max V, ; >M),
I<j<k I<j<k

where &, = (1/4)n~"/* < 1/4 and M = 4(k/c1)'/? > 4. The reason for the choice of M will
be given in the end of the proof of Proposition 5.4 below. In view of (5.6), the upper bound
of P(minj<j<x Ty, j > x) can be derived from the following propositions.

PROPOSITION 5.2.  We have for C; <x < nt/@+21)

(5.7) P(minlfffk5n7j>x2/2—en>_1‘scz(x2+f )

. Z et
P(minj<j<x Z; > x) nt/z = pt/4

PROPOSITION 5.3.  We have for C1 < x < n™/#+20),

P(miny<j<k Tn,j > x, maxi<j<k Dy, j > &y, maxj<j<k Vp,j < M) Cy

5.8 .
(5-8) P(minj<j<x Zj > x) ~ nt/4

PROPOSITION 5.4. We have for C1 < x < nt/G4+20)

(5.9) P(min<j<x Tp,j > x, maxj<j<x Vu,j > M) - G
' P(minj<j<x Zj > x) ~ /2’

To prove (4.4) for 0 < x < C1, we need to prove a rough estimate for absolute errors.

PROPOSITION 5.5.  We have for x > 0,

1+ x2t7

(5.10) ‘IP’( min Tn,j>x)—1P( min zj>x)]5c e

1<j<k 1<j<k

Now let us prove (4.4) for 0 < x < Cy. By (4.1), (4.2) and a lower bound for multivariate
Mills ratios in Proposition 3.2 of Hashorva and Hiisler [25], we have for x > 0,

W2 Ry TR i

P( mn Z; >x) >
<1Sj§k J ) det'/2(2z R) il 1+X)‘rln/ii(R)(R_llk)j

(5.11)
o~ RL, o~ (k/2cn)x?

> > s
T K21+ x1T Rk T Q)R 21+ kx/cp)k
k

and therefore P(minj<j<x Z; > x) > 1/C, when 0 < x < Cy. Hence, it follows from (5.10)
that for 0 < x < Cy, we have

P(minj<j<x Ty, j > x) <C 1+ x24T
- L)

5.12
©-12) P(minj<j<x Z; > x)

This completes the proof.
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6. Proof of propositions. We provide the proofs of Propositions 5.1-5.4. The proof of
Proposition 5.5 is deferred to the Supplementary Material [39] due to the space limit. For
brevity, we shall introduce a set of notations that will be used in the rest of this paper. Let
x|l = 21;:1 |x;| and |lx||oc = maxi< ;< |x;| be, respectively, the L1 and Lo, norms for a
vector x € R¥. Let ||A|| be the operation norm for a matrix A = (g; i) € R**k_ For vectors
x = (x1,...,x0)7, y = (yl,...,yk)T € R¥ and a scalar a € R, we shall write x o y and
x°¢ according to, respectively, (x o y); = x;y; and (x°¢); = x¢ ) for 1 < j < k. Sometimes
we shall write x®2 = xx7 for a vector x € RF. Let A; = A> + ®(1)A3 be a shorthand for
Ay — A3 < A; < Ay + Az, where A| and A, are some real quantities in R, Rk, or Rk*k,
while A3 is a conformable quantity with non-negative elements. Here, “<” is understood as
an elementwise operation. We shall write E(X; A) =E(X14) for a random vector X and an
indicator function 1 4 with respect to an event A.

6.1. Preliminary lemmas. In this section, we present three preliminary lemmas which
are, respectively, straightforward multivariate generalizations of Lemmas 6.1 and 6.2 in Jing,
Shao and Wang [26] and Lemma 5.3 in Shao and Zhou [49]. We refer to the Supplemen-
tary Material [39] for their proofs. These lemmas will be intensively used in the following
subsections when proving Propositions 5.1-5.5, which are building blocks of the proof of
Theorem 4.1. Let X be an R¥-valued random vector with EX = 0 and E|| X ||c2x> < 00. Let
Y=X—(1/2)X°%, Z=X°? —EX°? and

=E(IX 112 1 Xlloo > 1) + E(IX 112 1 X lloo < 1)
LEMMA 6.1. For A and 6 € ]Rﬁ, we have
EA X-0TX2 _ +E<%(kTX)2 _ QTon) +O()Crpdy,
where

A 011)> A o113 el
CA,9=IIKII1+||9||1—|—(” I+ 11611 Jr(IJF(II I+ 11611) )e“/“)'M e

2 6

LEMMA 6.2. For A € Ri, we have

6.1) Ee*'Y =1+ (1/2E((A7 X)? = AT X°2) + ©(1)Cy. 061,
(6.2) E(re*' ") =E(XXTA - (1/2)X°%) + ©(1)Cs..161 k.
(6.3) E(ryTe*' V) =E(XX") + ©(1)Cy28 1,17,

6.4) E(IY13,e" ") = 0(1)Cs.361.

(6.5) (IE,YeA &2 = ©1)Ch 4811417,

where

Ci.0=B/DIA1 4 O/8) AT + (14 (9/16)||A]13)e/PIM1,
Cr1=3/24 /MM + (QT/16) AT + (1/2)(1 v 22D ))e /P,
Cro=9/44 (1/8) 1l + (4/2) (1 v 22V )7)e /M
Crs=Q7/8)(1V 22D ) /2

Coa=(3/2+ (O/H Al + (1/2)(1 v |22V ))e /242,
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LEMMA 6.3. For A € R/jr and 1 < j <k, we have

(6.6) IE(Z;e*" V)| < C.561,
6.7) E(Z2e"'Y) < Cro81(1+81),
6.8) E(Y;Zjle"Y) < Curdi,
(6.9) E(|Y; 23" Y) < Cr.881(1 + 1),
where

Crs=T(1 v [[Ally)e/? I,

Cro = 6(1V |22V )e(/2I4I

Ci7=4(1v 22D )e/2IM

Crg = (2+16/*)(1v |22V )2 l/PIH,

6.2. Proof of Propositions 5.1 and 5.2. 'We shall only prove (5.7) since (5.3) is a special
case of (5.7) with g, = 0. To prove (5.7), we shall use a multivariate conjugate method (cf. (2)
in von Bahr [51]) which can date back to Cramér [17]. Let &, ..., &, be a sequence of i.i.d.
R*-valued random vectors and g : R¥ — R be a measurable function satisfying Ee$¢) < oo,
Let £,...,&, be a sequence of i.i.d. R¥-valued random vectors induced by the following
distribution function:

E(e%): & <1)

(6.10) P <0 =——7 5
Note that for every measurable function f : R¥*” — R and Borel set A, we have

(6.11) P(f(E,....&) € A) = BeXi- 8GR (e~ Xin18G); £(&) .. &) e A).

In view of Lemma 6.2, we may take &; = xX;;/(3_7_, IEXiZ_,-)l/2 and g(&) = AT n;, where
A =R'1; and nij =&ij — ";‘izj /2. We notice that Conditions (4.1) and (4.2) ensure that A €
[ca, k/c1]k C R/j_ and therefore ||A||; V [|A°C V||, < C. Then, by letting X =& and ¥ = n;
in Lemma 6.2 with Remark 4.1 and §; < E[|&[|12IF < Cn=(+7/2 x24T we have

Bt i — 1 + Oy~ I+T/D 24T,
E(nie '7’)=(1/2)n_1x21k+®(1)czn—(1+r/2) 24y,
E(ninl e M) =n~1x2R + ©(1)C3n~1H/Dx27 1T
E(n: 127 M) = @ (1) Can=1HT/Dx2F7,
(IE,n,-eA 1)®2 = @(1)Csn~ 1T/ x2 T 17

Let S, =>"_, n;. Since es*‘Y2 <1+4s <é€ for |s| <1/2, it follows that

(6.12) Ee*' 5t = exp( ©(1)C Lkl
: - p 6nr/2

for (2C)™/3+20) < 2C V0 < x < p?/G+27),
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Let S, = Y7 . Then, by the change of measure in (6.10), we have

n ATy, 2 2+
(6.13) fin = Egn:i:l% > i +®(1)C7x,/2r
6.14) 5, = Var($,) = Z E(”"""Teﬂnlge:rfiEmeﬂm)@ >R+ 0(1)Cs ZZ 117,
i=1
and
qis) g2 =BP ORI oty B
X ~ x2+T X2+t ReA i

Let £,(t) =P(S, — fin < 1) and G, (1) = P(N(0, £,,) < 1). Then, by (6.11)—(6.14), we have

xZ
Pl min S, ;> — —¢,
1<j<k 2

A 2
:EeATSnE<e—ATSn; min S, ; > o gn)
(6.16) == ?
7(x2/2)1 Ry (=27 (S—fin). 2
E(e s Sp— > w) (1 +O(1)Clo~— ey

2+1
X
_ IR 1k(1+[])(1+®(1)C10 T/2>

where 1, = (x?/2 — ;) 1k — i = O()C11 (0™ 2x>TT + 6,) 1,
I :/ e G, (dt) and I1 :/ e MU E, = G)(dh).
>y >y

Notice that for (2C12)/? < x <n™/“+29) we have

xt 1
‘E/Z—E

[2R) ™[50 - ¥R] < Cio

and therefore by Theorem 8.1.2 in Wang, Wei and Qiao [54],

tTﬁ:—lt tTR_ll A 1 tTI N 1 [TR_II
S | S - R T = 3 - (PR TR

T p—1 T T p—1
2 =127 5 s TR X t" R™'t
<2[(x*R)” |7 20 — x*R|||x°R| 22 < <C13m)7.

Note also that for ¢ € ]R'i,
A _ C x2+t
|L52n 1t| = C”(sz) 1H||Ln||oo||t||l <—=|—5 tén ||t||1
2\ pr/2

C14 2+‘[ -

T —1 2471
5 I} X
M4 222 < Clialloe = Cs( gy ).
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and by an inequality in Problem 1.6.11 of Bhatia [5],
|det($,) — det(x>R)| < k(ISnll v [x2R]) 1, — x°R]

2k+r T 5
SC T _(C16 T/2>det(x R).

Hence, for Cj7 < x < n™/@+29) we have

Ci3V CiaV Cys (X7
2 ) + &n

1
2 9
and hence

I =/ e—AT;én(dt) — %/ e_)‘Tt_tTirflt/zdt
1>t det'22n %)) Ji>u,

—A lp—L 73— L,l/2

n n

_ /e—sz—zT)i;Iz/Z—L,{i;‘tdt
det!/22ns,) IR

(6.17) | .
_ 1T R Y= TR /2x2 < <x >)
= e 'k dt|1+6(1)C +¢
det /227 x2R) /R{; (DC18{ ez +en

247
_ E/)1TR 1, X
—e ‘ P(lgljlgkz >x)(1 +@(1)C13( 7 +én
where both of the second and the third lines follow from a change of variables.
Next, we estimate the remainder term /7 in (6.16). Let H (s)= (F — Gn)(xA ), where
Ay ={t e R*: 1Tt <s/x,t > 1,/x}. Then, by applying a non-uniform multivariate Berry—
Esseen inequality in Theorem 4 of von Bahr [52] with (6.15), we have

) vl

|H,(s)| < (S(AC‘9"

r/2

where S(A) and V(A) are, respectively, the surface area and the volume of a set A C R* and
A® = ;1,1 (A + ¢t) is the exterior parallel set of A for ¢ > 0. As a k-dimensional simplex,
the length of each orthogonal edge of A can be bounded above by

S ln. i 145
max (— — ﬂ) < Cy .
I<j<k\Ajx X X

Then, we have

12 (1+ )k

1/2 (1 +s)k_1 Cion—
viagm ™) <oy CE

S(ASC”M ) = C21xk4_1,

and therefore by Fubini’s theorem and (5.11),

f I, — n><dr)‘

//\Ttn /xAs e (Fy = Gp)(dnyds| =

© Ce™5(1+ )k
o T e

1] =

e ds(F, — n>(dt>'
ATt

'/ e S H,(s)ds

>ty

(6.18)

C X 2 1T p—1 .
< ——— < Cp3—e"/IUR lkIP’( min Z; > x).
nt/2xk=1 nt/2 1<j<k

By (6.16)—(6.18), we have (5.7) holds for Ca4 < x < n™/“+29)_ This completes the proof.
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6.3. Proof of Proposition 5.3. Observe that max;<j<x Dy ; < &, if and only if v, <
Vi.j < Up, where v, = (1 — £3/%/x)V/2 and T, = (1 + &,/*/x)!/2. The key of this proof is
to show {V, ; ¢ [v,,V,]} is a much rarer event than its complement and therefore makes the
event {max<j<x Dy,j > &,} rare even if there is only one V, ; outside the interval. Indeed

IP’( min T, ; >x, max D, ;> &, lrgai(k Vi, j < M)
<j<

1<J<k l<]<k
< IP’(A N{ max D >8}>
(6.19) = ) | g Ve
J={Jo,J1,J2} is a partition of {1,...,k} with | Jo|<k—1
Ci
< max —E(Dnj, 7)s
J={Jo,J1,J2} is a partition of {1,...,k} with |Jo|<k— 11<j<k &n
where
2
Ar= ) (YW j. Vi j) €Eje)
=0 jel,
and

Sj,():{(u,v)e]Rx]l&_:u/v>x,yn§v§in},
Ein={u,v) eERxRy:u/v>x,71,<v<M],
Ein={u,v) eERxRy:u/v>x,0<v<uy,}
LetA= (1, ..., 207 and @ = (61, ...,60c)7, where
)\.j:(R 1k)j and 9j=? ]ljejo+ﬁ]lj€jl+4]lje]2>.

Since
n
Z,\Tg,_Z,\ W, jx and Ze £ = Ze, X
i=1

by Markov’s inequality, we have
E(D, jeXi=1 (T &—0TE)y

6.20 E(Dy,j; Ay) < )
( ) ( n.J 7) Z%:onnginf(u,v)egj’g()‘j“x_gjvzxz)

Let ¢;; = é ESZ sothat Y7, &ij=x ( — 1). Then by (5.5) and a minor modifica-
tion as that in proving Lemmas 6.1 and 6.3, we have for (2C2)1/? < x < n™/G+20),

2
13
Ee* & 52—1+®(1>sz—e[2 2}

and therefore
E(Xan,jeZ’r!zl ()»TEZ‘—GT%'I,OZ))
ReXioi(WT&—0TE7%)
_ (T &) eXim T E0TED)
EeXioi 7 &—07T5%)

(6.21)
"R o By R )

T T £02 _ T g02 Tge, _pTgo2
Eet 6075 i1540s Ee)” 5 —07&) Ee}” 5, =07 85,

s x2+r x4 —c x2tT
R =7 32
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and

(6.22) FeXioi (T E—0TE?) _ X5 (hja? /2-0;x7)+O (1) Can™ 722247

Consequently, by combining (6.20)—(6.22), we have

x2+r

2 220 x2—i ux—0:v2x2
(6.23) E(Dy, j; Ay) < Cs—z im0zt (A0l ce Gy =60)
n

Since for j € J,

- 2.2 — —
(u’l})nefgj‘(()\jux—éjv x) =0 x3 (0, — 2 /2M) £=1,

we have
5 —1jx*/24+Cs  £=0,

S0 = inf (=057 < { =k 2 - x/Cr =1,
S —Ajx?/2—x/Cy £=2,

)ij

and therefore by Remark 4.1 and the fact that | Jo| <k — 1 in (6.19),

>y (e

(6.24) t=0jeJe

—0;x2— inf  (hiux —0;v%x2 )
J (u’v)egﬂ( J J )

X
C;VvCy

Combining (5.11), (6.19) and (6.23)—(6.24), we have for Cg < x < n™/4+20),

x2
< —71,{R—11k +(k—1)Co —

P(minj<j<x Ty, j > x, maxi<j<k Dy, j > &p, max|<j<x Vy, j < M)

P(minlfjfk Zj > x)

x2+re—(x2/2)1[1r11k—x/(c7vcg) k24T ,—=x/(C7vCs) C1o

<
ean™?P(minj<j<x Zj > x) eant/? ~ g,nt/?

as desired.

6.4. Proof of Proposition 5.4. Observe that

k
P(minT ;> x, max V, ~>M)< ]P’(minT~>x,V ~>M)
1<j<k ™/ 1<j<k <2 1<j<k ™/ "I

j=I1
(6.25) )
<> P(Tyj>x,Vuj>M).
j=1

The key of this proof is to apply a similar truncation argument as that in proving Proposi-
tion 5.2 of Shao and Zhou [49] to bound each term in the right-hand side of (6.25).
Let m > 1 be a constant to be specified later depending only on M. Define

2 n
7 Y XilG=m) _ Ks - im1 X 1(&1 =D .
Wy j == 1,, o ;j 72 ::E Xij and V,ﬁjz ! ;] 5 ::E Xlzj
i= EX35) i=1 i=1 BXG; i=1
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Then, we have
P(Tn,j > x,Vp,j > M)

=P(Wp,j > xVyj. Vi > M)
(6.26)

+P(Wyj — Wy j > xVy i/2).
Next, by the facts that
E(&ij; &ij <m) = —E(&;j; & >m) <0,
and for s € R,

v03s
O <l4s+> +%,

we have

- n
EeMx/2Wyj _ H FeM /281 <m)
i=1

n M? x2tT 2.2 /2 24t
Sn(l—}— Eflj—{-cl 1+T/2)<eMx/8+C1n x+.

Note also that

n x2+r
WE(V2, —V2) ZE 6j1%: 1671 > 1) < D Blg T <~
i=1
Hence, by Markov’s inequality and an argument as that in deriving (6.21),
_ B szr—Z
2
(6.27) P(Wa.j > Mx/2.Vy ;> 3) < — =
Indeed

P(W,,; > Mx/2, V,ﬁj > 3)

(V2 — 1)2eMx/2 W)
= 4eM2x2/4

- E((Xi (X7 —EX7))2eMDWuiy 4 BV, — 1)2EeM¥/2Wnj
- 2eM2x2/4

BTy 5i) e M /2W0i) + x4 BVE  ~ B2 ) EeM*/ 2V

o I xheM>x2/4
C x2+‘( M2 N x4+2‘[ M2 - szr—Z
e —e —_— 5 .
x4eM2x2/4 nt/2 nt - nr/ZeM2x2/8

Notice that by letting Wé’; = Wn, j— X; ; and employing a similar argument,

P(W,.; > Mx/2, V,ﬁj — Vn%j > M? -3)

v 0]
(6.28) " E(Xlee(Mx/Z)Xij; 1&ij] > DEeM*/DW, o
<

- (M2 — 3)6M2x2/4 ;?:1 EXizj = C3nr/26M2x2/8'

<P(Wn>Mx/2,V,; ;> 3)+P(Wy ;> Mx/2, V. =V} > M -3

)



SELF-NORMALIZED GAUSSIAN APPROXIMATION 1343

Next, by Cauchy—Schwarz inequality and Markov’s inequality, we have for s > 0,
P(W,,; — Wn i>xVy i/2)

<Zz Ilell(‘i:l] >m) >XVn,j>
EXZ)I/Z )
> I/Z(Zn 1 L(&ij >m))l/2 xV,
<P RNV - J
IEX,'J') 2
n sx2 n 4E(€s1(§ij>m); g >m) [l i EeSLGij>m)
]P 1 — | < 11
(IZIS (51/ >m) > 4 ) = ; xQessz
Xn: 4e’ P(Sl/ > m) ]_[,1751(1 + eS]P’(f,u > m)) 4_eS-§-e‘)cz/m2
x2esx?/4 - m2nf/2esx2/4 :

i=1
Consequently, by taking s = 2log(m/2) = 1 + M?/2, we have

T
(6.29) PWoj = W, j > xVa /2 = — s
and therefore by combining (5.11) and (6.25)—(6.29), we have for C4 < x < n™/“4+27),

P(minlfjfk Tn,] > X, maX1§j§k V”,] > M)

P(minj<j<x Z; > x)
xT e(k/ch)xzxk—i-r

< Cjs .
nt/2eM*x* 8P (miny < j< Z; > x) nt/2eM*<*/8

By taking M = 4(k/c1)'/?, we complete the proof.
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SUPPLEMENTARY MATERIAL

Supplement to “Self-normalized Cramér type moderate deviation theorem for Gaus-
sian approximation” (DOI: 10.1214/25-A0S2507SUPP; .pdf). The proofs of Proposi-
tion 5.5 and Lemmas 6.1-6.3 can be found in the Supplementary Material [39].
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