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Berry–Esseen type bounds for Gaussian approximation of standardized
sums have been extensively studied under exponential type moment condi-
tions. In this paper, a Cramér type moderate deviation theorem is established
for self-normalized Gaussian approximation under finite moment conditions.
More specifically, let X1,X2, . . . ,Xn be i.i.d. ℝp-valued random vectors
with zero means. Let Sn,j = ∑︁n

i=1 Xij and V 2
n,j = ∑︁n

i=1 X2
ij . We show that

if the correlation matrix of X1 is Ip and the third moment of X1 is finite, then

ℙ(max1≤j≤p Sn,j /Vn,j > x)

ℙ(max1≤j≤p Zj > x)
→ 1

uniformly for 0 ≤ x ≤ o(n1/6) and for all p ≥ 1, where Z1, . . . ,Zp are inde-
pendent standard normal random variables. Similar result is also established
for large x when X1 has a general correlation matrix. The proof is based on
a new Cramér type moderate deviation theorem for the minimum of several
self-normalized sums. As an application, we propose a high dimensional one-
sample t-test that allows for an exponential growth of p without requiring the
commonly used sub-Gaussian assumption.

1. Introduction. Let X1, . . . ,Xn be a sequence of independent and identically dis-
tributed (i.i.d.) ℝ

p-valued random vectors with zero means and finite variances. Let R be
the correlation matrix of X1 = (X11, . . . ,X1p)T and ZR = (ZR

1 , . . . ,ZR
p )T ∼ 𝒩 (0,R). Let

Wn = (Wn,1, . . . ,Wn,p)T be the standardized sum, where

(1.1) Wn,j =
∑︁n

i=1 Xij

(
∑︁n

i=1 𝔼X2
ij )

1/2
for 1 ≤ j ≤ p.

Gaussian approximation of max1≤j≤p Wn,j by max1≤j≤p ZR
j has been extensively studied

in recent years. In a seminal paper, Chernozhukov, Chetverikov and Kato [10] proved that if
𝔼X2

ij ≥ c1 and 𝔼 exp(|Xij |/c2) ≤ 2 for some positive constants c1 and c2, then

(1.2)
⃓⃓⃓
ℙ

(︂
max

1≤j≤p
Wn,j > x

)︂
− ℙ

(︂
max

1≤j≤p
ZR

j > x
)︂⃓⃓⃓

≤ C
log7/8(pn)

n1/8

for x ∈ ℝ, where C is a positive constant depending only on c1 and c2.
Since then, the Gaussian approximation result in (1.2) and its extensions have been used

in many aspects of modern statistical methods for high dimensional and/or complex data
analysis, including testing mean vectors [7, 55], testing covariance matrices [24, 57], testing
regression coefficients [15, 34, 58], testing independence or conditional independence [31,
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46], change point detection [2, 8, 19, 23, 53, 56], penalized regression models [47, 59], post-
selection inference [3, 4, 13, 36, 40], factor model analysis [20, 21], and graphical models
[9, 27, 28, 37, 50], among others.

The Berry–Esseen type bound in (1.2) has been improved to Cn−1/6 log7/6(pn) by Cher-
nozhukov, Chetverikov and Kato [11] and Cn−1/4 log5/4(pn) by Chernozhuokov et al. [14]
under the same sub-exponential condition. When R is non-degenerate in the sense that
λmin(R) ≥ c3 > 0 where λmin(R) is the minimum eigenvalue, Fang and Koike [22] provided a
bound of Cn−1/3 log4/3(pn) under a sub-Gaussian condition, which has also been improved
to Cn−1/2 log4(pn) logn by Lopes [35] and Kuchibhotla and Rinaldo [30] under the same
sub-Gaussian condition and to Cn−1/2(logp)3/2 logn by Chernozhukov, Chetverikov and
Koike [12] for bounded variables. Furthermore, it is shown in Fang and Koike [22] and Cher-
nozhukov, Chetverikov and Koike [12] that the bound Cn−1/2(logp)3/2 cannot be attained in
general. For a related direction called multiplier bootstrap approximations, Deng and Zhang
[18] improved the bound in (1.2) to Cn−1/6 log5/6(pn) under the sub-Gaussian condition,
which has been further improved to Cn−1/2 log3/2(pn) by Chernozhuokov et al. [14] for
sub-exponential symmetric variables.

Note that Berry–Esseen type bound like (1.2) does not imply

(1.3)
ℙ(max1≤j≤p Wn,j > x)

ℙ(max1≤j≤p ZR
j > x)

→ 1

uniformly for x ≥ 0. To see this, let Φ and ϕ be, respectively, the distribution function
and the density of 𝒩 (0,1). Let I = Ip be the p × p identity matrix. Let a ≪ b denote
a/b → 0 and a ∼ b denote a/b → 1. Since 1 − Φ(x) ∼ ϕ(x)/x as x → ∞, when R = Ip ,
x = (2q logp)1/2, q ≥ 1, p → ∞ and n ≪ p2(q−1)(logp)4, we have p(1 − Φ(x)) → 0 and
therefore

(1.4) ℙ

(︂
max

1≤j≤p
ZI

j > x
)︂

∼ p
(︁
1 − Φ(x)

)︁ ∼ p1−q

2(πq logp)1/2 ≪ (logp)3/2

n1/2 .

Hence, any of the aforementioned Berry–Esseen bounds does not yield (1.3). When

ℙ(max1≤j≤p Wn,j > x)

ℙ(max1≤j≤p ZR
j > x)

↛ 1,

there is no justification to use ℙ(max1≤j≤p ZR
j > x) to estimate ℙ(max1≤j≤p Wn,j > x).

It is worthy to note that the variances 𝔼X2
ij are typically unknown, the sub-exponential

or sub-Gaussian assumption is very restrictive and so the standardized sum Wn cannot be
used directly in practice. It is natural to seek the Student’s t-statistics, or equivalently, the
self-normalized sums. Let Tn = (Tn,1, . . . , Tn,p)T be the self-normalized sum, where

(1.5) Tn,j =
∑︁n

i=1 Xij

(
∑︁n

i=1 X2
ij )

1/2
for 1 ≤ j ≤ p.

The main purpose of this paper is to establish a Cramér type moderate deviation theorem
for max1≤j≤p Tn,j as well as max1≤j≤p |Tn,j | under finite (2 + τ )-th moments, 0 < τ ≤ 1.

For classical Cramér type moderate deviation theorems concerning standardized sums, we
refer to [17, 33, 38] for the univariate case and [1, 41, 43–45, 51] for the multivariate case;
see Saulis and Statulevičius [42] for a comprehensive review for related topics. In particu-
lar, a Cramér type moderate deviation result for max1≤j≤p |Wn,j | under the sub-exponential
condition was obtained by Kuchibhotla, Mukherjee and Banerjee [29]:

(1.6)
⃓⃓⃓
⃓ℙ(max1≤j≤p |Wn,j | > x)

ℙ(max1≤j≤p |ZR
j | > x)

− 1
⃓⃓⃓
⃓ ≤ C

(1 + x)(logp)8/3

n1/6
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for n ≥ (logp)64/15(logn)32/5(1 + μ)−34/5 and n−1/6(1 + x) ≤ c log−28/9(p + n), where
c and C are positive constants depending only on c1 and c2 defined above, and μ is the
median of max1≤j≤p |ZR

j |. On the other hand, Cramér type moderate deviations for the self-
normalized sums provide a completely novel picture. Let X1, . . . ,Xn be i.i.d. random vari-
ables with zero means and finite (2 + τ )-th moments, 0 < τ ≤ 1. Let Sn = ∑︁n

i=1 Xi and
V 2

n = ∑︁n
i=1 X2

i . Shao [48] established that

(1.7)
ℙ(Sn/Vn ≥ x)

1 − Φ(x)
→ 1

uniformly for 0 ≤ x ≪ nτ/(4+2τ). Jing, Shao and Wang [26] obtained that

(1.8)
⃓⃓⃓
⃓ℙ(Sn/Vn ≥ x)

1 − Φ(x)
− 1

⃓⃓⃓
⃓ ≤ A

(1 + x)2+τ
𝔼|X1|2+τ

nτ/2(𝔼X2
1)

1+τ/2

for 0 ≤ x ≤ nτ/(4+2τ)(𝔼X2
1)

1/2/(𝔼|X1|2+τ )1/(2+τ), where A is an absolute constant. We refer
to Jing, Shao and Wang [26] for general independent random variables and Shao and Zhou
[49] for Studentized non-linear statistics.

The rest of this paper is organized as follows. Section 2 provides Cramér type moder-
ate deviation theorems for self-normalized Gaussian approximation. Section 3 presents an
application to high dimensional test for means. The proofs of main results are provided in
Section 4, where we shall establish a new Cramér type moderate deviation theorem for the
minimum of several self-normalized sums, whose proof is postponed to Section 5. Some pre-
liminary lemmas and propositions are presented in Section 6 and the Supplementary Material
[39].

2. Main results. We first introduce the notations to be used in the paper. Let Φ and ϕ be,
respectively, the distribution function and density of 𝒩 (0,1). Let an ≪ bn denote an/bn → 0
as n → ∞, and an ∼ bn denote an/bn → 1 for {an} and {bn} being two sequences of real
numbers. We write an = o(bn) if an/bn → 0, and an = O(bn) if lim supn→∞ |an/bn| < ∞.
For a, b ∈ ℝ, let a ∧ b denote min{a, b} and a ∨ b denote max{a, b}. Let ℝ+ = (0,∞) be
the set of positive real numbers. Let Ik be the k × k identity matrix, 1k be the k dimensional
vector of ones, and ek,i be the ith canonical basis vector in ℝ

k . The matrix R = (ρij )1≤i,j≤p

is reserved for the correlation matrix of X1 and Ω = (ωij )1≤i,j≤p for the inverse of R.
Let ZI = (ZI

1 , . . . ,ZI
p)T ∼ 𝒩 (0, Ip) and ZR = (ZR

1 , . . . ,ZR
p )T ∼ 𝒩 (0,R). For 1 ≤ j1 <

· · · < jk ≤ p and 1 ≤ k ≤ p, let R(j1, . . . , jk) = (ρjℓ1jℓ2
)1≤ℓ1,ℓ2≤k be a k × k principal sub-

matrix of R and Ω(j1, . . . , jk) be the corresponding inverse. For ω0 > 0, let 𝔻k(ω0) = {A =
(aij ) ∈ ℝ

k×k : |aii | − ∑︁
j≠i |aij | ≥ ω0 for 1 ≤ i ≤ k} be the class of k × k diagonally domi-

nant matrix within a tolerance ω0. Let λmin(A) and λmax(A) be, respectively, the minimum
and maximum eigenvalues of a square matrix A.

Let X1, . . . ,Xn be a sequence of i.i.d. ℝp-valued random vectors with zero means and
finite variances. Recall that R is the correlation matrix of X1 = (X11, . . . ,X1p)T and ZR =
(ZR

1 , . . . ,ZR
p )T ∼ 𝒩 (0,R). When R = Ip , we have our first main theorem as follows.

THEOREM 2.1. Assume that R = Ip and

(2.1) max
1≤j≤p

𝔼|Xij |2+τ

(𝔼X2
ij )

1+τ/2
≤ γτ

for some constants 0 < τ ≤ 1 and γτ < ∞. Then, as n → ∞,

(2.2)
ℙ(max1≤j≤p Tn,j > x)

ℙ(max1≤j≤p ZI
j > x)

→ 1
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and

(2.3)
ℙ(max1≤j≤p |Tn,j | > x)

ℙ(max1≤j≤p |ZI
j | > x)

→ 1

uniformly for p ≥ 1 and 0 ≤ x ≪ nτ/(4+2τ).

Theorem 2.1 is a nontrivial multivariate extension of the univariate result (1.7) in Shao
[48]. The range of 0 ≤ x ≪ nτ/(4+2τ) is the best possible even when p = 1; see Shao [48]
and Chistyakov and Götze [16]. Note that both (2.2) and (2.3) are valid uniformly for all
p ≥ 1, which allows for the potential use in arbitrarily large dimensional data analysis.

For general correlation matrix R = (ρij )1≤i,j≤p with an additional assumption that p(1 −
Φ(x)) → 0, we have the following theorem.

THEOREM 2.2. Assume that Condition (2.1) is satisfied for some constants 0 < τ ≤ 1
and γτ < ∞, and the correlation matrix R = (ρij )1≤i,j≤p satisfies

(2.4) max
1≤i<j≤p

|ρij | ≤ ρ0

and

(2.5)
∑︂

1≤i<j≤p

|ρij | ≤ A1p
c0

for some constants ρ0 < 1, A1 < ∞ and 1 ≤ c0 < 2/(1 + ρ0). Then, as n → ∞,

(2.6)
ℙ(max1≤j≤p Tn,j > x)

p(1 − Φ(x))
→ 1

and

(2.7)
ℙ(max1≤j≤p |Tn,j | > x)

2p(1 − Φ(x))
→ 1

uniformly for p ≥ 1, p(1 − Φ(x)) → 0 and 1 ≪ x ≪ nτ/(4+2τ).

REMARK 2.1. When ρij = ρ(i −j) and
∑︁∞

j=−∞ |ρ(j)| < ∞, Condition (2.5) holds with
c0 = 1. Note also that we allow for the possibility that c0 > 1 in (2.5) to cover the case of
long-range dependence in R. From the proof of Theorem 2.3, one can replace (2.5) by the
following assumption to cover stronger dependence: there exist positive constants A1 < ∞,
0 ≤ δ0 ≤ 1 and 1 ≤ c0 < 2/(1 + ρ0) such that

(2.8)
∑︂

1≤i<j≤p

|ρij | ≤ A1p
2−δ0

and

(2.9)
⃓⃓⃓
⃓
{︃
(i, j) : 1 ≤ i < j ≤ p, |ρij | > δ0

2

}︃⃓⃓⃓
⃓ ≤ A1p

c0 .

REMARK 2.2. Since 1−Φ(x) ∼ ϕ(x)/x as x → ∞, it is easy to see that p(1−Φ(x)) →
0 is equivalent to p ≪ xex2/2. We also have ℙ(max1≤j≤p ZR

j > x) ∼ ℙ(max1≤j≤p ZI
j > x) ∼

p(1 − Φ(x)) under (2.4) and (2.5) when p(1 − Φ(x)) → 0. Furthermore, when τ = 1, the
following exponential type non-uniform bound is an immediate consequence of (2.6):

(2.10)
⃓⃓⃓
ℙ

(︂
max

1≤j≤p
Tn,j > x

)︂
− ℙ

(︂
max

1≤j≤p
ZR

j > x
)︂⃓⃓⃓

≪ p

xex2/2

uniformly for 1 ≤ p ≪ xex2/2 and 1 ≪ x ≪ n1/6. In particular, we have (p/x)e−x2/2 ≪
n−1/2(logp)3/2 when x ≥ (2 logp + logn)1/2. This means that (2.6) recovers the best possi-
ble Berry–Esseen bounds when x ≥ (2 logp + logn)1/2.
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As pointed out by Remark 2.2, Theorem 2.2 requires 1 ≤ p ≪ xex2/2, which is implied by
x ≥ (2 logp)1/2. To obtain a more general result that can be valid uniformly for all p ≥ 1 in
the presence of correlation, we define 𝕊p

+ = 𝕊
p
+(ρ0,A1,A2, c0, λ0,1, . . . , λ0,p,ω0,1, . . . ,ω0,p)

as a subset of symmetric positive definite p×p matrices such that for any R ∈ 𝕊
p
+, Conditions

(2.4) and (2.5) are satisfied for some constants ρ0 < 1, A1 < ∞ and 1 ≤ c0 < 2/(1 +ρ0), and

max
1≤i≤p

p∑︂
j=1

ρ2
ij ≤ A2,(2.11)

λmin
(︁
R(j1, . . . , jk)

)︁ ≥ λ0,k(2.12)

and

(2.13) Ω(j1, . . . , jk) ∈ 𝔻
k(ω0,k)

for some constants A2 < ∞ and λ0,1, . . . , λ0,p,ω0,1, . . . ,ω0,p > 0.

REMARK 2.3. Condition (2.11) is taken from Cai, Liu and Xia [6]. Conditions (2.12)
and (2.13) are required for the use of the Cramér type moderate deviation theorem for the
minimum of self-normalized sums in Section 4. It is noteworthy that we do not require a
uniform lower bound for the minimum eigenvalues or diagonally dominant properties, but
allow for the possibility that λ0,k → 0 and ω0,k → 0 as k → ∞. We also do not impose
any condition on the maximum eigenvalues. The following is an example of R ∈ 𝕊

p
+ in the

presence of long-range dependence with c0 > 1 and ω0,k → 0.

EXAMPLE 1. Let 1p = (1, . . . ,1)T ∈ ℝ
p and R = (1−ρ)Ip +ρ1p1T

p with ρ = (8p)−1/2.
Then, it follows that Conditions (2.4)–(2.5) and (2.11)–(2.13) are satisfied for all p ≥ 1 with
ρ0 = 1/4, A1 = √

2/8, A2 = 9/8, c0 = 3/2, R(j1, . . . , jk) = (1 − ρ)Ik + ρ1k1T
k , λ0,k = 3/4,

Ω(j1, . . . , jk) = (1 − ρ)−1Ik − ρ(1 − ρ)−1(1 + (k − 1)ρ)−11k1T
k and ω0,k = 4/(3 + k).

THEOREM 2.3. Assume that Condition (2.1) is satisfied for some constants 0 < τ ≤ 1
and γτ < ∞, and the correlation matrix R ∈ 𝕊

p
+ for some constants ρ0 < 1, A1,A2 < ∞,

1 ≤ c0 < 2/(1 + ρ0) and λ0,1, . . . , λ0,p,ω0,1, . . . ,ω0,p > 0 in Conditions (2.4)–(2.5) and
(2.11)–(2.13). Then, as n → ∞,

(2.14)
ℙ(max1≤j≤p Tn,j > x)

ℙ(max1≤j≤p ZI
j > x)

→ 1

and

(2.15)
ℙ(max1≤j≤p |Tn,j | > x)

ℙ(max1≤j≤p |ZI
j | > x)

→ 1

uniformly for p ≥ 1 and 1 ≪ x ≪ nτ/(4+2τ).

REMARK 2.4. Assume that Condition (2.1) is satisfied for some constants 0 < τ ≤ 1 and
γτ < ∞. For any correlation matrix R, we conjecture that as n → ∞,

(2.16)
ℙ(max1≤j≤p Tn,j > x)

ℙ(max1≤j≤p ZR
j > x)

→ 1

and

(2.17)
ℙ(max1≤j≤p |Tn,j | > x)

ℙ(max1≤j≤p |ZR
j | > x)

→ 1

uniformly for p ≥ 1 and 0 ≤ x ≪ nτ/(4+2τ).
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3. High dimensional one-sample 𝒕-test. Theorem 2.3 can be readily applied to con-
struct a one-sample test for high dimensional means. Let X1, . . . ,Xn be a sequence of i.i.d.
ℝ

p-valued random vectors with mean vector μ and a positive-definite covariance matrix Σ.
Let A be an invertible matrix in ℝ

p×p and WA
n = (WA

n,1, . . . ,W
A
n,p)T be the standardized sum

of the transformed data AX1, . . . ,AXn, where

(3.1) WA
n,j =

∑︁n
i=1 eT

p,jAXi

(neT
p,jAΣAT ep,j )1/2

for 1 ≤ j ≤ p.

To test H0 : μ = 0 versus H1 : μ ≠ 0 or equivalently H0 : Aμ = 0 versus H1 : Aμ ≠ 0, the
test statistic considered in Cai, Liu and Xia [6] can be written as

(3.2) M(A) = max
1≤j≤p

⃓⃓
WA

n,j

⃓⃓2
,

where the choices of A can be Ip , Σ−1/2 and Σ−1. In particular, under H0 : μ = 0, some
weak conditions on Σ, and either

(3.3) logp ≪ n1/4 and 𝔼 exp
(︁(︁

eT
p,jΣ

−1Xi

)︁2
/c1

)︁ ≤ 2 for a positive constant c1,

or

(3.4)
p = O

(︁
nτ/2−ε)︁ and 𝔼

⃓⃓
eT
p,jΣ

−1Xi

⃓⃓2+τ ≤ γτ

for some τ > 0, γτ < ∞ and ε > 0,

they proved that for any y ∈ ℝ, as p,n → ∞,

(3.5) ℙ
(︁
M

(︁
Σ−1)︁ ≤ 2 logp − log logp + y

)︁ → exp
(︃
− 1√

π
e−y/2

)︃
.

Consequently, the null hypothesis H0 should be rejected with asymptotic level α ∈ (0,1) if

(3.6) M
(︁
Σ−1)︁

> 2 logp − log logp + qα,

where

(3.7) qα = − logπ − 2 log log
(︁
1/(1 − α)

)︁
.

REMARK 3.1. Assume that Condition (3.3) is satisfied for a positive constant c1 and that
the minimum eigenvalue of the correlation matrix of Σ−1X1 is bounded below by a positive
constant c2. Then, (3.5) can also be obtained by applying the Berry–Esseen type Gaussian
approximation result Corollary 1.3 in Fang and Koike [22].

REMARK 3.2. Similar conditions like (3.3) or (3.4) were also used in Chang et al. [7]
and Xue and Yao [55] in which the test statistics are based on the maximum statistic and the
Berry–Esseen type Gaussian or multiplier bootstrap approximation results are required.

Observe that the aforementioned conditions for (3.5) requires either a sub-Gaussian as-
sumption or a polynomial rate restriction of p in n, both of which are very restrictive. To
reduce those conditions, we shall seek for the Student’s t-statistics to replace the standard-
ized sums. Let tAn = (tAn,1, . . . , t

A
n,p)T be the t-statistic of the transformed data AX1, . . . ,AXn,

where

(3.8) tAn,j = 1√
nσ̂A

n,j

n∑︂
i=1

eT
p,jAXi for 1 ≤ j ≤ p,



SELF-NORMALIZED GAUSSIAN APPROXIMATION 1325

and

(3.9)
(︁
σ̂ A

n,j

)︁2 = 1

n − 1

n∑︂
i=1

(︁
eT
p,jAXi − X̄A

n,j

)︁2
, X̄A

n,j = 1

n

n∑︂
i=1

eT
p,jAXi.

Then, the proposed test statistic is defined by

(3.10) M̂(A) = max
1≤j≤p

⃓⃓
tAn,j

⃓⃓2
.

The following proposition provides the asymptotic distribution of (3.10) by applying the self-
normalized Gaussian approximation result in Theorem 2.3.

PROPOSITION 3.1. Let A be an invertible matrix in ℝ
p×p . Assume that Condition (2.1)

is satisfied with Xij replaced by eT
p,jAXi for some constants 0 < τ ≤ 1 and γτ < ∞, and

the correlation matrix of AX1 is contained in 𝕊
p
+ for some constants ρ0 < 1, A1,A2 < ∞,

1 ≤ c0 < 2/(1 + ρ0) and λ0,1, . . . , λ0,p,ω0,1, . . . ,ω0,p > 0 in Conditions (2.4)–(2.5) and
(2.11)–(2.13). Then, under H0 : μ = 0, for any y ∈ ℝ, as p,n → ∞ and logp ≪ nτ/(2+τ),

(3.11) ℙ
(︁
M̂(A) ≤ 2 logp − log logp + y

)︁ → exp
(︃
− 1√

π
e−y/2

)︃
.

Proposition 3.1 allows us to reject H0 with asymptotic level α ∈ (0,1) if

(3.12) M̂(A) > 2 logp − log logp + qα,

where qα is defined in (3.7). Assume that Σ is known under some weak conditions and let
A = Σ−1. Then, we notice that Condition (3.3) or (3.4) required to ensure the asymptotic
distribution in (3.5) can be greatly reduced in Proposition 3.1 where (3.2) is replaced by
(3.10). For the high dimensional scenario with logp ≪ n1/4, the testing procedure (3.6) needs
a sub-Gaussian assumption while the proposed test (3.12) only requires a (2 + τ )-th moment
condition with τ ≥ 2/3. For the heavy-tailed scenario such that 𝔼|eT

p,jΣ
−1Xi |2+τ ≤ γτ for

some constants 0 < τ ≤ 1 and γτ < ∞, the testing procedure (3.6) needs a polynomial rate
restriction of p = O(nτ/2−ε) while the proposed test (3.12) allows for an exponential growth
of logp ≪ nτ/(2+τ). Table 1 summarizes the aforementioned comparisons. Therefore, the
proposed testing procedure (3.12) based on t-statistics is more suitable for higher dimensional
setting and/or more heavy-tailed data, comparing to the exiting method (3.6) based on the
standardized sums in Cai, Liu and Xia [6]. Furthermore, (3.12) can still be valid without
requiring any knowledge of Σ if we take A = Ip . All of these demonstrate the power of the
newly developed self-normalized Cramér type moderate deviation theorem.

TABLE 1
Comparisons between the required conditions of the testing procedure (3.6) in Cai, Liu and Xia [6] and the

proposed test (3.12) under high dimensional and heavy-tailed scenarios

High dimensional data Heavy-tailed data
Scenario logp ≪ n1/4

𝔼|eT
p,jΣ−1Xi |2+τ ≤ γτ

(3.6) requires 𝔼 exp((eT
p,jΣ−1Xi)

2/c1) ≤ 2 p = O(nτ/2−ε)

(3.12) requires 𝔼|eT
p,jΣ−1Xi |8/3 ≤ γ2/3 logp ≪ nτ/(2+τ)
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4. Proof of main results. In this section, we provide the proofs of Theorems 2.1–2.3 and
Proposition 3.1. The proofs of Theorems 2.1–2.3 are based on the following new Cramér type
moderate deviation theorem for min1≤ℓ≤k Tn,jℓ

, where 1 ≤ j1 < · · · < jk ≤ p and 1 ≤ k ≤ p.

THEOREM 4.1. Assume that

λmin
(︁
R(j1, . . . , jk)

)︁ ≥ c1,(4.1)

min
1≤i≤k

k∑︂
j=1

eT
k,iΩ(j1, . . . , jk)ek,j ≥ c2(4.2)

and

(4.3) max
1≤ℓ≤k

𝔼|Xijℓ
|2+τ

(𝔼X2
ijℓ

)1+τ/2
≤ γτ

for some constants c1, c2 > 0, 0 < τ ≤ 1 and γτ < ∞. Then, there is a constant C ≥ 1
depending only on c1, c2, γτ and k such that for 0 ≤ x ≤ nτ/(4+2τ),

(4.4)
⃓⃓⃓
⃓ℙ(min1≤ℓ≤k Tn,jℓ

> x)

ℙ(min1≤ℓ≤k ZR
jℓ

> x)
− 1

⃓⃓⃓
⃓ ≤ C

(︃
x2+τ

nτ/2 + 1

nτ/4

)︃
.

REMARK 4.1. In view of the proof of Theorem 4.1 which is postponed to Section 5, a
key step is to solve the following optimization problem:

(4.5) find λ ∈ ℝ
k+ subject to λT R(j1, . . . , jk)λ = λT 1k = 1T

k Ω(j1, . . . , jk)1k.

It can be shown that (4.5) has a unique solution λ = Ω(j1, . . . , jk)1k if and only if
Ω(j1, . . . , jk)1k ∈ ℝ

k+, which is ensured by Condition (4.2) in Theorem 4.1. We note that
Conditions (4.1) and (4.2) are satisfied for Theorem 2.1 when R = Ip , for Theorem 2.2 since
only the results with k ≤ 2 are used in this case, and for Theorem 2.3 under (2.12) and (2.13).

REMARK 4.2. A key step of the proof of Theorem 4.1 relies on a non-uniform multivari-
ate Berry–Esseen inequality in von Bahr [52], which involves a constant whose dependency
on k was not explicitly provided. This causes difficulty in specifying the dependency of the
constant C in (4.4) on k. However, a careful examination of other steps of the proof of Theo-
rem 4.1 suggests that C has at least an iterated exponential growth in k based on the current
proof techniques. As will be seen below, the growth rate does not affect the main Gaussian
approximation results in Theorems 2.1–2.3 since we shall prove by truncation.

4.1. Proof of Theorem 2.1. We shall only prove (2.3) since the proof of (2.2) is similar.
To prove (2.3), it suffices to show that for any ε ∈ (0,1), there are constants N ≥ 1 and
δ ∈ (0,1) depending only on ε, τ and γτ such that for p ≥ 1, n ≥ N and 0 ≤ x ≤ δnτ/(4+2τ),

(4.6)
⃓⃓⃓
⃓ℙ(max1≤j≤p |Tn,j | > x)

ℙ(max1≤j≤p |ZI
j | > x)

− 1
⃓⃓⃓
⃓ ≤ ε.
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Since |Tn,j | = T +
n,j ∨ T −

n,j , we have {|Tn,j | > x} = {Tn,j > x} ∪ {−Tn,j > x} while {Tn,j >

x} ∩ {−Tn,j > x} = ∅ for x ≥ 0. Hence, by R = Ip and the inclusion-exclusion formula,

ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂
= ℙ

(︄ p⋃︂
j=1

{︁|Tn,j | > x
}︁)︄ = ℙ

(︄ p⋃︂
j=1

⋃︂
σ∈{−1,1}

{σTn,j > x}
)︄

=
p∑︂

k=1

(−1)k−1
∑︂

1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︃ ⋂︂
1≤ℓ≤k

{σℓTn,jℓ
> x}

)︃

=
p∑︂

k=1

(−1)k−1
∑︂

1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓTn,jℓ

> x
)︂
.

(4.7)

The key idea of this proof is to apply Theorem 4.1 so that each ℙ(min1≤ℓ≤k σℓTn,jℓ
> x) in

(4.7) can be replaced by ℙ(min1≤ℓ≤k σℓZ
I
jℓ

> x) with a uniform rate of convergence, where
we may take c1 = c2 = 1 due to R(j1, . . . , jk) ≡ Ik . Since the constant C appeared in (4.4)
depends on k, to deal with the situation where p can become arbitrarily large (and so can k),
we simply truncate the inclusion-exclusion formula and use Bonferroni inequalities instead.
Let ψp(x) = 2p(1 − Φ(x)). It turns out that this strategy works well for ψp(x) small. When
ψp(x) is large, on the other hand, we notice that ℙ(max1≤j≤p |ZI

j | > x) will be close to 1
because

(4.8) ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
= 1 −

(︃
1 − ψp(x)

p

)︃p

≥ 1 − e−ψp(x).

Hence, it suffices to show that ℙ(max1≤j≤p |Tn,j | > x) is also close to 1. Therefore, we
formulate the detailed proof into two steps.

Step 1. Here we prove (4.6) for the case of ψp(x) ≥ ψε = 384/ε. Let

ℐn =
p∑︂

j=1

1(Tn,j > x) =:
p∑︂

j=1

ℐn,j , 𝒥n =
p∑︂

j=1

1(−Tn,j > x) =:
p∑︂

j=1

𝒥n,j ,

𝒫n = 𝔼(ℐn + 𝒥n) and δn(x) = n−τ/2x2+τ + n−τ/4. By Theorem 4.1 for k = 1, there is a
constant C1 ≥ 1 depending only on γτ such that for 0 ≤ x ≤ nτ/(4+2τ),

ψp(x)
(︁
1 − C1δn(x)

)︁ ≤ 𝒫n ≤ ψp(x)
(︁
1 + C1δn(x)

)︁
.

Observe that ψp(x)/2 ≤ 𝒫n ≤ 2ψp(x) and 𝒫n − 1 ≥ 𝒫n/2 ≥ ψp(x)/4 ≥ 1 whenever
ψp(x) ≥ 4 and δn(x) ≤ 1/2C1. Then, by Chebyshev’s inequality and Theorem 4.1 for k = 2,
there is a constant C2 ≥ C1 depending only on γτ such that for p ≥ 1, ψp(x) ≥ ψε and
δn(x) ≤ ε/288C2, we have

(4.9) ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂
≥ 1 − ε

3
.

Indeed,

ℙ

(︂
max

1≤j≤p
|Tn,j | ≤ x

)︂

= ℙ(ℐn +𝒥n = 0) = ℙ(ℐn +𝒥n < 1)

= ℙ
(︁𝒫n − (ℐn +𝒥n) >𝒫n − 1

)︁ ≤ Var(ℐn +𝒥n)

(𝒫n − 1)2 ≤ 2 Var(ℐn) + 2 Var(𝒥n)

(𝒫n − 1)2

≤ 2
∑︁p

j=1(𝔼ℐ2
n,j +𝔼𝒥 2

n,j ) + 2
∑︁

1≤i≠j≤p(Cov(ℐn,i ,ℐn,j ) + Cov(𝒥n,i,𝒥n,j ))

(𝒫n − 1)2
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≤ 1

(𝒫n − 1)2

(︃
2𝒫n + 4

∑︂
1≤i≠j≤p

(︁
1 − Φ(x)

)︁2(︁
1 + C2δn(x) − (︁

1 − C1δn(x)
)︁2)︁)︃

≤ 16

ψ2
p(x)

(︁
4ψp(x) + 3ψ2

p(x)C2δn(x)
)︁ ≤ ε

3
.

Combining (4.8) and (4.9), we have for ψp(x) ≥ ψε(≥ log(3/ε)) and δn(x) ≤ ε/288C2,

(4.10)
⃓⃓⃓
⃓ℙ(max1≤j≤p |Tn,j | > x)

ℙ(max1≤j≤p |ZI
j | > x)

− 1
⃓⃓⃓
⃓ ≤ ε/3 + e−ψp(x)

1 − e−ψp(x)
≤ ε.

Step 2. Assume that ψp(x) ≤ ψε . Then there exists a positive constant Cε depending only
on ε and γτ such that for p ≥ 1 and 0 ≤ x ≤ nτ/(4+2τ),

(4.11)
ℙ(max1≤j≤p |Tn,j | > x)

ℙ(max1≤j≤p |ZI
j | > x)

≤ 1 + ε

2
+ Cεδn(x)

and

(4.12)
ℙ(max1≤j≤p |Tn,j | > x)

ℙ(max1≤j≤p |ZI
j | > x)

≥ 1 − ε

2
− Cεδn(x).

By taking Cεδn(x) ≤ ε/2, (4.6) is an immediate consequence of (4.11) and (4.12). Note also
that the constants N and δ in (4.6) can then be determined by the definition of δn(x). In par-
ticular, we may take N = (4Cε/ε)

4/τ and δ = (ε/4Cε)
1/(2+τ) to obtain (4.6). Consequently,

it suffices to prove (4.11) since the proof of (4.12) is similar.

PROOF OF (4.11). Let m = mε be the smallest integer such that

(4.13)
eψεψ2m−1

ε

(2m)! ≤ ε

2
,

where it can be shown that m ∼ c0/ε as ε → 0 for a constant c0 = 689.495 · · · > 384. Let
Ck be the positive constant appeared in (4.4) of Theorem 4.1 for the k-dimensional case and
suppose without loss of generality that C1 ≤ C2 ≤ · · · ≤ C2m. Let Cε = eψεC2m.

When p ≥ 2m, by Bonferroni inequalities, Theorem 4.1, (4.8) and (4.13),

ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂

≤
2m−1∑︂
k=1

(−1)k−1
∑︂

1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓTn,jℓ

> x
)︂

≤
2m−1∑︂
k=1

(︁
(−1)k−1 + C2m−1δn(x)

)︁ ∑︂
1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

I
jℓ

> x
)︂

≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
+ ∑︂

1≤j1<···<j2m≤p

∑︂
σ1,...,σ2m∈{−1,1}

ℙ

(︂
min

1≤ℓ≤2m
σℓZ

I
jℓ

> x
)︂

+ C2m−1δn(x)

2m−1∑︂
k=1

(︃
p

k

)︃
2k(︁1 − Φ(x)

)︁k

≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
+

(︃
p

2m

)︃
22m(︁

1 − Φ(x)
)︁2m + C2m−1δn(x)

2m−1∑︂
k=1

ψk
p(x)

k!
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≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂(︃
1 + ψ2m

p (x)

(2m)!(1 − e−ψp(x))
+ C2m−1δn(x)(eψp(x) − 1)

1 − e−ψp(x)

)︃

≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂(︃
1 + eψεψ2m−1

ε

(2m)! + eψεC2m−1δn(x)

)︃

≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂(︃
1 + ε

2
+ Cεδn(x)

)︃
.

Thus, we establish (4.11).
When 1 ≤ p ≤ 2m, we notice that by (4.7) and a similar argument,

ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂

=
p∑︂

k=1

(−1)k−1
∑︂

1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓTn,jℓ

> x
)︂

≤
p∑︂

k=1

(︁
(−1)k−1 + Cpδn(x)

)︁ ∑︂
1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

I
jℓ

> x
)︂

= ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
+ Cpδn(x)

p∑︂
k=1

(︃
p

k

)︃
2k(︁1 − Φ(x)

)︁k

≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
+ Cpδn(x)

p∑︂
k=1

ψk
p(x)

k!

≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂(︃
1 + Cpδn(x)(eψp(x) − 1)

1 − e−ψp(x)

)︃

≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂(︁
1 + eψεCpδn(x)

)︁ ≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂(︁
1 + Cεδn(x)

)︁
.

This completes the proof of (4.11). Proof of (4.12) is similar. □

4.2. Proof of Theorems 2.2 and 2.3. We shall only prove Theorem 2.3 since the proof
of Theorem 2.2 will be contained in Step 1 below. For Theorem 2.3, we shall only prove
(2.15) since the proof of (2.14) is similar. In the light of the proof of Theorem 2.1, we prove
(2.15) in the following three steps corresponding to the cases of ψp(x) → 0, ψp(x) → ∞
and 0 < lim infψp(x) ≤ lim supψp(x) < ∞, respectively.

Step 1. We first prove (2.15) for the case of ψp(x) → 0. By Bonferroni inequalities, (2.4)
and Theorem 4.1 with c1 = 1 − ρ0 and c2 = 1/(1 + ρ0), it follows that

(4.14) ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂
≤

p∑︂
j=1

∑︂
σ∈{−1,1}

ℙ(σTn,j > x) ≤ ψp(x)
(︁
1 + C1δn(x)

)︁

and

ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂
≥

p∑︂
j=1

∑︂
σ∈{−1,1}

ℙ(σTn,j > x)

− ∑︂
1≤i<j≤p

∑︂
σ1,σ2∈{−1,1}

ℙ(σ1Tn,i > x,σ2Tn,j > x)

≥ ψp(x)
(︁
1 − C1δn(x)

)︁
(4.15)
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− ∑︂
1≤i<j≤p

∑︂
σ1,σ2∈{−1,1}

ℙ
(︁
σ1Z

R
i > x,σ2Z

R
j > x

)︁(︁
1 + C2δn(x)

)︁
,

where δn(x) = n−τ/2x2+τ + n−τ/4 and C2 ≥ C1 ≥ 1 are constants depending only on ρ0 and
γτ . Observe that δn(x) → 0 for 0 ≤ x ≪ nτ/(4+2τ) as n → ∞. By the normal comparison
inequality in Corollary 2.1 of Li and Shao [32], we notice that for x ∈ ℝ,

(4.16) ℙ
(︁
σ1Z

R
i > x,σ2Z

R
j > x

)︁ ≤ (︁
1 − Φ(x)

)︁2 + 1

4
|ρij | exp

(︃
− x2

1 + |ρij |
)︃
.

Then, by using (2.4), (2.8), (2.9) and the fact that 1 − Φ(x) ≥ ϕ(x)/2x for x ≥ 1, we have

(4.17)

∑︂
1≤i<j≤p

∑︂
σ1,σ2∈{−1,1}

ℙ
(︁
σ1Z

R
i > x,σ2Z

R
j > x

)︁

≤ ψ2
p(x)

2
+

(︃ ∑︂
1≤i<j≤p,|ρij |>δ0/2

+ ∑︂
1≤i<j≤p,|ρij |≤δ0/2

)︃
|ρij | exp

(︃
− x2

1 + |ρij |
)︃

≤ ψ2
p(x)

2
+ A1p

c0 exp
(︃
− x2

1 + ρ0

)︃
+ sgn(δ0)A1p

2−δ0 exp
(︃
− 2x2

2 + δ0

)︃
,

where

(4.18)

pc0

ψp(x)
exp

(︃
− x2

1 + ρ0

)︃
≤ (2π)1/2pc0−1x exp

(︃
−(1 − ρ0)x

2

2(1 + ρ0)

)︃

≪ xc0 exp
(︃

(c0(1 + ρ0) − 2)x2

2(1 + ρ0)

)︃
→ 0

and when δ0 ∈ (0,1],

(4.19)

p2−δ0

ψp(x)
exp

(︃
− 2x2

2 + δ0

)︃
≤ (2π)1/2p1−δ0x exp

(︃
−(2 − δ0)x

2

2(2 + δ0)

)︃

≪ x2−δ0 exp
(︃
− δ2

0x2

2(2 + δ0)

)︃
→ 0

uniformly for 1 ≤ p ≪ xex2/2 as x → ∞. Hence, it follows from (4.14)–(4.15) and
(4.17)–(4.19) that ℙ(max1≤j≤p |Tn,j | > x) ∼ ψp(x). Note also that p ≪ xex2/2 is equiva-
lent to ψp(x) → 0 and we have ℙ(max1≤j≤p |ZR

j | > x) ∼ ℙ(max1≤j≤p |ZI
j | > x) ∼ ψp(x)

in this case by applying a similar argument. Thus, we establish (2.15).
Step 2. In view of (4.8) and Bonferroni inequalities, we can see that ψp(x) → 0 if and only

if ℙ(max1≤j≤p |ZI
j | > x) → 0. Hence, when lim infψp(x) > 0, it suffices to show that

(4.20)
⃓⃓⃓
ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂
− ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂⃓⃓⃓
→ 0.

Recall that when x → ∞, ψp(x) → 0 is equivalent to p ≪ xex2/2, which can be implied by
x ≥ (2 logp)1/2. Then when x → ∞ and lim infψp(x) > 0, it follows that x ≤ (2 logp)1/2.
In this step, we prove (4.20) for the case of ψp(x) → ∞. Since ℙ(max1≤j≤p |ZI

j | > x) → 1
in this case, it suffices to prove ℙ(max1≤j≤p |Tn,j | > x) → 1.

By the fact that x ≤ (2 logp)1/2, following the argument in (4.17)–(4.19), we have

pc0

ψ2
p(x)

exp
(︃
− x2

1 + ρ0

)︃
≤ 2πpc0−2x2 exp

(︃
ρ0x

2

1 + ρ0

)︃
≤ 4πpc0−2/(1+ρ0) logp → 0
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and when δ0 ∈ (0,1],
p2−δ0

ψ2
p(x)

exp
(︃
− 2x2

2 + δ0

)︃
≤ 2πp−δ0x2 exp

(︃
δ0x

2

2 + δ0

)︃
≤ 4πp−δ2

0/(2+δ0) logp → 0.

Then, by a similar argument as that in Step 1 of the proof of Theorem 2.1 as well as the
normal comparison inequality in (4.16), we have as ψp(x) → ∞, δn(x) → 0 and x → ∞,

ℙ

(︂
max

1≤j≤p
|Tn,j | ≤ x

)︂

≤ 2
∑︁p

j=1(𝔼ℐ2
n,j +𝔼𝒥 2

n,j ) + 2
∑︁

1≤i≠j≤p(Cov(ℐn,i ,ℐn,j ) + Cov(𝒥n,i,𝒥n,j ))

(𝒫n − 1)2

≤ 1

(𝒫n − 1)2

(︃
2𝒫n + 2

∑︂
1≤i≠j≤p

∑︂
σ∈{−1,1}

ℙ
(︁
σZR

i > x,σZR
j > x

)︁(︁
1 + C2δn(x)

)︁

− 4
∑︂

1≤i≠j≤p

(︁
1 − Φ(x)

)︁2(︁
1 − C1δn(x)

)︁2
)︃

≤ 16

ψ2
p(x)

(︃
4ψp(x) + 3ψ2

p(x)C2δn(x) + ∑︂
1≤i≠j≤p

|ρij | exp
(︃
− x2

1 + |ρij |
)︃)︃

≤ 64

ψp(x)
+ 48C2δn(x) + 16A1p

c0

ψ2
p(x)ex2/(1+ρ0)

+ 16sgn(δ0)A1p
2−δ0

ψ2
p(x)e2x2/(2+δ0)

→ 0.

This establishes (4.20).
Step 3. It suffices to prove (4.20) for the case of 0 < lim infψp(x) ≤ lim supψp(x) < ∞.

We use a similar argument as that in proving Lemma 6 of Cai, Liu and Xia [6]. Let m be a
positive integer such that p ≥ 2m. We shall first let δn(x) → 0 and x → ∞ (so that p → ∞)
and then take m → ∞ according to the strategy used in Step 2 of the proof of Theorem 2.1.
Let k be an integer such that 1 ≤ k ≤ 2m. Let ϑ = ϑm > 0 be a sufficiently small positive
constant that will be specified later. Following Cai, Liu and Xia [6], we define

𝒥k =
{︂
1 ≤ j1 < · · · < jk ≤ p : max

1≤ℓ1<ℓ2≤k
|ρjℓ1

ρjℓ2
| > p−ϑ

}︂
,

𝒥k|d =
{︂
1 ≤ j1 < · · · < jk ≤ p : card(S) = d, where S is the largest subset

of {1, . . . , k} such that max
ℓ1≠ℓ2∈S

|ρjℓ1
ρjℓ2

| ≤ p−ϑ
}︂
,

𝒥k|d,1 =
{︂
1 ≤ j1 < · · · < jk ≤ p : card(S) = d, where S is the largest subset

of {1, . . . , k} such that max
ℓ1≠ℓ2∈S

|ρjℓ1
ρjℓ2

| ≤ p−ϑ,

and there exists a ℓ0 ∈ {1, . . . , k}\S such that max
ℓ1≠ℓ2∈S

min
i∈{1,2} |ρjℓ0jℓi

| > p−ϑ
}︂

and 𝒥k|d,2 = 𝒥k|d\𝒥k|d,1, where 1 ≤ d ≤ k − 1. Then, it can be shown that 𝒥k = ⋃︁k−1
d=1 𝒥k|d ,

card(𝒥k|d) ≤ Cpd+2ϑk , card(𝒥 c
k ) ∼

(︃
p

k

)︃
and card(𝒥k|d,1) ≤ Cpd−1+2ϑk , where ϑ = ϑm <

1/4m and C is a positive constant depending only on m. Note also that by a similar argument
as that in the proof of Lemma 6 in Cai, Liu and Xia [6], we have (i)

(4.21) ℙ

(︂
min

1≤ℓ≤k
σℓZ

R
jℓ

> x
)︂

= ℙ

(︂
min

1≤ℓ≤k
σℓZ

I
jℓ

> x
)︂(︃

1 + O

(︃
(logp)2

pϑ

)︃)︃
+ O

(︃
1

p2k

)︃
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uniformly for (j1, . . . , jk) ∈ 𝒥 c
k and σ1, . . . , σk ∈ {−1,1}; (ii)

(4.22)

ℙ

(︂
min

1≤ℓ≤k
σℓZ

R
jℓ

> x
)︂

≤ ℙ

(︂
min
ℓ∈S

σℓZ
R
jℓ

> x
)︂

= ℙ

(︂
min
ℓ∈S

σℓZ
I
jℓ

> x
)︂(︃

1 + O

(︃
(logp)2

pϑ

)︃)︃
+ O

(︃
1

p2d

)︃

= O
(︁
ψd

p(x)p−d)︁ + O
(︁
p−2d)︁ = O

(︁
p−d)︁

uniformly for (j1, . . . , jk) ∈ 𝒥k|d,1 and σ1, . . . , σk ∈ {−1,1}, where S is the largest subset of
{1, . . . , k} such that card(S) = d and maxℓ1≠ℓ2∈S |ρjℓ1

ρjℓ2
| ≤ p−ϑ ; and (iii) by the normal

comparison inequality in (4.16) and the facts that lim supψp(x) < ∞ and x ≤ (2 logp)1/2,

(4.23)

ℙ

(︂
min

1≤ℓ≤k
σℓZ

R
jℓ

> x
)︂

≤ ℙ

(︂
min

ℓ∈S∪{ℓ0}
σℓZ

R
jℓ

> x
)︂

= ℙ

(︂
min

ℓ∈S∪{ℓ0}
σℓZ

R̃
jℓ

> x
)︂(︃

1 + O

(︃
(logp)2

pϑ

)︃)︃
+ O

(︃
1

p2d+2

)︃

= ℙ

(︂
min

ℓ∈S\{ℓ1}
σℓZ

R̃
jℓ

> x
)︂
ℙ

(︁
σℓ0Z

R̃
jℓ0

> x,σℓ1Z
R̃
jℓ1

> x
)︁(︁

1 + o(1)
)︁ + O

(︁
p−2d−2)︁

≤ O
(︁
ψd−1

p (x)p1−d)︁
ℙ

(︁
σℓ0Z

R̃
jℓ0

> x,σℓ1Z
R̃
jℓ1

> x
)︁ + O

(︁
p−2d−2)︁

≤ O
(︁
p1−d)︁(︁(︁

1 − Φ(x)
)︁2 + e−x2/(1+ρ0)

)︁ + O
(︁
p−2d−2)︁

≤ O
(︁
p−d−1x2eρ0x

2/(1+ρ0)
)︁ + O

(︁
p−2d−2)︁ ≤ O

(︁
p−d−(1−ρ0)/(1+ρ0) logp

)︁
uniformly for (j1, . . . , jk) ∈ 𝒥k|d,2 and σ1, . . . , σk ∈ {−1,1}, where ℓ0 ∈ {1, . . . , k}\S and
ℓ1 ∈ S satisfy |ρjℓ0jℓ1

| > p−ϑ , and R̃ = (ρ̃ij )1≤i,j≤p is a correlation matrix such that ρ̃jℓ0jℓ1
=

ρjℓ0jℓ1
and ρ̃ij = 0 for other off-diagonal elements. Hence, by (4.21)–(4.23) and a similar

argument as that in the proof of (4.11), there are constants C2m ≥ · · · ≥ C2 ≥ C1 ≥ 1 with Ck

depending only on Ck−1, λ0,k and ω0,k such that for C2m−1δn(x) ≤ 1,

ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂

≤
2m−1∑︂
k=1

(−1)k−1
∑︂

1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓTn,jℓ

> x
)︂

≤
2m−1∑︂
k=1

(︁
(−1)k−1 + C2m−1δn(x)

)︁ ∑︂
1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

R
jℓ

> x
)︂

≤
2m−1∑︂
k=1

(︁
(−1)k−1 + C2m−1δn(x)

)︁ ∑︂
(j1,...,jk)∈𝒥 c

k

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

R
jℓ

> x
)︂

+ 2
2m−1∑︂
k=1

k−1∑︂
d=1

∑︂
(j1,...,jk)∈𝒥k|d,1

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

R
jℓ

> x
)︂

+ 2
2m−1∑︂
k=1

k−1∑︂
d=1

∑︂
(j1,...,jk)∈𝒥k|d,2

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

R
jℓ

> x
)︂

=: I + II + III,
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where by first letting δn(x) → 0 and x → ∞ (so that p → ∞) and then m → ∞, we have

II ≤
2m−1∑︂
k=1

k−1∑︂
d=1

O
(︁
pd−1+2ϑk2kp−d)︁ = O

(︁
p4ϑm−122m)︁ → 0,

I II ≤
2m−1∑︂
k=1

k−1∑︂
d=1

O
(︁
pd+2ϑk2kp−d−(1−ρ0)/(1+ρ0) logp

)︁

= O
(︁
p4ϑm−(1−ρ0)/(1+ρ0)22m logp

)︁ → 0

and

I =
2m−1∑︂
k=1

(︁
(−1)k−1 + o(1)

)︁ ∑︂
(j1,...,jk)∈𝒥 c

k

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

I
jℓ

> x
)︂

+
2m−1∑︂
k=1

∑︂
(j1,...,jk)∈𝒥 c

k

∑︂
σ1,...,σk∈{−1,1}

O
(︁
p−2k)︁

≤
2m−1∑︂
k=1

(︁
(−1)k−1 + o(1)

)︁ ∑︂
1≤j1<···<jk≤p

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

I
jℓ

> x
)︂

+ 2
2m−1∑︂
k=1

k−1∑︂
d=1

∑︂
(j1,...,jk)∈𝒥k|d,1

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

I
jℓ

> x
)︂

+ 2
2m−1∑︂
k=1

k−1∑︂
d=1

∑︂
(j1,...,jk)∈𝒥k|d,2

∑︂
σ1,...,σk∈{−1,1}

ℙ

(︂
min

1≤ℓ≤k
σℓZ

I
jℓ

> x
)︂

+
2m−1∑︂
k=1

O

(︃(︃
p

k

)︃
2kp−2k

)︃

≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
+ o(1) + O

(︁
e2/p − 1

)︁ = ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
+ o(1).

Here we have taken ϑ = ϑm < (1 − ρ0)/4m(1 + ρ0). Consequently, we have

ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂
≤ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
+ o(1).

Similarly, we can show that

ℙ

(︂
max

1≤j≤p
|Tn,j | > x

)︂
≥ ℙ

(︂
max

1≤j≤p

⃓⃓
ZI

j

⃓⃓
> x

)︂
+ o(1).

This completes the proof of (4.20) and therefore (2.15).

4.3. Proof of Proposition 3.1. Let T A
n = (T A

n,1, . . . , T
A
n,p)T be the self-normalized sum of

the transformed data AX1, . . . ,AXn, where

(4.24) T A
n,j =

∑︁n
i=1 eT

p,jAXi

(
∑︁n

i=1(e
T
p,jAXi)2)1/2

for 1 ≤ j ≤ p.

Observe that

(4.25)
{︁
tAn,j > x

}︁ =
{︃
T A

n,j > x

(︃
n

n − 1 + x2

)︃1/2}︃
for x > 0,



1334 J. QIU, S. X. CHEN AND Q.-M. SHAO

and that

(4.26) x − x

(︃
n

n − 1 + x2

)︃1/2
∼ x3

2n
for 1 ≪ x ≪ n1/2.

By taking x = (2 logp − log logp + y)1/2 and applying Theorem 2.3, we have

ℙ
(︁
M̂(A) > 2 logp − log logp + y

)︁
= ℙ

(︃
max

1≤j≤p

⃓⃓
T A

n,j

⃓⃓
>

(︃
2 logp − log logp + y + O

(︃
(logp)2

n

)︃)︃1/2)︃

= ℙ

(︃
max

1≤j≤p

⃓⃓
ZA

j

⃓⃓
>

(︃
2 logp − log logp + y + O

(︃
(logp)2

n

)︃)︃1/2)︃(︁
1 + o(1)

)︁

→ 1 − exp
(︃
− 1√

π
e−y/2

)︃
,

as desired.

5. Proof of Theorem 4.1. We now proceed to prove (4.4). Throughout this proof as well
as the proofs of the propositions below, we shall simply write Xijℓ

as Xij , write Tn,jℓ
as Tn,j ,

write ZR
jℓ

as Zj , write R(j1, . . . , jk) as R and use C,C1,C2, · · · ≥ 1 to stand for constants
depending only on c1, c2, γτ and k. These constants may change from case to case. Let

Wn,j =
∑︁n

i=1 Xij

(
∑︁n

i=1 𝔼X2
ij )

1/2
and Vn,j =

(︃ ∑︁n
i=1 X2

ij∑︁n
i=1 𝔼X2

ij

)︃1/2
for 1 ≤ j ≤ k.

Clearly, we have Tn,j = Wn,j /Vn,j . By the Cauchy inequality, we have

Vn,j ≤ (︁
1 + V 2

n,j

)︁
/2,

and therefore

(5.1) {Tn,j > x} ⊃ {︁
xWn,j − x2V 2

n,j /2 > x2/2
}︁ = {︁

Sn,j > x2/2
}︁
,

where Sn,j = ∑︁n
i=1 ηij , ηij = ξij − ξ2

ij /2 and ξij = xXij /(
∑︁n

i=1 𝔼X2
ij )

1/2. This implies that

(5.2) ℙ

(︂
min

1≤j≤k
Tn,j > x

)︂
≥ ℙ

(︃
min

1≤j≤k
Sn,j >

x2

2

)︃
.

Hence, a lower bound of ℙ(min1≤j≤k Tn,j > x) follows from the proposition below.

PROPOSITION 5.1. We have for C1 ≤ x ≤ nτ/(4+2τ),

(5.3)
⃓⃓⃓
⃓ℙ(min1≤j≤k Sn,j > x2/2)

ℙ(min1≤j≤k Zj > x)
− 1

⃓⃓⃓
⃓ ≤ C2

x2+τ

nτ/2 .

To derive an upper bound, following Shao and Zhou [49], we note that

Vn,j = (︁
1 + (︁

V 2
n,j − 1

)︁)︁1/2 ≥ 1 + (︁
V 2

n,j − 1
)︁
/2 − (︁

V 2
n,j − 1

)︁2
,

and therefore

(5.4) {Tn,j > x} ⊂ {︁
Sn,j + Dn,j > x2/2

}︁
,

where

(5.5) Dn,j = x2(︁
V 2

n,j − 1
)︁2

.
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Consequently, we have

(5.6)

ℙ

(︂
min

1≤j≤k
Tn,j > x

)︂
≤ ℙ

(︃
min

1≤j≤k
(Sn,j + Dn,j ) >

x2

2
, max

1≤j≤k
Dn,j ≤ εn

)︃

+ ℙ

(︂
min

1≤j≤k
Tn,j > x, max

1≤j≤k
Dn,j > εn, max

1≤j≤k
Vn,j ≤ M

)︂

+ ℙ

(︂
min

1≤j≤k
Tn,j > x, max

1≤j≤k
Vn,j > M

)︂
,

where εn = (1/4)n−τ/4 ≤ 1/4 and M = 4(k/c1)
1/2 ≥ 4. The reason for the choice of M will

be given in the end of the proof of Proposition 5.4 below. In view of (5.6), the upper bound
of ℙ(min1≤j≤k Tn,j > x) can be derived from the following propositions.

PROPOSITION 5.2. We have for C1 ≤ x ≤ nτ/(4+2τ),

(5.7)
⃓⃓⃓
⃓ℙ(min1≤j≤k Sn,j > x2/2 − εn)

ℙ(min1≤j≤k Zj > x)
− 1

⃓⃓⃓
⃓ ≤ C2

(︃
x2+τ

nτ/2 + 1

nτ/4

)︃
.

PROPOSITION 5.3. We have for C1 ≤ x ≤ nτ/(4+2τ),

(5.8)
ℙ(min1≤j≤k Tn,j > x,max1≤j≤k Dn,j > εn,max1≤j≤k Vn,j ≤ M)

ℙ(min1≤j≤k Zj > x)
≤ C2

nτ/4 .

PROPOSITION 5.4. We have for C1 ≤ x ≤ nτ/(4+2τ),

(5.9)
ℙ(min1≤j≤k Tn,j > x,max1≤j≤k Vn,j > M)

ℙ(min1≤j≤k Zj > x)
≤ C2

nτ/2 .

To prove (4.4) for 0 ≤ x ≤ C1, we need to prove a rough estimate for absolute errors.

PROPOSITION 5.5. We have for x ≥ 0,

(5.10)
⃓⃓⃓
ℙ

(︂
min

1≤j≤k
Tn,j > x

)︂
− ℙ

(︂
min

1≤j≤k
Zj > x

)︂⃓⃓⃓
≤ C

1 + x2+τ

nτ/2 .

Now let us prove (4.4) for 0 ≤ x ≤ C1. By (4.1), (4.2) and a lower bound for multivariate
Mills ratios in Proposition 3.2 of Hashorva and Hüsler [25], we have for x ≥ 0,

(5.11)

ℙ

(︂
min

1≤j≤k
Zj > x

)︂
≥ λ

k/2
max(R)e−(x2/2)1T

k R−11k

det1/2(2πR)

k∏︂
j=1

1

1 + xλ
1/2
min(R)(R−11k)j

≥ e−(x2/2)1T
k R−11k

(2π)k/2(1 + x1T
k R−11k)k

≥ e−(k/2c1)x
2

(2π)k/2(1 + kx/c1)k
,

and therefore ℙ(min1≤j≤k Zj > x) ≥ 1/C2 when 0 ≤ x ≤ C1. Hence, it follows from (5.10)
that for 0 ≤ x ≤ C1, we have

(5.12)
⃓⃓⃓
⃓ℙ(min1≤j≤k Tn,j > x)

ℙ(min1≤j≤k Zj > x)
− 1

⃓⃓⃓
⃓ ≤ C2

1 + x2+τ

nτ/2 .

This completes the proof.
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6. Proof of propositions. We provide the proofs of Propositions 5.1–5.4. The proof of
Proposition 5.5 is deferred to the Supplementary Material [39] due to the space limit. For
brevity, we shall introduce a set of notations that will be used in the rest of this paper. Let
∥x∥1 = ∑︁k

j=1 |xj | and ∥x∥∞ = max1≤j≤k |xj | be, respectively, the L1 and L∞ norms for a

vector x ∈ ℝ
k . Let ∥A∥ be the operation norm for a matrix A = (aij ) ∈ ℝ

k×k . For vectors
x = (x1, . . . , xk)

T , y = (y1, . . . , yk)
T ∈ ℝ

k and a scalar a ∈ ℝ, we shall write x ◦ y and
x◦a according to, respectively, (x ◦ y)j = xjyj and (x◦a)j = xa

j for 1 ≤ j ≤ k. Sometimes

we shall write x⊗2 = xxT for a vector x ∈ ℝ
k . Let A1 = A2 + Θ(1)A3 be a shorthand for

A2 − A3 ≤ A1 ≤ A2 + A3, where A1 and A2 are some real quantities in ℝ, ℝk , or ℝk×k ,
while A3 is a conformable quantity with non-negative elements. Here, “≤” is understood as
an elementwise operation. We shall write 𝔼(X;A) = 𝔼(X1A) for a random vector X and an
indicator function 1A with respect to an event A.

6.1. Preliminary lemmas. In this section, we present three preliminary lemmas which
are, respectively, straightforward multivariate generalizations of Lemmas 6.1 and 6.2 in Jing,
Shao and Wang [26] and Lemma 5.3 in Shao and Zhou [49]. We refer to the Supplemen-
tary Material [39] for their proofs. These lemmas will be intensively used in the following
subsections when proving Propositions 5.1–5.5, which are building blocks of the proof of
Theorem 4.1. Let X be an ℝ

k-valued random vector with 𝔼X = 0 and 𝔼∥X∥2∞ < ∞. Let
Y = X − (1/2)X◦2, Z = X◦2 −𝔼X◦2 and

δ1 = 𝔼
(︁∥X∥2∞;∥X∥∞ > 1

)︁ +𝔼
(︁∥X∥3∞;∥X∥∞ ≤ 1

)︁
.

LEMMA 6.1. For λ and θ ∈ ℝ
k+, we have

𝔼eλT X−θT X◦2 = 1 +𝔼

(︃
1

2

(︁
λT X

)︁2 − θT X◦2
)︃

+ Θ(1)Cλ,θ δ1,

where

Cλ,θ = ∥λ∥1 + ∥θ∥1 + (∥λ∥1 + ∥θ∥1)
2

2
+

(︃
1 + (∥λ∥1 + ∥θ∥1)

3

6

)︃
e(1/4)∥λ◦2◦θ◦(−1)∥1 .

LEMMA 6.2. For λ ∈ℝ
k+, we have

𝔼eλT Y = 1 + (1/2)𝔼
(︁(︁

λT X
)︁2 − λT X◦2)︁ + Θ(1)Cλ,0δ1,(6.1)

𝔼
(︁
YeλT Y )︁ = 𝔼

(︁
XXT λ − (1/2)X◦2)︁ + Θ(1)Cλ,1δ11k,(6.2)

𝔼
(︁
YYT eλT Y )︁ = 𝔼

(︁
XXT )︁ + Θ(1)Cλ,2δ11k1T

k ,(6.3)

𝔼
(︁∥Y∥3∞eλT Y )︁ = Θ(1)Cλ,3δ1,(6.4) (︁
𝔼YeλT Y )︁⊗2 = Θ(1)Cλ,4δ11k1T

k ,(6.5)

where

Cλ,0 = (3/2)∥λ∥1 + (9/8)∥λ∥2
1 + (︁

1 + (9/16)∥λ∥3
1
)︁
e(1/2)∥λ∥1,

Cλ,1 = 3/2 + (9/4)∥λ∥1 + (︁
(27/16)∥λ∥2

1 + (1/2)
(︁
1 ∨ ⃦⃦

λ◦(−1)
⃦⃦
∞

)︁)︁
e(1/2)∥λ∥1,

Cλ,2 = 9/4 + (︁
(27/8)∥λ∥1 + (︁

4/e2)︁(︁
1 ∨ ⃦⃦

λ◦(−1)
⃦⃦
∞

)︁2)︁
e(1/2)∥λ∥1,

Cλ,3 = (27/8)
(︁
1 ∨ ⃦⃦

λ◦(−1)
⃦⃦
∞

)︁3
e(1/2)∥λ∥1,

Cλ,4 = (︁
3/2 + (︁

(9/4)∥λ∥1 + (1/2)
(︁
1 ∨ ⃦⃦

λ◦(−1)
⃦⃦
∞

)︁)︁
e(1/2)∥λ∥1

)︁2
.
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LEMMA 6.3. For λ ∈ℝ
k+ and 1 ≤ j ≤ k, we have

⃓⃓
𝔼

(︁
Zje

λT Y )︁⃓⃓ ≤ Cλ,5δ1,(6.6)

𝔼
(︁
Z2

j e
λT Y )︁ ≤ Cλ,6δ1(1 + δ1),(6.7)

𝔼
(︁|YjZj |eλT Y )︁ ≤ Cλ,7δ1,(6.8)

𝔼
(︁⃓⃓
YjZ

2
j

⃓⃓
eλT Y )︁ ≤ Cλ,8δ1(1 + δ1),(6.9)

where

Cλ,5 = 7
(︁
1 ∨ ∥λ∥1

)︁
e(1/2)∥λ∥1,

Cλ,6 = 6
(︁
1 ∨ ⃦⃦

λ◦(−1)
⃦⃦
∞

)︁
e(1/2)∥λ∥1,

Cλ,7 = 4
(︁
1 ∨ ⃦⃦

λ◦(−1)
⃦⃦
∞

)︁
e(1/2)∥λ∥1,

Cλ,8 = (︁
2 + 16/e2)︁(︁

1 ∨ ⃦⃦
λ◦(−1)

⃦⃦
∞

)︁2
e(1/2)∥λ∥1 .

6.2. Proof of Propositions 5.1 and 5.2. We shall only prove (5.7) since (5.3) is a special
case of (5.7) with εn = 0. To prove (5.7), we shall use a multivariate conjugate method (cf. (2)
in von Bahr [51]) which can date back to Cramér [17]. Let ξ1, . . . , ξn be a sequence of i.i.d.
ℝ

k-valued random vectors and g :ℝk →ℝ be a measurable function satisfying 𝔼eg(ξi) < ∞.
Let ξ̂1, . . . , ξ̂n be a sequence of i.i.d. ℝk-valued random vectors induced by the following
distribution function:

(6.10) ℙ(ξ̂i ≤ t) = 𝔼(eg(ξi); ξi ≤ t)

𝔼eg(ξi)
.

Note that for every measurable function f :ℝk×n → ℝ and Borel set A, we have

(6.11) ℙ
(︁
f (ξ1, . . . , ξn) ∈ A

)︁ = 𝔼e
∑︁n

i=1 g(ξi)𝔼
(︁
e−∑︁n

i=1 g(ξ̂i );f (ξ̂1, . . . , ξ̂n) ∈ A
)︁
.

In view of Lemma 6.2, we may take ξij = xXij /(
∑︁n

i=1 𝔼X2
ij )

1/2 and g(ξi) = λT ηi , where

λ = R−11k and ηij = ξij − ξ2
ij /2. We notice that Conditions (4.1) and (4.2) ensure that λ ∈

[c2, k/c1]k ⊂ ℝ
k+ and therefore ∥λ∥1 ∨ ∥λ◦(−1)∥∞ ≤ C. Then, by letting X = ξi and Y = ηi

in Lemma 6.2 with Remark 4.1 and δ1 ≤ 𝔼∥ξi∥2+τ∞ ≤ Cn−(1+τ/2)x2+τ , we have

𝔼eλT ηi = 1 + Θ(1)C1n
−(1+τ/2)x2+τ ,

𝔼
(︁
ηie

λT ηi
)︁ = (1/2)n−1x21k + Θ(1)C2n

−(1+τ/2)x2+τ 1k,

𝔼
(︁
ηiη

T
i eλT ηi

)︁ = n−1x2R + Θ(1)C3n
−(1+τ/2)x2+τ 1k1T

k ,

𝔼
(︁∥ηi∥2+τ∞ eλT ηi

)︁ = Θ(1)C4n
−(1+τ/2)x2+τ ,(︁

𝔼ηie
λT ηi

)︁⊗2 = Θ(1)C5n
−(1+τ/2)x2+τ 1k1T

k .

Let Sn = ∑︁n
i=1 ηi . Since es−s2 ≤ 1 + s ≤ es for |s| ≤ 1/2, it follows that

(6.12) 𝔼eλT Sn = exp
(︃
Θ(1)C6

x2+τ

nτ/2

)︃

for (2C1)
τ/(4+2τ) ≤ (2C1)

1/6 ≤ x ≤ nτ/(4+2τ).
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Let Ŝn = ∑︁n
i=1 η̂i . Then, by the change of measure in (6.10), we have

μ̂n := 𝔼Ŝn =
n∑︂

i=1

𝔼(ηie
λT ηi )

𝔼eλT ηi
= x2

2
1k + Θ(1)C7

x2+τ

nτ/2 1k,(6.13)

Σ̂n := Var(Ŝn) =
n∑︂

i=1

𝔼(ηiη
T
i eλT ηi ) − (𝔼ηie

λT ηi )⊗2

𝔼eλT ηi
= x2R + Θ(1)C8

x2+τ

nτ/2 1k1T
k ,(6.14)

and

(6.15) 𝔼

⃦⃦⃦
⃦n1/2(η̂i −𝔼η̂i)

x

⃦⃦⃦
⃦2+τ

∞
≤ Cn1+τ/2

𝔼∥η̂i∥2+τ∞
x2+τ

= Cn1+τ/2
𝔼(∥ηi∥2+τ∞ eλT ηi )

x2+τ𝔼eλT ηi
≤ C9.

Let F̂n(t) = ℙ(Ŝn − μ̂n ≤ t) and Ĝn(t) = ℙ(𝒩 (0, Σ̂n) ≤ t). Then, by (6.11)–(6.14), we have

(6.16)

ℙ

(︃
min

1≤j≤k
Sn,j >

x2

2
− εn

)︃

= 𝔼eλT Sn𝔼

(︃
e−λT Ŝn; min

1≤j≤k
Ŝn,j >

x2

2
− εn

)︃

= e−(x2/2)1T
k R−11k𝔼

(︁
e−λT (Ŝn−μ̂n); Ŝn − μ̂n > ιn

)︁(︃
1 + Θ(1)C10

x2+τ

nτ/2

)︃

= e−(x2/2)1T
k R−11k (I + II )

(︃
1 + Θ(1)C10

x2+τ

nτ/2

)︃
,

where ιn = (x2/2 − εn)1k − μ̂n = Θ(1)C11(n
−τ/2x2+τ + εn)1k ,

I =
∫︂
t>ιn

e−λT t Ĝn(dt) and II =
∫︂
t>ιn

e−λT t (F̂n − Ĝn)(dt).

Notice that for (2C12)
1/2 ≤ x ≤ nτ/(4+2τ), we have

⃦⃦(︁
x2R

)︁−1⃦⃦⃦⃦
Σ̂n − x2R

⃦⃦ ≤ C12
xτ

nτ/2 ≤ 1

2
,

and therefore by Theorem 8.1.2 in Wang, Wei and Qiao [54],

⃓⃓⃓
⃓ t

T Σ̂−1
n t

2
− tT R−1t

2x2

⃓⃓⃓
⃓ ≤ ⃦⃦

Σ̂−1
n − (︁

x2R
)︁−1⃦⃦ tT t

2
≤ ⃦⃦

Σ̂−1
n − (︁

x2R
)︁−1⃦⃦⃦⃦

x2R
⃦⃦ tT R−1t

2x2

≤ 2
⃦⃦(︁

x2R
)︁−1⃦⃦2⃦⃦

Σ̂n − x2R
⃦⃦⃦⃦

x2R
⃦⃦ tT R−1t

2x2 ≤
(︃
C13

xτ

nτ/2

)︃
tT R−1t

2x2 .

Note also that for t ∈ ℝ
k+,

⃓⃓
ιTn Σ̂−1

n t
⃓⃓ ≤ C

⃦⃦(︁
x2R

)︁−1⃦⃦∥ιn∥∞∥t∥1 ≤ C

x2

(︃
x2+τ

nτ/2 + εn

)︃
∥t∥1

≤ C14

x2

(︃
x2+τ

nτ/2 + εn

)︃
λT t,

λT ιn + ιTn Σ̂−1
n ιn

2
≤ C∥ιn∥∞ ≤ C15

(︃
x2+τ

nτ/2 + εn

)︃
,
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and by an inequality in Problem I.6.11 of Bhatia [5],⃓⃓
det(Σ̂n) − det

(︁
x2R

)︁⃓⃓ ≤ k
(︁∥Σ̂n∥ ∨ ⃦⃦

x2R
⃦⃦)︁k−1⃦⃦

Σ̂n − x2R
⃦⃦

≤ C
x2k+τ

nτ/2 ≤
(︃
C16

xτ

nτ/2

)︃
det

(︁
x2R

)︁
.

Hence, for C17 ≤ x ≤ nτ/(4+2τ), we have

C13 ∨ C14 ∨ C15

x2

(︃
x2+τ

nτ/2 + εn

)︃
≤ 1

2
,

and hence

(6.17)

I =
∫︂
t>ιn

e−λT t Ĝn(dt) = 1

det1/2(2πΣ̂n)

∫︂
t>ιn

e−λT t−tT Σ̂−1
n t/2 dt

= e−λT ιn−ιTn Σ̂−1
n ιn/2

det1/2(2πΣ̂n)

∫︂
ℝ

k+
e−λT t−tT Σ̂−1

n t/2−ιTn Σ̂−1
n t dt

= 1

det1/2(2πx2R)

∫︂
ℝ

k+
e−1T

k R−1t−tT R−1t/2x2
dt

(︃
1 + Θ(1)C18

(︃
x2+τ

nτ/2 + εn

)︃)︃

= e(x2/2)1T
k R−11kℙ

(︂
min

1≤j≤k
Zj > x

)︂(︃
1 + Θ(1)C18

(︃
x2+τ

nτ/2 + εn

)︃)︃
,

where both of the second and the third lines follow from a change of variables.
Next, we estimate the remainder term II in (6.16). Let Ĥn(s) = (F̂n − Ĝn)(xAs), where

As = {t ∈ ℝ
k : λT t ≤ s/x, t > ιn/x}. Then, by applying a non-uniform multivariate Berry–

Esseen inequality in Theorem 4 of von Bahr [52] with (6.15), we have

⃓⃓
Ĥn(s)

⃓⃓ ≤ C19

nτ/2

(︁𝒮(︁
AC19n

−1/2

s

)︁ + 𝒱(︁
AC19n

−1/2

s

)︁)︁
,

where 𝒮(A) and 𝒱(A) are, respectively, the surface area and the volume of a set A ⊂ℝ
k and

Aε = ⋃︁
tT t<1(A + εt) is the exterior parallel set of A for ε > 0. As a k-dimensional simplex,

the length of each orthogonal edge of As can be bounded above by

max
1≤j≤k

(︃
s

λjx
− ιn,j

x

)︃
≤ C20

1 + s

x
.

Then, we have

𝒮(︁
AC17n

−1/2

s

)︁ ≤ C21
(1 + s)k−1

xk−1 , 𝒱(︁
AC17n

−1/2

s

)︁ ≤ C21
(1 + s)k

xk
,

and therefore by Fubini’s theorem and (5.11),

(6.18)

|II | =
⃓⃓⃓
⃓
∫︂
t>ιn

e−λT t (F̂n − Ĝn)(dt)

⃓⃓⃓
⃓ =

⃓⃓⃓
⃓
∫︂
t>ιn

∫︂ ∞
λT t

e−s ds(F̂n − Ĝn)(dt)

⃓⃓⃓
⃓

=
⃓⃓⃓
⃓
∫︂ ∞
λT ιn

∫︂
xAs

e−s(F̂n − Ĝn)(dt) ds

⃓⃓⃓
⃓ =

⃓⃓⃓
⃓
∫︂ ∞
λT ιn

e−sĤn(s) ds

⃓⃓⃓
⃓

≤
∫︂ ∞
λT ιn

e−s
⃓⃓
Ĥn(s)

⃓⃓
ds ≤

∫︂ ∞
λT ιn

Ce−s(1 + s)k

nτ/2xk−1 ds

≤ C

nτ/2xk−1 ≤ C23
x

nτ/2 e(x2/2)1T
k R−11kℙ

(︂
min

1≤j≤k
Zj > x

)︂
.

By (6.16)–(6.18), we have (5.7) holds for C24 ≤ x ≤ nτ/(4+2τ). This completes the proof.
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6.3. Proof of Proposition 5.3. Observe that max1≤j≤k Dn,j ≤ εn if and only if vn ≤
Vn,j ≤ vn, where vn = (1 − ε

1/2
n /x)1/2 and vn = (1 + ε

1/2
n /x)1/2. The key of this proof is

to show {Vn,j /∈ [vn, vn]} is a much rarer event than its complement and therefore makes the
event {max1≤j≤k Dn,j > εn} rare even if there is only one Vn,j outside the interval. Indeed

(6.19)

ℙ

(︂
min

1≤j≤k
Tn,j > x, max

1≤j≤k
Dn,j > εn, max

1≤j≤k
Vn,j ≤ M

)︂

≤ ∑︂
J={J0,J1,J2} is a partition of {1,...,k} with |J0|≤k−1

ℙ

(︂
AJ ∩

{︂
max

1≤j≤k
Dn,j > εn

}︂)︂

≤ max
J={J0,J1,J2} is a partition of {1,...,k} with |J0|≤k−1

max
1≤j≤k

C1

εn

𝔼(Dn,j ;AJ ),

where

AJ =
2⋂︂

ℓ=0

⋂︂
j∈Jℓ

{︁
(Wn,j ,Vn,j ) ∈ ℰj,ℓ

}︁
,

and

ℰj,0 = {︁
(u, v) ∈ℝ×ℝ+ : u/v > x,vn ≤ v ≤ vn

}︁
,

ℰj,1 = {︁
(u, v) ∈ℝ×ℝ+ : u/v > x,vn < v ≤ M

}︁
,

ℰj,2 = {︁
(u, v) ∈ℝ×ℝ+ : u/v > x,0 < v < vn

}︁
.

Let λ = (λ1, . . . , λk)
T and θ = (θ1, . . . , θk)

T , where

λj = (︁
R−11k

)︁
j and θj = λj

2

(︃
1j∈J0 + 1

M
1j∈J1 + 41j∈J2

)︃
.

Since
n∑︂

i=1

λT ξi =
k∑︂

j=1

λjWn,j x and
n∑︂

i=1

θT ξ◦2
i =

k∑︂
j=1

θjV
2
n,j x

2,

by Markov’s inequality, we have

(6.20) 𝔼(Dn,j ;AJ ) ≤ 𝔼(Dn,j e
∑︁n

i=1(λ
T ξi−θT ξ◦2

i ))

e
∑︁2

ℓ=0
∑︁

j∈Jℓ
inf(u,v)∈ℰj,ℓ

(λj ux−θj v2x2)
.

Let ζij = ξ2
ij −𝔼ξ2

ij so that
∑︁n

i=1 ζij = x2(V 2
n,j − 1). Then by (5.5) and a minor modifica-

tion as that in proving Lemmas 6.1 and 6.3, we have for (2C2)
1/2 ≤ x ≤ nτ/(4+2τ),

𝔼eλT ξi−θT ξ◦2
i = 1 + Θ(1)C2

x2

n
∈

[︃
1

2
,

3

2

]︃
,

and therefore

(6.21)

𝔼(x2Dn,j e
∑︁n

i=1(λ
T ξi−θT ξ◦2

i ))

𝔼e
∑︁n

i=1(λ
T ξi−θT ξ◦2

i )

= 𝔼((
∑︁n

i=1 ζij )
2e

∑︁n
i=1(λ

T ξi−θT ξ◦2
i ))

𝔼e
∑︁n

i=1(λ
T ξi−θT ξ◦2

i )

=
n∑︂

i=1

𝔼(ζ 2
ij e

λT ξi−θT ξ◦2
i )

𝔼eλT ξi−θT ξ◦2
i

+ ∑︂
i1≠i2

𝔼(ζi1j e
λT ξi1−θT ξ◦2

i1 )𝔼(ζi2j e
λT ξi2−θT ξ◦2

i2 )

𝔼e
λT ξi1−θT ξ◦2

i1 𝔼e
λT ξi2−θT ξ◦2

i2

≤ C

(︃
x2+τ

nτ/2 + x4+2τ

nτ

)︃
≤ C3

x2+τ

nτ/2 ,
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and

(6.22) 𝔼e
∑︁n

i=1(λ
T ξi−θT ξ◦2

i ) = e
∑︁k

j=1(λj x2/2−θj x2)+Θ(1)C4n
−τ/2x2+τ

.

Consequently, by combining (6.20)–(6.22), we have

(6.23) 𝔼(Dn,j ;AJ ) ≤ C5
x2+τ

nτ/2 e
∑︁2

ℓ=0
∑︁

j∈Jℓ
(λj x2/2−θj x2−inf(u,v)∈ℰj,ℓ

(λj ux−θj v2x2))
.

Since for j ∈ Jℓ,

inf
(u,v)∈ℰj,ℓ

(︁
λjux − θjv

2x2)︁ =

⎧⎪⎪⎨
⎪⎪⎩

λjx
2(︁

vn − v2
n/2

)︁
ℓ = 0,

λjx
2(︁

vn − v2
n/2M

)︁
ℓ = 1,

λjx
2(︁

vn − 2v2
n

)︁
ℓ = 2,

we have

λjx
2

2
− θjx

2 − inf
(u,v)∈ℰj,ℓ

(︁
λjux − θjv

2x2)︁ ≤

⎧⎪⎪⎨
⎪⎪⎩

−λjx
2/2 + C6 ℓ = 0,

−λjx
2/2 − x/C7 ℓ = 1,

−λjx
2/2 − x/C8 ℓ = 2,

and therefore by Remark 4.1 and the fact that |J0| ≤ k − 1 in (6.19),

(6.24)

2∑︂
ℓ=0

∑︂
j∈Jℓ

(︃
λjx

2

2
− θjx

2 − inf
(u,v)∈ℰj,ℓ

(︁
λjux − θjv

2x2)︁)︃

≤ −x2

2
1T
k R−11k + (k − 1)C6 − x

C7 ∨ C8
.

Combining (5.11), (6.19) and (6.23)–(6.24), we have for C9 ≤ x ≤ nτ/(4+2τ),

ℙ(min1≤j≤k Tn,j > x,max1≤j≤k Dn,j > εn,max1≤j≤k Vn,j ≤ M)

ℙ(min1≤j≤k Zj > x)

≤ C
x2+τ e−(x2/2)1T

k R−11k−x/(C7∨C8)

εnnτ/2ℙ(min1≤j≤k Zj > x)
≤ C

xk+2+τ e−x/(C7∨C8)

εnnτ/2 ≤ C10

εnnτ/2 ,

as desired.

6.4. Proof of Proposition 5.4. Observe that

(6.25)

ℙ

(︂
min

1≤j≤k
Tn,j > x, max

1≤j≤k
Vn,j > M

)︂
≤

k∑︂
j=1

ℙ

(︂
min

1≤j≤k
Tn,j > x,Vn,j > M

)︂

≤
k∑︂

j=1

ℙ(Tn,j > x,Vn,j > M).

The key of this proof is to apply a similar truncation argument as that in proving Proposi-
tion 5.2 of Shao and Zhou [49] to bound each term in the right-hand side of (6.25).

Let m ≥ 1 be a constant to be specified later depending only on M . Define

W̃n,j =
∑︁n

i=1 Xij1(ξij ≤ m)

(
∑︁n

i=1 𝔼X2
ij )

1/2
=:

n∑︂
i=1

X̃ij and V̄ 2
n,j =

∑︁n
i=1 X2

ij1(|ξij | ≤ 1)∑︁n
i=1 𝔼X2

ij

=:
n∑︂

i=1

X̄2
ij .
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Then, we have

(6.26)

ℙ(Tn,j > x,Vn,j > M)

= ℙ
(︁
Wn,j > xVn,j ,V

2
n,j > M2)︁

≤ ℙ
(︁
W̃n,j > Mx/2, V̄ 2

n,j > 3
)︁ + ℙ

(︁
W̃n,j > Mx/2,V 2

n,j − V̄ 2
n,j > M2 − 3

)︁
+ ℙ(Wn,j − W̃n,j > xVn,j /2).

Next, by the facts that

𝔼(ξij ; ξij ≤ m) = −𝔼(ξij ; ξij > m) ≤ 0,

and for s ∈ ℝ,

es ≤ 1 + s + s2

2
+ (s ∨ 0)3es

6
,

we have

𝔼e(Mx/2)W̃n,j =
n∏︂

i=1

𝔼e(M/2)ξij1(ξij≤m)

≤
n∏︂

i=1

(︃
1 + M2

8
𝔼ξ2

ij + C1
x2+τ

n1+τ/2

)︃
≤ eM2x2/8+C1n

−τ/2x2+τ

.

Note also that

x2
𝔼

(︁
V 2

n,j − V̄ 2
n,j

)︁ =
n∑︂

i=1

𝔼
(︁|ξij |2; |ξij | > 1

)︁ ≤
n∑︂

i=1

𝔼|ξij |2+τ ≤ x2+τ

nτ/2 .

Hence, by Markov’s inequality and an argument as that in deriving (6.21),

(6.27) ℙ
(︁
W̃n,j > Mx/2, V̄ 2

n,j > 3
)︁ ≤ C2x

τ−2

nτ/2eM2x2/8
.

Indeed

ℙ
(︁
W̃n,j > Mx/2, V̄ 2

n,j > 3
)︁

≤ 𝔼((V̄ 2
n,j − 1)2e(Mx/2)W̃n,j )

4eM2x2/4

≤ 𝔼((
∑︁n

i=1(X̄
2
ij −𝔼X̄2

ij ))
2e(Mx/2)W̃n,j ) + (𝔼V̄ 2

n,j − 1)2
𝔼e(Mx/2)W̃n,j

2eM2x2/4

=: 𝔼((
∑︁n

i=1 ζ̄ij )
2e(Mx/2)W̃n,j ) + x4(𝔼V̄ 2

n,j −𝔼V 2
n,j )

2
𝔼e(Mx/2)W̃n,j

2x4eM2x2/4

≤ C

x4eM2x2/4

(︃
x2+τ

nτ/2 eM2x2/8 + x4+2τ

nτ
eM2x2/8

)︃
≤ C2x

τ−2

nτ/2eM2x2/8
.

Notice that by letting W̃
(i)
n,j = W̃n,j − X̃ij and employing a similar argument,

(6.28)

ℙ
(︁
W̃n,j > Mx/2,V 2

n,j − V̄ 2
n,j > M2 − 3

)︁

≤
∑︁n

i=1 𝔼(X2
ij e

(Mx/2)X̃ij ; |ξij | > 1)𝔼e
(Mx/2)W̃

(i)
n,j

(M2 − 3)eM2x2/4 ∑︁n
i=1 𝔼X2

ij

≤ C3
xτ

nτ/2eM2x2/8
.
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Next, by Cauchy–Schwarz inequality and Markov’s inequality, we have for s > 0,

ℙ(Wn,j − W̃n,j > xVn,j /2)

= ℙ

(︃∑︁n
i=1 Xij1(ξij > m)

(
∑︁n

i=1 𝔼X2
ij )

1/2
>

xVn,j

2

)︃

≤ ℙ

(︃(
∑︁n

i=1 X2
ij )

1/2(
∑︁n

i=1 1(ξij > m))1/2

(
∑︁n

i=1 𝔼X2
ij )

1/2
>

xVn,j

2

)︃

≤ ℙ

(︄
n∑︂

i=1

s1(ξij > m) >
sx2

4

)︄
≤

n∑︂
i=1

4𝔼(es1(ξij>m); ξij > m)
∏︁

i1≠i 𝔼es1(ξi1j>m)

x2esx2/4

≤
n∑︂

i=1

4es
ℙ(ξij > m)

∏︁
i1≠i(1 + es

ℙ(ξi1j > m))

x2esx2/4
≤ 4es+esx2/m2

xτ

m2nτ/2esx2/4
.

Consequently, by taking s = 2 log(m/2) = 1 + M2/2, we have

(6.29) ℙ(Wn,j − W̃n,j > xVn,j /2) ≤ xτ

nτ/2eM2x2/8
,

and therefore by combining (5.11) and (6.25)–(6.29), we have for C4 ≤ x ≤ nτ/(4+2τ),

ℙ(min1≤j≤k Tn,j > x,max1≤j≤k Vn,j > M)

ℙ(min1≤j≤k Zj > x)

≤ C
xτ

nτ/2eM2x2/8ℙ(min1≤j≤k Zj > x)
≤ C5

e(k/2c1)x
2
xk+τ

nτ/2eM2x2/8
.

By taking M = 4(k/c1)
1/2, we complete the proof.
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SUPPLEMENTARY MATERIAL

Supplement to “Self-normalized Cramér type moderate deviation theorem for Gaus-
sian approximation” (DOI: 10.1214/25-AOS2507SUPP; .pdf). The proofs of Proposi-
tion 5.5 and Lemmas 6.1–6.3 can be found in the Supplementary Material [39].
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