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Empirical likelihood confidence intervals for nonparametric
density estimation

By SONG XI CHEN
School of Statistics, La Trobe University, Victoria 3083, Australia

SUMMARY

We suggest using empirical likelihood in conjunction with the kernel method to
construct confidence intervals for the value of a probability density f at a point x.
This suggestion arises from a simulation study which shows that confidence intervals
produced by the kernel-based percentle-t bootstrap do not have the coverage claimed
by the theory. This coverage discrepancy is due to a conflict between the prescribed
undersmoothing and the explicit variance estimate needed by the percentile-t method.
Empirical likelihood avoids this conflict by studentising internally. We show that the
empirical likelihood produces confidence intervals having theoretical coverage accuracy
of the same order of magnitude as the bootstrap, and which are also empirically more
accurate.

Some key words: Bartlett correction; Confidence interval; Empirical likelihood; Density estimation; Kernel
method; Percentile-t bootstrap; Smoothing bandwidth.

1. INTRODUCTION

Let X,,..., X, be a random sample from an unknown continuous distribution with
density f. A kernel estimate for f can be viewed as a smoothed version of a histogram.
However, instead of counting the number of data values falling into bins, we weight each
data point by a smooth kernel function K centred at the data point. A kernel density
estimator for f at an arbitrary fixed x is

Foa=0h) " S Kih - X)),
i=1

where the kernel K determines the shape of the ‘bumps’ centred at each data point, and
h is the smoothing bandwidth that controls the smoothness of the ‘bumps’. See Silverman
(1986} and Scott (1992) for comprehensive reviews of the kernel density estimation.
Sometimes confidence intervals for f(x) are required, for instance, to test a hypothesis
about f(x). An application is in a line transect survey, where confidence intervals for
wildlife abundance are required.

The bootstrap has heen used to construct confidence intervals for f{x). Hall (1991)
studied the coverage accuracy of the bootstrap confidence intervals by developing an
Edgeworth expansion for the kernel density estimator. As pointed out by Hall, due to
bias in the kernel estimate, the confidence intervals are not directly applicable to f{(x). To
convert them into confidence intervals for f(x), a smaller smoothing bandwidth of order
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n~ M ghould be used for two-sided percentile-t confidence intervals if an rth order
kernel K 1s used (Hall, 1991; Hall, 1992, Ch. 4).

However, a simulation study given in § 6 shows that the percentile-t confidence intervals
have poor empirical coverage. The reason for the poor coverage is a conflict between the
prescribed undersmoothing and the explicit variance estimation needed by the percentile-t
method. To appreciate this point, we note that f’(x) only uses local information around
x. The ‘effective sample size’ for kernel density estimation is nh rather than n, as the
number of data points within interval (x —h, x + k) is of size nh. Therefore, a smaller
bandwidth k further reduces the ‘effective sample size’ as reflected by a large number of
ties in the ‘derived sample’ K{h '(x— X,)},..., K{h '(x— X,}}. As only the ‘derived
sample’ is used in the variance estimation for the percentile-t method, undersmoothing
consequently produces erratic variance estimates. Here we have a conflicting situation
where, on the one hand, we need to use a smaller h in order to convert the percentile-
confidence intervals into ones for f(x) and, on the other hand, a smaller h causes erratic
variance estimates and reduces the quality of the percentile-t method. Thus, the kernel
density estimate, like the correlation coefficient and ratio of means, is a case where the
percentile-t confidence interval does not have good empirical coverage.

To overcome the conflict faced by the percentile-t bootstrap, we consider using empirical
likelihood to construct confidence intervals for f(x). Empirical likelihood was introduced
by Owen (1988, 1990) as an alternative to the bootstrap for constructing nonparametric
confidence intervals. It has similar sampling properties to the bootstrap. However, instead
of using equal weights it chooses the weights by profiling a multinomial likelihood sup-
ported on the sample. To illustrate, an empirical likelihood for a population mean y
assigns notional weight p, to X,, and is defined as

L{w)=sup [] p,
i=1
subject to X p; =1 and X p;X; = u, where the latter reflects the fact that u is the mean.
The empirical likelihood is calculated via an optimisation procedure to find the optimal
p;- Confidence intervals for the mean are constructed by contouring the empirical likeli-
hood. Nao explicit variance estimation is required in the construction of the empirical
likelihood confidence intervals. This means that the empirical likelihood conducts the
studentising internally.

We show in this paper that this ‘internal studentising’ adopted by empirical likelihoad
can overcome the problem faced by the bootstrap, and produces better confidence inter-
vals. Hall & Owen (1993) used empirical likelihood to construct confidence hands for f,
by establishing an analogue of Wilks’ Theorem based on extreme value type limiting
distributions. Only the first order properties were discussed and no comparison with the
bootstrap was made.

The concept of empirical likelihood for density estimation is introduced in § 2. In § 3,
we show that, by properly selecting the smoothness bandwidth, a nonparametric version
of Wilks’ Theorem, which gives us asymptotic correct confidence intervals for f(x}, is
valid. The coverage accuracy is assessed in § 4. We show in § 5 that the coverage accuracy
can be improved by a Bartlett correction. In § 6 we present some simulation results where
a comparison with the percentile-¢ is made. In § 7, we use empirical likelihood to construct
confidence intervals for f(0) based on a data set from a line transect aerial survey of
Southern Bluefin Tuna.
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2. EMPIRICAL LIKELIHOOD FOR DENSITY ESTIMATION
Let K be an rth order kernel. That is, for some integer r 22 2 and constant x = 0,

I ifj=0,
JuJK(u)duz 0 ifl<j<r—1, (1)
Kk if j=r

Throughout this paper, we assume that

(1) K 1s bounded, has compact support and satisfies (1);

(u) f has continuous derivatives up to the rth order in a neighbourhood of x, and

J(x)>0;

(i1} A—0 and nht— 00 as n— 0.

Define K{(x)=h " *K{h " Hx— X}} fori=1,...,n and u(x) = E{K,(x}}. For brevity of
notation, we write K;(x) as K;. It is well known that the kernel estimator f(x) 1s biased,
as shown by

u(x)=f(x) + ()" e OO + oK), (2)

where [ denotes the rth derivative of f. We first introduce empirical likelihood for u(x)
as the mean of K;, which will give us confidence intervals for u(x). Then, by properly
selecting h, we convert them into confidence intervals for f(x).

Let py,..., p, be nonnegative numbers adding to unity. The empirical likelihood for
w(x) 1s defined as

LiuG= _sup []pe
pily=ulx) i=1
After using a Lagrange multiplier to find the optimal p;, the log empirical likelihood ratio
for u(x) is

Hu(x)} = —2log{L{u(x}in"] =2} log[ 1 + A{K, — u(x}}],

where A satisfies

> K —u(x)} {1+ 2K —u(x)}] "t =0, (3)
i=1
Put 5,=n"' 2 {K;—u(x)}! for j=1 and 2. Since 5, = 0,(h~ '), we may show in a manner
similar to Owen (1990} that, under conditions (i), (ii} and (iii), A= Op(n‘*h). By solving
for 4 in (3) we have A =§; '5, + O,{n~"h). Substituting into [{u(x)}, we obtain

Hu(x)} = ns; '§+ O,(n " 7h).

Because n*§; *3, is asymptotically standard normal, I{u(x)} is asymptotically y7 distrib-
uted. Thus, an empirical likellhood confidence interval for u(x) with nominal coverage o
is 1,= {u(x)| Hu(x)} <c¢,}, where pr(y? <c,) =«

However, what we want is a confidence interval for f(x). Using I, as a confidence
interval for f{x) without correcting for the bias will create a coverage discrepancy. This
coverage discrepancy can be reduced by reducing the bias of u({x). Indeed, as pointed out
by Hall (1991) for the bootstrap, there are two approaches leading to confidence intervals
for f(x). One is implicitly to correct the bias by undersmoothing. Another is explicitly to
correct the bias by shifting I, by (1) 'xf “(x)#", the dominant bias term in (2). In this
paper, we consider only the first approach.
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The coverage of I, for f(x) is
prifix)el,} =pr[I{f(x}: <c¢.].

To avoid confusion, we denote by I{ f(x)} the log empirical likelihood ratio for the mean
of K;, evaluated at a candidate value which happens to be f(x).

3. ASYMPTOTIC COVERAGE

We show how to choose s such that I, has correct asymptotic coverage for f(x) in this
section. Using the same method used to derive [{u(x)},

Hf(x) =23 log[1+ A{K; — f(x}}], (4)
where A satisfies
Y (K.~ [ L1+ AK, ~ ()]~ =0, (5)

As analytic solutions are not obtainable for (4) and (5), expansions must be sought. Define
w; = K; — f(x), u; = E(w{) for integer exponent j > 1, and w,=n"" 3 w].
A Taylor expansion for I{f(x)}, whose derivation is given in Appendix 1, gives

H(x)} = nwy "Wl + O, {nh(n~* + '}
Putting Z = n#(w, — y;)u; %, and noticing that w, = y, + 0,(1), we have
) =(Z +rtuy 2 {1+ 0,(1)} + Oy {nh(n™* + 1)), (6)

Therefore, I{f(x}} is asymptotically ¥} if and only if u*yu; ¥, > 0. Put p(K}= [ K/(¢) dt
for integer j. Note that

g = (YO + o), = kT f(x)pa(K) — f3(x) + O(h).

Thus, a sufficient condition for I{f(x)} to be asymptotically 7 is that n*/' ** >0 as n— co.
This condition is also necessary if f¥(x) & 0. Thus, for an rth order kernel K and /“(x) + 0,

prif(x)el} =a-+o(l) (7)

if and only if h=o0{n"YZ*1} Note that n~ Y@+ j5 the order of magnitude normally
obtained in density estimation by minimising the mean integrated square error. Thus, {7)
implies that, to ensure I, has correct asymptotic coverage for f(x}, a smaller than usual
bandwidth should be used. The prescription h=o{n Y**"} coincides with that of the
bootstrap (Hall, 1991). We see from (6) that the length of I, is asymptotically the same
as the confidence interval based on the normal approximation.

Empirical likelihood does not require explicit variance estimation in the construction
of I,. Rather, as revealed by (6}, it uses an optimisation procedure to obtain a profile
likelihood which studentises implicitly by the true variance. This implies that the empirical
likelihood actually carries out the studentising internally via the optimisation procedure.
In contrast, the percentile-t method tries to approximate the distribution of a studentised
statistic {f(x}— u(x}}/é(x) by generating a large number of bootstrap resamples, where
¢*(x) is an estimate for var {f‘(x)}. The performance of the percentile-t method depends
heavily on the quality of the variance estimate ¢*(x). Therefore, when the variance estimate
is of low quality, the percentile-t method performs poorly. This is exactly what happens
for the percentile-f method in kernel density estimation.
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4, COVERAGE ACCURACY

To study the coverage accuracy of I, for f(x), the following two conditions are used in
addition to conditions (i), (ii) and (iii):

(IV) b= O{n—lf(lr"r“L) }3

(v} nh(logn)™* - o0 as n— 0.
Condition (iv), as shown in (7), gives I, asymptotically correct coverage for f(x).
Condition (v} is required to develop an Edgeworth expansion for the empirical likeli-
hood ratio.

The resulis of this section are based on the following Edgeworth expansion, whose
derivation is outlined in Appendix 2:

prif(x)el,} =prli{f(x}} <c,]
= —n" Mg (g P+ 55 g — i 3 dea d ()
+ O 4 1)+ O {(nh)™ B + (nh) 2. (8)
We see from (8) that the coverage error for f(x) is dominated by two terms. One is
n~tus Ynu, ) of order nh®*?, which is a result of the bias y,. The remaining part is of

order (nh)~ !, which usually exists in the Edgeworth expansion of empirical likelthood.
Simple algebra shows that u; =h~ Y7V f(x}p(K)+ Oh™ ¥~ ?) for j= 2. Define

alx, K, f) = {¢) " ef )2 {f ()paAK )} 7
bix, K, f)= f(x) T LEpa(K M 2 (K )y 7% — 302K )02 (K) 1.
Then (8} can be rewritten as
prif(x)e L} =a—{a(x, K, )nh> " + b(x, K, f)(nh) ' Y b(cl) + o{nh™ " + (nh) '}, )
(9
Therefore, if f™(x)+ 0, the optimal bandwidth which minimises the second order term
in(9)1s
h=2r+ 1) Ya(x, K, f) 7 'h(x, K, f)n~ e+, (10)
Substituting the above optimal k4 into (9) and defining v = 2r + 1, we have
prif(x)e L} =a—n""" D b(x, K, )v"a(x, K, /)7 +va(x, K, f)1¢; 6(c5)
+ of{n DY, (11)

Thus the optimal coverage error is of the exact order of 17" * 1) which is a larger order
than »~ ! for usual confidence intervals. This is because the effective sample size is nh =
n 1 The optimal bandwidth prescribed in (10} may be used as a guideline for choosing
hif f@(x)=+ 0. As the p/'s are known after a kernel is chosen, the optimal & may be
estimated by estimating /“(x).

In practice, we may first obtain kernel estimates for f(x} and f®(x) with bandwidths
hy and h, respectively. As we are only interested in the density and its derivative at x, ky
and h, are chosen locally by minimising E{f®(x) — f@(x)}* for I=0 and 2 respectively.
It can be shown that for I =0 and 2,

hl — {(2! + 1)p2(K(I))f(x)} 121+ 5) {K2f(3+2)(x)} — 22+ S]H— Lfi2i+ 5]‘ (12)

The bandwidths may be obtained by referring to a standard distribution to obtain values
for f(x) and f**?(x), as done by Silverman (1986, p. 45) for choosing global bandwidth.
A more effective adaptive kernel method can be used to obtain better estimates of f(x)
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and f“(x). Having obtained these estimates, we compute the dominant bias term in (2) and
divide it by f {x) to obtain the relative bias. If this is small, say less than 0-1 for a bandwidth,
the same bandwidth can be used to construct confidence intervals for f(x). If the relative
bias is larger, we may use (10) to choose h. This issue is further discussed in § 7 when we
analyse some data.

5. BARTLETT CORRECTION

We show in this section that Bartlett correction is valid for the current density estimation
case. That empirical likelihood confidence intervals are Bartlett correctable has bheen
proved valid in many cases: see DiCiccio, Hall & Romano (1991) for smooth functions
of means, Chen & Hall (1993) for quantiles, and Chen {1993, 1994) for linear regression.

We first calculate E[I{f(x)}]. From (A1-3) in the Appendix, it can be shown that

EQ{f(x)}]=14Bon™ " + o{nh>* " + (nh) ™'},
where

o= 102 gy ¥ + 63z 1y — 25 * 13) (13)
is the coefficient of the dominant coverage error term in (8). Therefore, I{f(x)} and y}

have different means to the second order.
Now

pr {17 S o1+ fon™ "Ny = o+ fockd(ciIn ™" + OL{nk> "' + () 2}7].
Applying the Edgeworth expansion (8} to the mean adjusted empirical likelihood ratio
KGO + Born™?1), and choosing k of order n™ M+ 1 as suggested by (10), we have
pr[L{/(x)} Seu(l+ Bon™ )] =pr{xi < cu(1+ Bon™ ')} — Bon™"cig(cd) + O(n™ ¥+ 1)
=+ O(n~ ), (14)
This leads us to define a Bartlett corrected confidence interval:

Jopr={t|H{f(x)} Scoll+ Bon™ ')}
Comparing (14) and (11), we see that the dominant error term Son~ ‘cid(c?) is removed
by the Bartlett correction. Thus, J,, will have better asymptotic coverage than J,.

To implement the Bartlett correction practically, f, has to be estimated. From (13) the
moment estimates for p; can be established for jz 2. However, the density derivative
[¥x) has to be estimated in order to estimate y,, as the moment estimate for p, is always
zero. To avoid estimating the density derivative, we introduce a partial Bartlett corrected
confidence interval

Jep= I f )} <1+ Byn™ ')},
where B, =1(3u; %1y — 25 °13). The idea is to do a partial mean adjustment
K f)} /(1 + B.n ') such that the coverage error term n™ ' f, ¢Z 9(cZ) in (8) can be removed,
and the n™ g5 '(nuy)* term becomes negligible by choosing k properly. A derivation similar
to that leading to (14) gives

prif(x}e J,} =pr{f(x)} <c(1+fn™ 1]
= o+ 17y ) G Ped) + oG ¥ 1) + O (nh) 7

3h2r+3

If we choose k such that » is bounded, we readily have

prif(x)eJ,} =a+0{n ¥+,
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Thus, in order to use the partial Bartlett correction £, an even smaller k, of order n =3/ +3)
should be used.

6. SIMULATION RESULTS

In this section we present some simulation results designed to examine the performance
of the empirical likelihood confidence intervals proposed, and to compare them with their
percentile-t counterparts. We chose the standard normal distribution as the true density
f and constructed confidence intervals for f(x) at x = 0. We used the second order biweight
kernel,

K(w) = 13(1 — "V I(Jul < 1),

where I is the indicator function. Five thousand samples were generated from f with
sample size n = 20, 30, 40 and 50 using the routines provided by Press et al. (1992, Ch. 7).
For each simulated sample, we generated 499 bootstrap resamples. We assessed the cover-
age of four confidence intervals with nominal coverage levels 0-95. The four intervals are
the empirical likelihood, I,, the partial Bartlett corrected, J,,, the full Bartlett corrected,
Jus, and the percentile-t. When constructing the full Bartlett corrected interval Jups we
used a bandwidth of 2-266n~ ' to estimate f@(x) as suggested by (12) for the biweight
kernel, where & is the sample standard deviation.

The coverage of a kernel-based confidence interval is directly influenced by the bias,
where the latter is controlled by the bandwidth k. To appreciate this, we chose four levels
of bandwidth: h=2-517¢, where a=3, %, 1 and %. The coefficient 2:5 and the four levels
of a were selected as they produce kernel estimates with different levels of bias as shown
in Table 3. Table 1 contains the simulated coverages of the four intervals for the four
bandwidth levels at x =0. Table 2 presents the average lengths of the empirical likelihood
and percentile-t confidence intervals. We did not supply the lengths of the two Bartlett
corrected confidence intervals as they were very close to those of the empirical likelihood.
Table 3 gives the average bias of the kernel estimate for each k level used; these can be
used to explain the coverages given in Table 1.

The simulation results can be summarised as follows. The three empirical likelihood
confidence intervals perform well. Interval I, had a much better coverage and shorter
length than its percentile-f counterpart. The coverage of I, can be further improved by
the Bartlett correction. The coverage of the partial Bartlett corrected interval J,, was close
to that of the full Bartlett corrected interval when h or the bias was small. The advantage
of J,, is that it avoids density derivative estimation. However, when the bias is large, the
full Bartlett corrected interval should be used. We also calculated confidence intervals by
the percentile bootstrap and the usual normal approximation. The percentile-t confidence
interval had the poorest coverage and greatest length. It was even worse than the percentile
confidence interval as the latter does not need a variance estimate and is more stable.

We observe a positive correlation between the coverage and the bias in Tables 1 and 3.
In the case of h = 2-5n~ '3, poor coverage for the empirical likelihood intervals is observed
at x =0. This is not surprising as this level of & produces a larger bias in the density
estimation which makes the converting of I, difficult. We actually did a simulation at x =
1, where we observed good coverages of the empirical likelihood intervals for all the four
levels of h including 4= 2-52"*". This is because the second derivative of f at x = 1-0 is
zero, which means that the bias is one order of magnitude smaller than at x=0 and
consequently allows a larger bandwidth without causing severe hias.
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Table L. Simulated coverages of confidence intervals and, in
square brackets, 100 x their standard errors, for 95%
empirical likelihood (EL), partial Bartlett corrected (PBCEL),
Jull Bartlett corrected (FRCEL), and percentile-t (Percent.-t)
confidence intervals for f(0) with h = 2-5n"°

7] EL PBCEL FBCEL Percent.-t
a=}
20 0-938[0-34] 0-945[0-32] 0-947[0:32] 0-388[0-44]
30 0942[0-33] 0-945[0-33] 0-945[0:32] 0-898[042]
40 0-945[0-327 0-949[0-31] 095010317 0904 0:42]
50 0944 0-33] 094710317 0-948[031] 0905 0-42]
a=4%
20 09340357 08391 0-34] 0-946[0-32] 0-893[044]
30 0:936[0-34] 0939[0-34] 0-943[033] 0901 0-42]
40 0-940[ 0-34] 09441 0-337 0-946[0:32] 0905 (-41 ]
50 0937[0-34] 0-940[ 0-34 ] 0-940[0-34] 0904 (+42]
a=}
20 0011[0-40] 0-917[0-39] 092410371 0-889[0-44]
a0 0-923[0-37] 0-927[0:37] 0934 0-35] 0-899[0-43]
40 0916[0-39] 0-919[039] 0-92770-37] 0-892[044]
50 0-922[0-38] 09241 (37] (9297 0-36] O-896[ 0437
a=%
20 0-858[049] 0-866[ 048] O-87370-47] O-871[047]
30 0-873[047] 0-877[046] 0-883[045] 0869048 ]
40 0-868[048] 0-873[047] 0-881[0-46] O-856[0-50]
50 0-885[045] 0-386[(-45] 0-893[ 044 0-867[0-48]

Table 2. Average length of confidence intervals and, in square
brackets, standard ervors of 95% empirical likelithood (EL) and
percentile-t (Percent.-t) confidence intervals for f(0) with

30
40
50

20
30
40
50

We also observe that as the bandwidth increases the length of the confidence intervals
decreases. A smaller bandwidth produces empirical likelihood confidence intervals with
good coverage but greater length. This reflects the trade-off between the bias and variance
of kernel density estimation, where the bias affects the coverage, and variance affects the

h=25n""
EL Percent.-t

a=1
0-415[0051] 05511 0-575]
0-396[0-044] 0466[0-112]
0-378[0-044] 0426[ 0046
0-363[0-042] 0400[0:043]

a=}
02551 0-019] 0296[0:028]
0236[0-014] 02601 0021
0-221[0-012] 0-237[0:017]
0-210[¢-011] 0221100167

length of the intervals.

EL Percent.-t

a=}

0-326[ 0029 0-387[0:044]

0-307[0025] 0-343[0-030]

028010023 0-315[0¢-027]

0-277[0-:021] 0-296[0-024]
a=}

0-215[0-016] 02491 0-024]

0197[0012]  0-216[0-017]
0-183[0009]  O-195[0-014]
0-173[0-008]  O-181[0-012]
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Table 3. Average bias and, in square brackets, standard errors
of the kernel density estimate for f(0) with h=25n"¢

# a=3 a=% a=1 a=1%

20 0-015[0-114] 0-024[0-089] 0-037[0-069] 0-048[0-058]

30 0-010[0-105] 0-017[0-082] (-029[0-063] 0-040[0-052]

40 0007[0-102]  0014[0077]  0-026[0059]  0-036[0-048]

50 0-006[0-098] 0-013[0073] 0023[0:056] 0-033[0-046]

7. AN EXAMPLE

We compute the empirical likelihood confidence intervals on a data set from a line
transect aerial survey of Southern Bluefin Tuna. The line transect survey (Buckland et al,,
1993) has been used to estimate the tuna abundance in the Great Australian Bight in
summer when the tuna tend to stay on the surface. The abundance is measured by
D = N/A, where N 1s the total number of surface schools in the Bight and A is the survey
area. To estimate D, an aircraft with two spotters on board is used to fly randomly
allocated transect lines to detect tuna schools. Each school sighted from the transect is
counted and its perpendicular distance to the transect is measured. Assume r independent
schools are detected after flying a distance L. Let f be the probability density function of
the sighting distances. Standard line transect theory shows that the population density
D =(2L) 'E(n)f(0). Parametric estimators were proposed to estimate f(0). However, they
are not robust against changing detection conditions. Therefore, a robust nonparametric
estimate should be used. The kernel method has been shown to be robust for analysing
line transect data (Chen, 1996).

One way of constructing confidence intervals for D is to multiply confidence intervals
for f(0) by (2L)'n, assuming a stable sighting rate n/L. Therefore, confidence intervals
for f(0) are needed to construct confidence intervals for the abundance measure D. Table 4
presents a data set of 64 perpendicular sighting distances collected from one replicate of
the 1993 survey. Figure | gives a histogram and a kernel density estimate for the data.

It is well known that kernel estimation is subject to boundary bias. In fact the asymptotic
expectation of 7(0) is only f(0)/2. To correct for this, we double the sample size by
reflecting each data value x; to —Xx;, and apply the kernel estimator to the combined
sample. This data reflection is very natural in the line transect survey as the sightings are
made on the both sides of the transect, and the density function f has zero derivative at
x =0 (Buckland et al., 1993).

We first estimate f®(0) which will give us some indication of the bias level of the kernel
estimate. The histogram of the data suggests that the underlying distribution is close to

Table 4. The tuna data set: perpendicular sighting dis-
tances of detected tuna schools to the transect lines

019 028 0-29 045 0-64 0-65 0-78 0-85
1-00 1-16 117 1-29 [-31 1-34 1-55 1-60
1-83 191 1-97 2405 210 217 228 241
246 251 2-89 2-89 2:90 292 303 319
348 379 383 394 395 411 414 419
436 4353 497 5-02 513 575 603 619
619 645 713 7-35 177 780 8-81 922
929 978 1015 1132 1321 1327 1439 1626
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Fig. 1. Histogram and kernel density estimate for the reflected tuna
data. The 8-Prus function ‘ksmooth’ was used with the Gaussian kernel
and k= 4-0.

a normal distribution after reflection. Therefore, we may just use (12} with f the density
of N(0, 6*) and x = 0 in determining the bandwidths h, and h,. For the Biweight kernel
used, (12) implies hy = 2:456n " and h, = 2-264n~"°. This gives an estimate of —0-0019
for £(0). This suggests a very small f#(0). This is no surprise, as the data show a very
flat shoulder near the origin. Therefore, we cannot use the optimal bandwidth (10} as
£(0) is too small. However, as suggested by both theory and simulation, the empirical
likelihood can produce accurate confidence intervals for a wide range of bandwidth values
when f#(0) is small. We may just choose h as h, in constructing confidence intervals
for £(0).

This choice of & gives a kernel estimate of 0-149 for f{(}) and an estimated bias of
—-0-002. The relative bias is less than 0-2%, which is very small indeed. We obtain the
following 95% confidence intervals for f(0): the empirical likelihood (0-108, (-1952), the
partial and full Bartlett corrected intervals {0-1078, 0-1955) and (0-1076, 0-1957) respect-
ively, and the percentile-t interval {(-0946, 0-1955). The empirical likelihood interval has
the shortest length (0-087), whereas the percentile-t has the longest ((-101). The two
Bartlett corrected intervals almost coincide each other. This is because the two Bartlett
factors B, and B, are basically the same when f@(0) is small.

8. CONCLUSION

We have shown that empirical likelihood produces more accurate confidence intervals
for density estimation than the percentile-t bootstrap. As shown by the simulation, the
empirical likelihood confidence intervals are shorter than their percentile-f counterparts.
This is due to the fact that empirical likelihood conducts the studentising internally via
an optimisation procedure, whereas the percentile-t method has to use erratic variance
estimates. Therefore, empirical likelihood should be used for constructing confidence inter-
vals for density estimation.
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In general, empirical likelihood relies on good and robust optimisation procedures, and
is more computationally involved than bootstrap. The computation of empirical likelihood
for density estimation is very regular. However, in situations when the number of structure
constraints exceeds the number of parameters, as treated by Qin & Lawless (1994), compu-
tational issues arise as the convergence to the optimum can be very slow. Art Owen has
developed a computer software for computing empirical likelihood for various appli-
cations. However, more work is certainly needed.
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APPENDIX |
Taylor expansion of I{ f(x)}

Along with the derivation given by Owen {1990, p. 101), (5) implies that there exists a constant
d >0, such that A(|w,| — d|W 1) <!w,|. This implies 2= 0,(n " *h+ k" "'} as w, = O,(n ¥+ '} and
w, = O(h™'}). From (5),

W= s+ .+ (=AY w4+ Aw) T =0 (Al1)
Solving equation (Al1) for 1 gives

A=y Y, 4 w3 3w w3+ (25 S5 — iy Wl + (5W1 TW3 — 5w SWa Wy + Wy D W )]

j .
+ 3 Ry + 0, {(n* + KA, (A1-2)
k=5
where R; denote polynamials in W, . .., w,,, with constant coefficients multiplied by w; %1,

Substituting {A1-2) info (4), we obtain the following Taylor expansion of { f(x)}:
W f(x)y = n{y "W + 393 a0} + (W S5 — 35 )T + 8w; Sy @,

—(8w; TW) = 5w Wi} + O, {nh(n T + B)%Y. {Al13)

APPENDIX 2
Derivation of the Edgeworth expansion (8)

The derivation of the Edgeworth expansion {8) uses the Edgeworth expansion for the kernel
density estimate developed by Hall (1991), and follows the same approach used in the proof of
Theorem 3.2 of Chen & Hall (1993). Thus, only a brief outline is given here.

According to (A1-3), for j= 5, I{f(x)} can be decomposed by taking the signed square root as

Hf(x)} = (n*RY,

where
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say, where U;=0,{h*(n"*+ W'Y+ }, and T, denotes w32~ Y multiplied by a polynomial in
Wy, ..., W, with constant coefficients.
Put o=w, — . V=(V,..., V) and

L)

d—kl,..k,ﬂ = (H 5/5“@) Ry, ..., uy)

=1

H=H

A Taylor expansion of R; at = (yy,. .., #;) has the form

&
T(Vy=R(w)+ 3, (m)~! > T R
m=1 Byoreoikim € {1y, )
By proper choice of j, we have R; = T(V)+ U,;, where U,;= 0,(n">).
Let k, denote the ith cumulant of r*T(V) for 13 1. After computing the partial derivatives
dy,,...x, and the joint cumulants of ¥, the formulae given by James & Mayne (1962} are used to
calculate k;. We obtain

fop = m* R () — g3 Fpan ™% + O ((nh) " Hpu ),
by =0 + (g 1ts — B3 " d)n ™t + O {(nh) ™ g + (mh) 72,
ky=0{(mh) *u}, ky=0{(nh)7'}, k=0{mh)" "} (125),
where
G=2 3, dy, di E{(whs — ﬂkl}(wlfl — )}

ky kg
=1 +5us s + Gz s —Sur b — B Y + ORY).

Based on the above expression of the cumulants and assuming #h* "' -0, a formal Edgeworth
expansion for the distribution of n* T(V) can be formulated:

pri{nt T(V) < x} = ®(x) — ™ {35 Yy )* + Spey 2y — s 2ud Yxp(x)
+ (even polynomial in x) x ¢(x) + O(mh¥ ' + h*)
+ O {(nh) ™M + (rh) 7. (A21)

Using the techniques of Hall (1991), an Edgeworth expansion for the distribution of #* I can be
established by proving an analogue of the Cramér condition based on conditions (i)-(v}. Notice
that w*T(V) is a smooth function of V. Using the technique of Bhattacharya & Ghosh (1978) or
Skavgaard (1981), it can be shown that the Edgeworth expansion for the distribution of n*V may
be transformed to produce the Edgeworth expansion given in (A2-1}. Expansion (&) can be obtained
from (A2-1).
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