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Lévy processes have been receiving increasing attention in financial modeling. One distinctive feature of such models is that their character-
istic functions are readily available. Inference based on characteristic functions is very useful for studying Lévy processes. By incorporating
the recent advances in nonparametric approaches, empirical likelihood methods based on characteristic functions are developed in this paper
for parameter estimation, testing a particular parametric class including the presence of a jump component in the Lévy process and testing
for symmetry of a distribution. Simulation and case studies confirm the effectiveness of the proposed method.
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1. INTRODUCTION

Lévy processes are popular models for pricing the dynam-
ics of financial securities due to their ability to capture jumps.
There is an increasing set of empirical evidence that the value
of a financial security may evolve in a discontinuous manner
with jumps. And yet, whether there is really a jump in the un-
derlying process is always an intensively contested hypothesis
among financial practitioners; see, for example, the monograph
of Cont and Tankov (2004) for background discussions.

Let {Ys}s≥0 be a continuous-time Lévy process, representing
a financial security in a continuous fashion over time. The finan-
cial securities can be an interest rate or a stock price. Despite
the process evolves continuously over time, it is only observed
over a set of discrete time points, say δ,2δ, . . . , (n + 1)δ, over
a time span [0,T] where T = (n + 1)δ is the total amount of
time the process is observed and δ is the unit sampling interval.
Since Lévy processes have independent stationary increments,
the increment {Xj = Y(j+1)δ − Yjδ}n

j=1 is a set of independent
observations with the same distribution as Yδ , say F, and its
characteristic function is

φ(t) = E{exp(itXj)} =
∫

exp(itx)F(dx).

Fitting a parametric class of characteristic functions to {Ys}s≥0

becomes how to fit a parametric class of characteristic functions
based on observations X1, . . . ,Xn.

For parameter estimation based on the characteristic func-
tions, several methods have been proposed in the literature; see
Heathcote (1977) and Wells (1992). For testing, let φn(t) =
1
n

∑n
j=1 exp{itXj} and consider

βn(t; θ) = √
n{φn(t) − φ(t; θ)}, (1.1)
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where φ(t; θ) denotes the characteristic function of Xj, and θ

is the vector of parameters for the process {Ys}s≥0. It is known
that, in general, βn(t; θ) does not converge weakly to a Gaussian
process in C([−a,a]) for a positive constant a, although the fi-
nite dimensional distributions of βn(t; θ) do, where C([−a,a])
denotes the space of continuous, complex-valued functions on
[−a,a] with the supremum norm. The reason is that the limit-
ing process may have discontinuous sample paths. Therefore,
under some extra conditions to ensure that the limit has contin-
uous sample paths, one can show that

βn(t; θ)
D→ β(t; θ) (1.2)

in C[−a,a], where β(t; θ) is a complex-valued Gaussian
process with zero mean and covariance structure

E{β(t1; θ)β(t2; θ)} = φ(t1 − t2; θ) − φ(t1; θ)φ(t2; θ),

see Marcus (1981), Wells (1992), and Yukich (1985).
Since (1.2) is not always true, two methods for conducting

goodness-of-fit tests via characteristic functions exist: one is to
study the distance between the empirical characteristic func-
tion and the true characteristic function at a finite number of
points t1, . . . , tm with m = m(n) → ∞ as n → ∞; the other is
to study an integrated distance by imposing extra conditions
on φ(t; θ) such that (1.2) holds. In modeling independent data,
Fan (1997), Koutrouvelis (1980), and Koutrouvelis and Keller-
meier (1981) employed the former approach to fit a paramet-
ric class to characteristic functions; Bilodeau and de Micheaux
(2005), Epps (1983), Klar and Meintanis (2005), and Wells
(1992) employed the latter approach to testing normality and
fitted a parametric class to characteristic functions; Feuerverger
and Mureika (1977), Henze, Klar, and Meintanis (2003), and
Meintanis (2005) applied the latter approach to testing symme-
try of a distribution. For the study of using characteristic func-
tions to model dependent data, we refer to Jiang and Knight
(2002) and Singleton (2001). A good review on the applications
of empirical characteristic functions is Yu (2004).

In this paper, we propose to use the empirical likelihood
(Owen 1988) to formulate the test statistic for the specification
of characteristic functions and to conduct parameter estimation.
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Note that a characteristic function and its corresponding proba-
bility density function contain the same amount of model infor-
mation as they are related to each other via a Fourier transform.
Although it is more direct and efficient in formulating parame-
ter estimators based on probability density functions, it is un-
clear if a test procedure based on density functions has any ad-
vantage over a test based on characteristic functions. Using the
empirical likelihood to formulate the test statistic is tantamount
to utilizing empirical likelihood’s ability to self-studentize a
raw discrepancy metric by its variance without explicitly es-
timating it.

We propose using the empirical likelihood method based on
the integrated distance of characteristic functions (i) to estimate
parameters, (ii) to test whether a characteristic function belongs
to a particular parametric class, and (iii) to test whether the un-
derlying distribution is symmetric around an unknown mean in
this paper; see Section 2 for details. How to apply the proposed
empirical likelihood test for testing various features of a Lévy
process is discussed in Section 3. A simulation study and a case
study are given in Sections 4 and 5, respectively. All proofs are
presented in Section 6.

2. METHODOLOGY

Throughout this section we assume that X1, . . . ,Xn are
iid with distribution function F and characteristic function
φ(t; θ). This assumption encompasses Lévy processes as a
Lévy process has independent stationary increments. Likewise,
the proposed methods are also applicable to dependent data in
view of the blockwise empirical likelihood method of Kitamura
(1997). This issue for dependent data will be dealt with in a sep-
arate paper.

2.1 MELE for Parameters

As in Qin and Lawless (1994), we first study the maximum
empirical likelihood estimator (MELE) based on the charac-
teristic function as follows. Since φ(t; θ) = EeitXj , the stan-
dard empirical likelihood method for a mean can be employed,
which defines the empirical likelihood function as

R1(t; θ) = sup

{
n∏

j=1

(npj) : pj ≥ 0,

n∑
j=1

pj = 1,

n∑
j=1

pj cos(tXj) = φR(t; θ),

n∑
j=1

pj sin(tXj) = φI(t; θ)

}
,

where φR and φI denote the real and imaginary parts of φ, re-
spectively. By the standard Lagrange multiplier procedure, the
log-likelihood ratio becomes

l1(t; θ) = −2 log R1(t; θ) =
n∑

j=1

2 log{1 + λT
1 Yj(t; θ)}, (2.1)

where

Yj(t; θ) = (cos(tXj) − φR(t; θ), sin(tXj) − φI(t; θ))T

:= g(t,Xj; θ)

and λ1 = λ1(t; θ) satisfies

n∑
j=1

Yj(t; θ)

1 + λT
1 Yj(t; θ)

= 0 for all t ∈ [−a,a], (2.2)

with some a > 0 given in the regularity conditions below. Then,
the MELE is defined as

θ̂ = arg min
θ∈�

T1(θ), (2.3)

where T1(θ) = ∫ a
−a l1(t; θ)dG1(t) and G1 is a given smooth dis-

tribution function.
Before deriving the asymptotic limit of θ̂ , we need the fol-

lowing regularity conditions.

A1. E{g(t,X1; θ0)gT(t,X1; θ0)} is positive definite for t ∈
[−a,a] with some a > 0;

A2. ∂
∂θ g(t, x; θ) is continuous in θ in a neighborhood of θ0,

say �0, for t ∈ [−a,a] and x ∈ R;

A3. supθ∈�0
‖ ∂

∂θ g(t, x; θ)‖ ≤ H(t, x), where∫ a

t=−a

∫ ∞

x=−∞
H(t, x)dF(x)dG1(t) < ∞;

A4. The rank of E{ ∂
∂θ g(t,X1; θ0)} is min{2,d} for all t ∈

[−a,a], where d is the dimension of θ ;

A5. ∂2

∂θ ∂θT g(t, x; θ) is continuous in θ for θ ∈ �0, t ∈
[−a,a] and x ∈ R;

A6. supθ∈�0
‖ ∂2

∂θ ∂θT g(t, x; θ)‖ ≤ H(t, x), where H is given
in A3.

Theorem 1. Under conditions A1–A4, with probability one,
T1(θ) attains its minimum at θ̂ , which satisfies ‖θ̂ − θ0‖ ≤
n−1/3 and⎧⎪⎨

⎪⎩
Q1n(t; θ̂ ,λ1(t; θ̂)) = 0 for all t ∈ [−a,a]∫ a

−a
Q2n(t; θ̂ ,λ1(t; θ̂))dG1(t) = 0,

(2.4)
where⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Q1n(t; θ ,λ) = 1

n

n∑
j=1

1

1 + λTYj(t; θ)
Yj(t; θ),

Q2n(t; θ ,λ) = 1

n

n∑
j=1

1

1 + λTYj(t; θ)

∂YT
j (t; θ)

∂θ
λ.

(2.5)

Theorem 2. Under conditions A1–A6, for the estimator θ̂

given in Theorem 1, we have as n → ∞
√

n{θ̂ − θ0} = −
{∫ a

−a
s21(t)s

−1
11 (t)s12(t)dG1(t)

}−1

×
{∫ a

−a
s21(t)s

−1
11 (t)

√
nQ1n(t; θ0,0)dG1(t)

}

+ op(1)

d→ N(0,�)



Chan et al.: CF-Based Empirical Likelihood 1623

and

sup
−a≤t≤a

∣∣√nλ1(t; θ̂) + s−1
11 (t)

√
nQ1n(t; θ0,0)

+ s−1
11 (t)s12(t)

√
n(θ̂ − θ0)

∣∣ = op(1),

where

s11(t) = −E{Y1(t; θ0)YT
1 (t; θ0)},

s12(t) = sT
21(t) = E

{
∂

∂θ
Y1(t; θ0)

}
,

� =
{∫ a

−a
s21(t)s

−1
11 (t)s12(t)dG1(t)

}−1

×
{∫ a

−a

∫ a

−a
s21(t1)s

−1
11 (t1)�(t1, t2)s

−1
11 (t2)

× s12(t2)dG1(t1)dG1(t2)

}

×
{∫ a

−a
s21(t)s

−1
11 (t)s12(t)dG1(t)

}−1

,

and

�(t1, t2) = E{g(t1,Xt; θ0)gT(t2;Xt; θ0)}.
Next we show how the MELE becomes asymptotically effi-

cient by choosing a suitable weight function G1. For simplicity
we assume θ ∈ R, that is, d = 1. Motivated by Feuerverger and
McDunnough (1981a, 1981b), define

π(t) = 1

2π

∫
e−itx ∂ log f (x; θ0)

∂θ
dx (2.6)

and

G′
1(t) = {s21(t)s

−1
11 (t)s12(t)}−1 ∂φ(t; θ0)

∂θ
π(t), (2.7)

where f denotes the density function of Xt. By replacing the
domain of integration [−a,a] in Theorem 2 with (−∞,∞), it
can be shown that

	 =
[

E

{
∂ log f (Xt; θ0)

∂θ

}2]−1

, (2.8)

where 	 is given in Theorem 2 (the derivation is given in
next section). Hence the MELE is asymptotically efficient if the
weight function π(t) is chosen according to (2.6). In practice,
this choice may not be available owing to the lack of knowledge
of the underlying density function. Simulation study suggests
that a uniform weight function works well.

2.2 Empirical Likelihood Test

In this subsection, we give an empirical likelihood test proce-
dure for a general model specification defined by a parametric
characteristic function φ(t; θ). Here the hypotheses are

H0 :φ(t) ∈ {φ(t; θ) :∃θ ∈ �}
against

Ha :φ(t) /∈ {φ(t; θ) :∀θ ∈ �},
where � ⊂ Rd is a given set. Like Einmahl and McKeague
(2003) and Li (2003), we consider the integrated version of test

statistic, that is, T1(θ̂), where θ̂ is the parameter estimator pro-
posed in the previous section. Note that any other estimator for
θ with rate n−1/2 can also be employed.

Theorem 3. Under conditions A1–A6, we have as n → ∞,∣∣∣∣T1(θ̂) −
{
−W2

+ WT
1

{∫ a

−a
s21(t)s

−1
11 (t)s12(t)dG1(t)

}−1

W1

}∣∣∣∣ = op(1),

where

W1 =
∫ ∞

−∞

{∫ a

−a
s21(t)s

−1
11 (t)

× (cos(tx), sin(tx))T dG1(t)

}
dBn(F(x)),

W2 =
∫ ∞

−∞

∫ ∞

−∞

{∫ a

−a
(cos(tx), sin(tx))s−1

11 (t)

× (cos(ty), sin(ty))T dG1(t)

}
dBn(F(x))dBn(F(y)),

and {Bn(y) : 0 ≤ y ≤ 1} is a sequence of Brownian bridges.

Note that W2 is contributed by the plug-in estimator θ̂ , and
so the above limit is not a chi-squared distribution. As the con-
vergence in the above theorem may be slow in finite samples
and simulating the limiting distribution is not straightforward,
a bootstrap method can be employed to obtain critical values
of the test based on T1. If we only know that X1, . . . ,Xn are
iid random vectors with characteristic function φ(t; θ), then we
simply resample from X1, . . . ,Xn and compute the test statistic
T1(θ̂) based on the resample. However, in case we know that
X1, . . . ,Xn are δ increments of a Lévy process, which satisfies
some stochastic equation with unknown parameters depending
on H0 such as examples given in the simulation study below,
then the key of the bootstrap algorithm is to reproduce a sample
path under H0. Specifically, we apply the following parametric
bootstrap procedures to approximate the distribution of the test
statistic T1. An underlying assumption is that the Lévy process
{Ys}s≥0 is fully determined by a set of finite dimensional para-
meter θ under H0, so that we can write Ys as Ys(θ) to highlight
such a determination. Note that X1, . . . ,Xn are the δ increments
of Ys.

1. Generate a resample path {Y

δ , . . . ,Y


(n+1)δ} according to
the Lévy process {Ys(θ̂)}s≥0 at the same sampling fre-
quency, and reestimate the parameter θ based on the δ

increments of the resample path and denote it as θ̂


.

2. Compute a version of the test statistic T1(θ̂), say T

1(θ̂



),

based on the δ increments of the resample path {Y

δ , . . . ,

Y

(n+1)δ}.

3. Repeat steps 1 and 2 B times where B is a large number

and evaluate T
,1
1 (θ̂


,1
) ≤ T
,2

1 (θ̂

,2

) ≤ · · · ≤ T
,B
1 (θ̂


,B
).

Then, the bootstrap approximation to the α-upper quantile of
T1(θ̂) is T
,[B(1−α)]+1

1 , and a test at α significant level rejects

H0 if T1(θ̂) ≥ T
,[B(1−α)]+1
1 .
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2.3 Test for Symmetry

We now investigate the possibility of employing empirical
likelihood methods via characteristic functions to test for sym-
metry. Testings for symmetry and conditional symmetry are im-
portant for improving inference and predictions. For example,
Fan and Gencay (1995) applied their test for symmetry to a lin-
ear regression model

�Pi = β0 + β1�Mi + εi,

where �Pi is the average annual growth rate of consumer prices
and �Mi is the growth rate of the stock of currency across 83
countries, and confirmed the symmetry of εi.

Assume that F(x) is symmetric around the unknown mean μ.
Hence, E sin(t(Xj −μ)) = 0. As before, an empirical likelihood
function is defined as

R2(t;μ) = sup

{
n∏

j=1

(npj) : pj ≥ 0,

n∑
j=1

pj = 1,

n∑
j=1

pj sin(t(Xj − μ)) = 0

}
,

and the log-likelihood ratio can be obtained as

l2(t;μ) =
n∑

j=1

2 log
{
1 + λ2 sin(t(Xj − μ))

}
,

where λ2 = λ2(t;μ) satisfies
n∑

j=1

sin(t(Xj − μ))

1 + λ2 sin(t(Xj − μ))
= 0. (2.9)

Our test statistic is defined as

T2 =
∫ a

−a
l2(t; μ̂)dG2(t),

where G2 is a given symmetric distribution function around
zero and μ̂ = 1

n

∑n
j=1 Xj. Note that we could replace μ̂ by the

maximum empirical likelihood estimator as in the above sec-
tion.

Theorem 4. Assume E(|X1|3) < ∞ and F is symmetric
around the true mean μ0. Then as n → ∞∣∣∣∣T2 −

{∫ ∞

−∞

∫ ∞

−∞

{∫ a

−a

A(t, x)A(t, y)

E{sin2(t(X1 − μ0))}
dG1(t)

}

dBn(F(x))dBn(F(y))

}∣∣∣∣ = op(1),

where

A(t, x) = sin(t(x−μ0))−E
{
cos(t(X1 −μ0))

}
t
∫ ∞

−∞
s dBn(F(s))

and Bn is defined in Theorem 3.

We remark that a bootstrap method can be employed to ob-
tain critical values for the preceding limit, that is, resample from
X1, . . . ,Xn and then recalculate the test statistic T2 based on
the resample. Note that both MELE and the goodness-of-fit test
based on Tn(θ) and T1(θ̂) require specifying the tuning para-
meter a. In general, if the underlying distribution is sufficiently

smooth such that it has an infinite number of moments, then
the value of a may be chosen to be small since the characteris-
tic function near the origin t = 0 contains enough information
about the underlying model. Under such circumstances, a mod-
erate value of a would be sufficient when the sample size n is
large. For heavier tail distributions, a larger value of a would be
needed to capture more information for the underlying model.
Our simulation study shows that the value a = 1/2 and a uni-
form weight function G1 work reasonably well for the Lévy
models under consideration.

3. TESTING FOR LÉVY PROCESSES

The proposed estimation and testing methods as outlined in
Sections 2.1 and 2.2 can be used to test various hypotheses with
regard to Lévy processes. According to the Lévy–Khintchine
formula, the characteristic function φ(t) of Xj has the form

φ(t) = exp

(
δ

[
itθ1 − θ2t2/2

+
∫

J(dx)
{
exp(itx) − 1 − itxI(|x| ≤ 1)

}])
, (3.1)

where (θ1, θ2, J) is the triplet of the Lévy process and J(dx)
is the Lévy jump measure such that

∫
min{1, x2}J(dx) < ∞. If

we use 
θ = (θ1, θ2)
T to denote the parameters in the continu-

ous part of the Lévy process, we can write φ(t) as φ(t; 
θ, J) to
highlight the role of the triple. Let

φc(t; 
θ) = exp(δ[itθ1 − θ2t2/2]) and

φj(t) = exp

(
δ

[∫
J(dx) (3.2)

× {
exp(itx) − 1 − itxI(|x| ≤ 1)

}])

be, respectively, the characteristic functions of the continu-
ous and jump components. Then φ(t) = φ(t; 
θ, J) = φc(t; 
θ) ×
φj(t; J). Note that φc(t; 
θ) is in fact the characteristic function
of N(θ1, θ2).

From the Lévy–Itò decomposition (Sato 1999), the Lévy
process Ys can be written as

Ys = θ1s + θ2Ws + Y(3)
s + Y(4)

s , (3.3)

where Ws is a standard Brownian Motion, Y(3)
s is a compound

Poisson process, Y(4)
s is a pure jump martingale, and Ws,Y(3)

s ,
and Y(4)

s are mutually independent. Further, the compound Pois-
son process Y(3)

s can be written as Y(3)
s =: ∑Ns

i=1 Ji, where Ns is
a Poisson process with intensity λ, {Ji} are independent and
identically distributed random variables with distribution FJ ,
and {Ji} is independent of Ns. The characteristic function of the
increment of Y(3)

s is

φcp(t;λ,FJ) = exp

{
δ

∫
exp(itx − 1 − itx)λFJ(dx)

}
. (3.4)

Denote the characteristic function of the increment of the pure
jump process Y(4)

s as φpj(t). Then, the characteristic function
due to jump φj(t) as given in (3.2) can be written as

φj(t) = φcp(t;λ,FJ)φpj(t).
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Since characteristic functions are generally available for
Lévy processes as given above and the underlying distribution
function or probability density function may not admit an an-
alytic expression for a Lévy distribution, fitting a parametric
class of characteristic functions and conducting inference (test-
ing and estimation) based on the characteristic function consti-
tute important tools for the applications of Lévy processes in
finance and mathematical physics (see Barndorff-Nielsen, Cox,
and Klüppelberg 2001). If data comes from a Lévy process, a
relevant question is whether the data fits a class of character-
istic functions with or without jumps. To answer this question,
we could first test

H0 :φ(t) = φc(t; 
θ) for all t ∈ R and a specific 
θ ∈ � (3.5)

against

H1 :φ(t) �= φc(t; 
θ) for some t ∈ R and for all 
θ ∈ �. (3.6)

If H0 is rejected, we would entertain a Lévy process with
jumps. Further, we can also test if the jump is a compound
Poisson with a specific jump size distribution FJ = FJξ (e.g.,
the Gaussian distribution), where ξ represents extra parameters
that defines FJ . In this case, we test

H0 :φ(t) = φc(t; 
θ)φcp(t;λ,FJξ )

for all t ∈ R and a specific (
θ , λ, ξ) ∈ � (3.7)

against

H1 :φ(t) �= φc(t; 
θ)φcp(t;λ,FJξ )

for some t ∈ R and for all (
θ , λ, ξ) ∈ �. (3.8)

Besides the compound Poisson setting, the proposed set up can
also be used to test for a specific type of jump. If {Xj}n

j=1 are
iid but not necessarily the increments of a Lévy process, we can
test for the appropriateness of the characteristic function of a
particular parametrization. Specific examples of these tests are
illustrated in Section 5.

Note that characteristic functions of Lévy processes are im-
plicitly determined by the sampling interval δ as indicated in
(3.1) and (3.2). The proposed empirical likelihood based esti-
mation and testing for Lévy processes require the sampling in-
terval δ to be fixed. Nevertheless, δ can be chosen to be a fixed
small number when dealing with high frequency data.

4. SIMULATION STUDIES

4.1 Simulated Models

Using discretely observed data, simulation studies were con-
ducted to examine if the proposed empirical likelihood (EL)
estimator can effectively identify the unknown parameters of
continuous time models and if the proposed test procedure
can adequately test for the appropriateness of a hypothesized
parametric process. We consider the following three commonly
used models with known characteristic functions.

Black–Scholes Model (BS). Suppose that the log stock
price, Ys, satisfies the following stochastic differential equation:

dYs = μds + σ dWs, (4.1)

where the parameter μ reflects the drift and σ models the
volatility of the log stock prices. It is a Black–Scholes type of
model since μ and σ are assumed to be constant over time.
The Lévy triplet of this process is (μ,σ 2, J(dx) = 0), where
zero Lévy measure indicates that the sample path is continu-
ous. The increment Xj = Y(j+1)δ − Yjδ has a normal distribution
N(μδ,σ 2δ), and its characteristic function is

φ(t; θ) = exp{δ(itμ − σ 2t2/2)}.
Despite the popularity of the celebrated Black–Scholes model,
one of the main problems with the Black–Scholes model is that
the log returns of stocks are not normally distributed. They are
skewed and have kurtosis higher than that of a normal distri-
bution. Recently, models with jumps that are able to capture
skewness and excess kurtosis have been proposed. Two most
commonly used models are: finite-activity jump processes and
infinite-activity jump processes.

Black–Scholes Model With Merton Jumps (BS-MJ). Con-
sider the model

dYs = μds + σ dWs + Js dNs, (4.2)

where Ns is a Poisson process with intensity parameter λ >

0 and Js is the jump size following a normal distribution
N(μJ, σ

2
J ), independent of Ws. The jump part in (4.2) is a

compound Poisson process proposed in Merton (1976), hence
it is also called Merton jumps. The Lévy triplet of BS-MJ
process is (μ,σ 2, J(dx) = λfJ(x)dx) where fJ(x) is the density
of N(μJ, σ

2
J ). Since the Lévy measure J(dx) is integrable, that

is, J(R) = ∫ ∞
−∞ λfJ(x)dx = λ < ∞, the process of (4.2) is called

a finite activity jump process which allows a finite number of
jumps within any finite time interval. Although the increment
Xj does not have closed form density, its characteristic func-
tion is given by φ(t; θ) = exp{δ[itμ − σ 2t2/2 + λ(exp(iμJt −
σ 2

J t2/2) − 1)]}.
Motivated by the fact that the Poisson processes can be well

approximated by Bernoulli processes if the interval is small, we
simulated the sample paths of (4.2) by the following discretiza-
tion:

Ys+δ − Ys = μδ + σ
√

δZ +
200∑
k=1

wk,

where Z is a standard N(0,1), wk = NkJk, P(Nk = 1) =
λ δ

200 exp(−λ δ
200 ), and Jk ∼ N(μJ, σ

2
J ).

Variance Gamma Model (VG). The class of Variance
Gamma (VG) distributions was introduced by Madan and
Seneta (1987) as a model for stock returns. One way of defin-
ing a VG process is by means of a (Gamma) time-changed
Brownian motion with drift. More precisely, let Gs be a Gamma
process with the unit mean rate and the variance rate of ν, that
is, with parameters (1/ν, ν) where ν > 0. Let Ws denote a stan-
dard Brownian motion, σ > 0 and μ ∈ R, then the VG process
Ys with parameters μ,σ > 0, and ν > 0 is defined as

dYs = μdGs + σ dWGs, (4.3)



1626 Journal of the American Statistical Association, December 2009

where the calender time s in (4.1) is replaced by a random
time Gs. The Lévy triplet of (4.3) is (γ,0, J(dx)), where

γ = C(MG)−1(G(exp(−M) − 1) − M(exp(−G) − 1)
)
,

J(dx) =
{

C exp(Gx)|x|−1, x < 0

C exp(−Mx)x−1, x > 0,

C = 1/ν, M = (
√

2σ 2/ν + μ2 − μ)/σ 2, and G =
(
√

2σ 2/ν + μ2 + μ)/σ 2.
This Lévy measure has infinite mass, hence a VG process has

infinitely many jumps in any finite time interval. The density
form of Xj is not known, but the characteristic function of Xj
is φ(t; θ) = (1 − itμν + σ 2νt2/2)−δ/ν . Note that when μ = 0,
the characteristic function becomes a real-valued function, in-
dicating that the density of Xj is symmetric under this situa-
tion. Negative (positive) values of μ result in negative (positive)
skewness and the parameter ν primarily controls the kurtosis.
Explicit expressions for the first three central moments of the
return distribution over an interval of length δ were derived in
Madan, Carr, and Chang (1998) and are given as follows:

E[Xj] = μδ, (4.4)

E
[
(Xj − E(Xj))

2] = (μ2ν + σ 2)δ, (4.5)

E
[
(Xj − E(Xj))

3] = (2μ3ν2 + 3σ 2μν)δ. (4.6)

We simulated the sample path from this process by

Ys+δ − Ys = μg + σ
√

gZ,

where Z is a standard N(0,1), g is distributed as �(δ/ν, ν) and
is independent of Z.

For each model, we simulated 500 sample paths each of size
n = 125, 250, 500, and 1000 starting at the initial value Y0 = 0
with weekly frequency (δ = 1/52). By choosing the uniform
weight function G1(t), T1(θ) in (2.3) can be approximated by
the Riemann sum of l1(t; θ) defined in (2.1) evaluated at a num-
ber of equally spaced grid values of t in [−a,a], where a = 1/2.
We have also conducted simulation studies for other value of a
(not reported here). The results were very similar to a = 1/2,
indicating that the estimates are not sensitive to the choice of
a for the Lévy models considered. In our simulation and case
study, we set the number of grids equal to 100.

We first evaluate the quality of the proposed maximal EL es-
timator by estimating the parameters of these models using all
simulated sample paths. We then construct three examples to
evaluate the performance of the proposed tests in model valida-
tion. The three hypotheses are:

Test 1. H0 : the process is the BS model (4.1). For computing
powers of the proposed empirical likelihood test, we simulated
data from the BS model with Merton jumps (4.2).

Test 2. H0 : the process is the VG model (4.3) with μ = 0.
For computing powers of the test, we simulated data from the
VG model with nonzero drift μ.

Test 3. H0 : the process is the BS-MJ model (4.2). For power
calculation, we simulated data from the VG model (4.3) with
infinity-activity jumps.

4.2 Simulation Results

Table 1 reports the empirical means and standard errors of
the parameter estimates obtained from the 500 simulated sam-

ple paths, as well as the true parameter values used for gener-
ating the data. When the sample size increases, standard errors
of the estimates decreases, indicating the consistency of the es-
timators. We note that from Table 1(a) for the BS model where
the maximum likelihood estimator (MLE) is available, the pro-
posed maximal EL estimates are very close to the MLEs. For
VG model, although the density is not available in closed form,
the moments exist as explicit functions of unknown parameters
as shown in (4.4)–(4.6). We also applied the method of mo-
ments (MME) to estimate the parameters so that they can be
compared with the EL estimates [Table 1(c)]. It is interesting to
find that for parameters μ and σ the maximal EL estimates are
consistently more efficient than the MMEs over all the sample
sizes considered. For the parameter ν, the maximal EL estimate
has smaller standard errors than the MMEs for small sizes of
n = 125 and 250, while the MMEs performed better for larger
sample sizes of n = 500 and 1000. For BS-MJ model, where no
MLE or MME to compare with, the proposed estimates as re-
ported in Table 1(b) are reasonably close to the true values and
the standard errors decrease as the sample size increases.

Table 2 reports the empirical sizes and powers of the pro-
posed tests based on B = 250 bootstrap resample paths for each
simulated data used in the estimation for n = 125, 250, and
500. We observe that the tests gave satisfactory sizes under
BS model. The sizes under BS-MJ and VG (μ = 0) models
were slightly underestimated. But when the sample sizes in-
crease, the rejection rates get closer to the nominal level 0.05.
In the first test where we used data with jumps (BS-MJ) to test
the continuous diffusion model BS, the powers are very high,
achieving 97% even for the smallest sample size. For the sec-
ond example where we used data from the asymmetric distri-
bution (VG with μ �= 0) to test the symmetric structure (VG
with μ = 0) and the third example where we used the infinity-
activity jump data (VG) to test the finite activity jump process
(BS-MJ), the powers are lower than those of the first test, rang-
ing from 17% to 70%, across different sample sizes. This might
be due to the fact that the parameters can be more precisely es-
timated under BS model than under BS-MJ and VG models (as
seen in Table 1) since the latter two models are more complex
with more parameters. These simulation results suggest that the
proposed maximal EL estimator accurately estimates model pa-
rameters and the proposed testing procedure adequately exam-
ines the validity of a specific parametric setup.

5. CASE STUDY

It is now a well known fact that Lévy models provide a better
fit to many financial time series; see Cont and Tankov (2004)
for details. In this section, we examine empirically whether our
proposed testing procedure can adequately check for the valid-
ity of the Lévy jump models in modeling the return dynamics
of the S&P500 index.

We computed summary statistics of the continuously com-
pounded returns of the S&P500 index (the log difference of in-
dex levels) between January 2, 1987 and December 31, 2007.
The index is sampled at weekly frequency, and in total we have
1059 observations. The mean weekly rate of return is 0.002 and
the volatility is 0.021. Figure 1 plots the level and log difference
of the S&P500 index. The sample period covers some major
events in the history of the U.S. stock market, such as the stock
market crash of 1987, the long boom in the late 1990 and the
9/11 crash in 2001.
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Table 1. Empirical averages and their standard errors (in parentheses) of the maximum likelihood estimates (MLE) or
the method of moments estimates (MME) and the proposed empirical likelihood estimates (EL) under the three models

(a) Black–Scholes model (BS)

n μ = 0.05 σ = 0.3

125 MLE 0.044 (0.192) 0.298 (0.019)
EL 0.043 (0.192) 0.297 (0.019)

250 MLE 0.047 (0.133) 0.299 (0.014)
EL 0.048 (0.133) 0.299 (0.014)

500 MLE 0.051 (0.097) 0.300 (0.010)
EL 0.051 (0.097) 0.299 (0.010)

1000 MLE 0.047 (0.068) 0.300 (0.007)
EL 0.047 (0.068) 0.300 (0.007)

(b) Black–Scholes model with Merton jumps (BS-MJ)

n μ = 0.05 σ = 0.3 λ = 2.0 μJ = −2.0 σJ = 6.0

125 EL 0.223 (1.465) 0.522 (0.976) 1.913 (1.078) −2.508 (3.619) 4.197 (2.458)
250 EL 0.120 (1.055) 0.506 (0.975) 1.838 (0.755) −2.285 (2.519) 5.153 (1.750)
500 EL 0.060 (0.695) 0.443 (0.798) 1.942 (0.551) −2.008 (1.574) 5.644 (1.140)

1000 EL 0.096 (0.472) 0.428 (0.746) 1.936 (0.380) −2.095 (1.052) 5.945 (0.743)

(c) Variance Gamma model (VG)

n μ = −0.3 σ = 0.3 ν = 2.0

125 MME −0.283 (0.315) 0.289 (0.237) 0.770 (2.283)
EL −0.258 (0.256) 0.231 (0.170) 0.841 (1.310)

250 MME −0.293 (0.222) 0.333 (0.204) 1.230 (3.115)
EL −0.270 (0.195) 0.279 (0.147) 0.897 (1.114)

500 MME −0.292 (0.159) 0.344 (0.140) 1.131 (0.618)
EL −0.283 (0.148) 0.303 (0.112) 1.102 (0.958)

1000 MME −0.299 (0.118) 0.342 (0.100) 1.387 (0.651)
EL −0.297 (0.117) 0.305 (0.075) 1.450 (0.779)

Table 2. Size and power evaluations (in
percentage) under the three test settings

Size Power

(a) H0 : BS model versus
H1 : BS model with Merton jumps

n = 125 4.2 97
n = 250 5.0 100
n = 500 4.6 100

(b) H0 : Symmetric VG model (μ = 0) versus
H1 : Asymmetric VG model μ �= 0

n = 125 3.4 17
n = 250 4.0 52
n = 500 4.6 70

(c) H0 : BS model with Merton jumps versus
H1 : VG model

n = 125 3.8 17
n = 250 4.0 44
n = 500 4.0 71

Figure 1. The weekly time series of the level and log change of the
S&P500 index from January 2, 1987 to December 31, 2007.

http://pubs.amstat.org/action/showImage?doi=10.1198/jasa.2009.tm08349&iName=master.img-000.png&w=210&h=182
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Table 3. Empirical estimation for the S&P500 index between
January 2, 1987 and December 31, 2007

(a) Black–Scholes model (BS)

μ σ

MLE 0.086 (0.032) 0.154 (0.003)
EL 0.086 (0.032) 0.154 (0.003)

(b) BS model with Merton jumps (BS-MJ)

μ σ λ μJ σJ

EL 0.121 0.125 1.495 −0.026 0.064
(0.026) (0.015) (0.395) (0.015) (0.013)

(c) Variance Gamma model (VG)

μ σ ν

EL 0.080 (0.017) 0.120 (0.038) 1.056 (0.884)

The proposed parameter estimates for the three models con-
sidered are reported in Table 3. For BS model, the maximal
EL estimates are very close to the MLEs. The maximal EL
estimates of the drift μ is 0.085 for both BS and VG mod-
els, which lead to the estimated mean of log returns, μ̂δ =
0.085/52 = 0.002, which is equal to the summary statistic of
the mean log returns (0.002). The estimate of the drift μ under
BS-MJ model is 0.110, higher than those of other two mod-
els. This is because the mean of log returns under BS-MJ is
(μ + μJλ)δ and the model is estimated with a negative mean
jump size (μJ < 0). As a result, μ needs to be bigger to revert
the overall mean return level as reflected in the data. The esti-
mated volatility of the log returns under the BS model is σ̂

√
δ =

0.154
√

1/52 = 0.021, which is equal to the summary statistic
of the volatility for the log returns (0.021). The maximal EL
estimates of σ for BS-MJ and VG are 0.129 and 0.126, respec-
tively, lower than that of BS model (0.154). This indicates that
including jumps in the process capture large movements and
consequently the volatility of the Brownian motion part does
not have to be as big as before. In BS-MJ model, our estimates
of jump parameters suggest that about 1.5 jumps occur per year
with a negative average jump size (−0.017) and a standard de-
viation of 0.065, which is consistent with the empirical find-
ing that there are always bigger negative spikes observed than
the positive ones in the S&P500. Under VG model, the esti-
mated standard deviation of the log returns is

√
(μ̂2ν̂ + σ̂ 2)δ =√

(0.0852 × 1.059 + 0.1262)δ = 0.021, which is the same as
the summary statistic of the volatility for log returns. Overall,
the maximal EL estimator provides reasonable parameter esti-
mates.

We also applied the proposed test to test for the appropriate-
ness of the three parametric models considered. We tested the
VG model with zero drift, that is, the symmetric VG model.
Table 4 reports the p-values of the tests, as well as the test sta-
tistics and the approximated critical value of the tests based on
500 bootstrap resamples. The significant level of tests is 0.05.
There is no empirical support for BS model. This is not sur-
prising since many empirical evidence revealed that the classi-
cal Black–Scholes model does not constitute a suitable model

Table 4. p-values for the S&P500 data under four models

Test stats l∗0.05 p-values

BS 3.002 1.493 0.0
BS-MJ 5.410 17.668 0.736
VG (μ = 0) 6.412 3.891 0.010
VG (μ �= 0) 3.477 6.288 0.328

for financial time series. We rejected the symmetric VG model
due to the very low p-values (0.01), which is consistent with
the fact that significant skewness are observed for log returns of
indexes. By allowing a nonzero drift in VG model, we fail to re-
ject the asymmetric VG model (p-value = 0.328). By including
the Merton jumps into the BS model, the p-value changed from
0 for BS model to 0.736 for BS-MJ model. This implies that
adding jumps (finite or infinite activity rate) does help capturing
the underlying dynamics of the S&P500 index. In conclusion,
our analysis demonstrates the empirical relevance of the Lévy
jump models in modeling the S&P500 index returns.

6. PROOFS

Proof of Theorem 1. It can be shown in the same way as in
the proof of lemma 1 of Qin and Lawless (1994).

Proof of Theorem 2. It is easy to check that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂θ
Q1n(t; θ0,0) = 1

n

n∑
j=1

∂

∂θ
Yj(t; θ0)

p→ s12(t),

∂

∂λT Q1n(t; θ0,0) = −1

n

n∑
j=1

Yj(t; θ0)YT
j (t; θ0)

p→ s11(t),

∂

∂θ
Q2n(t; θ0,0) = 0,

∂

∂λT Q2n(t; θ0,0) = 1

n

n∑
j=1

∂

∂θ
YT

j (t; θ0)
p→ s21(t)

(6.1)
uniformly in t ∈ [−a,a]. Put δn = ‖θ̂ − θ0‖ + sup−a≤t≤a ‖λ1(t;
θ̂)‖. Then, by Taylor expansions, we have

0 = Q1n(t; θ̂ ,λ1(t; θ̂))

= Q1n(t; θ0,0) + ∂Q1n(t; θ0,0)

∂θ
(θ̂ − θ0)

+ ∂Q1n(t; θ0,0)

∂λT λ1(t; θ̂) + op(δn) (6.2)

uniformly in t ∈ [−a,a], and

0 =
∫ a

−a
Q2n(t; θ̂ ,λ1(t; θ̂))dG1(t)

=
∫ a

−a

{
Q2n(t; θ0,0) + ∂Q2n(t; θ0,0)

∂θ
(θ̂ − θ0)

+ ∂Q2n(t; θ0,0)

∂λT λ1(t; θ̂)

}
dG1(t) + op(δn). (6.3)

It follows from (6.2) that

λ1(t; θ̂) = −s−1
11 (t)Q1n(t; θ0,0)

− s−1
11 (t)s12(t)(θ̂ − θ0) + op(δn). (6.4)
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Substituting (6.4) into (6.3), we get

θ̂ − θ0 = −
{∫ a

−a
s21(t)s

−1
11 (t)s12(t)dG1(t)

}−1

×
{∫ a

−a
s21(t)s

−1
11 (t)Q1n(t; θ0,0)dG1(t)

}

+ op(δn). (6.5)

Hence the theorem follows from (6.4) and (6.5).

Proof of (2.8). Define M = 1
2

(
1
−i

1
i

)
, ε(t,Xj; θ) =

exp{itXj} − φ(t; θ), and let ε̄(t,Xj; θ) denotes the conjugate of
ε(t,Xj; θ). Then

g(t,Xj; θ) = M
(

ε(t,Xj; θ)

ε̄(t,Xj; θ)

)
. (6.6)

It is easy to check that

E

{
∂

∂θ
ε(t,Xj; θ0)

}
= − ∂

∂θ
φ(t; θ0) (6.7)

and

E

{
∂

∂θ
ε̄(t,Xj; θ0)

}
= − ∂

∂θ
φ̄(t; θ0). (6.8)

Hence ∫
s21(t)s

−1
11 (t)s12(t)dG1(t)

=
∫

π(t)
∂φ(t; θ0)

∂θ
dt

= ∂

∂θ

{∫ ∫
π(t)f (x; θ)eitx dx dt

}∣∣∣∣
θ=θ0

= ∂

∂θ

{∫
∂ log f (x; θ0)

∂θ
f (x; θ)dx

}∣∣∣∣
θ=θ0

=
∫ {

∂ log f (x; θ0)

∂θ

}2

f (x; θ0)dx dy

= E

{
∂ log f (Xj; θ0)

∂θ

}2

. (6.9)

It follows from (2.6), (2.7), (6.6)–(6.8) that{
s21(t)s

−1
11 (t)MG′

1(t) = π(t)(−1,0),

MTs−1
11 (t)s12(t)G′

1(t) = π(t)(−1,0)T.
(6.10)

It is easy to check that

E{ε(t1,Xj; θ0)ε(t2,Xj; θ0)}
= φ(t1 + t2; θ0) − φ(t1; θ0)φ(t2; θ0)

:= a11(t1, t2), (6.11)

E{ε(t1,Xj; θ0)ε̄(t2, ,Xj; θ0)}
= φ(t1 − t2; θ0) − φ(t1; θ0)φ̄(t2; θ0)

:= a12(t1, t2), (6.12)

E{ε̄(t1,Xj; θ0)ε(t2,Xj; θ0)}
= φ(−t1 + t2; θ0) − φ̄(t1; θ0)φ(t2; θ0)

:= a21(t1, t2), (6.13)

E{ε̄(t1,Xj; θ0)ε̄(t2,Xj; θ0)}
= φ(−t1 − t2; θ0) − φ̄(t1; θ0)φ̄(t2; θ0)

:= a22(t1, t2), (6.14)

and

�(t1, t2) = M
(

a11(t1, t2) a12(t1, t2)

a21(t1, t2) a22(t1, t2)

)
MT. (6.15)

By (6.11)–(6.15), we have∫ ∫
s21(t1)s

−1
11 (t1)�(t1, t2)s

−1
11 (t2)s12(t2)dG1(t1)dG1(t2)

=
∫ ∫

a11(t1, t2)π(t1)π(t2)dt1 dt2. (6.16)

It is straightforward to check that∫
φ(t1 + t2; θ0)π(t1)dt1

= 1

2π

∫ ∫
φ(t1 + t2; θ0)

∂ log f (x; θ0)

∂θ
exp{−ixt1}dx dt1

=
∫

f (x; θ0) exp{it2x}∂ log f (x; θ0)

∂θ
dx (6.17)

and ∫
φ(t1; θ0)φ(t2; θ0)π(t1)dt1

= φ(t2; θ0)
1

2π

×
∫ ∫

φ(t1; θ0)
∂ log f (x; θ0)

∂θ
exp{−ixt1}dx dt1

= φ(t2; θ0)

∫
f (x; θ0)

∂ log f (x; θ0)

∂θ
dx

= 0. (6.18)

Hence (2.8) follows from (6.16) and (6.18).

Proof of Theorem 3. It follows from standard arguments in
empirical likelihood methods and Theorem 2 that

T1(θ̂) =
∫ a

−a

{
2nλT

1 (t; θ̂)Q1n(t; θ̂ ,0)

− λT
1 (t; θ̂)

{
n∑

j=1

Yj(t; θ̂)YT
j (t; θ̂)

}
λ1(t; θ̂)

}
dG1(t)

+ op(1)

=
∫ a

−a

{
2nλT

1 (t; θ̂)Q1n(t; θ0,0)

+ 2nλT
1 (t; θ̂)

∂Q1n(t; θ0,0)

∂θ
(θ̂ − θ0)

+ nλT
1 (t; θ̂)s11(t)λ1(t; θ̂)

}
dG1(t) + op(1)

=
∫ a

−a

{−nQT
1n(t; θ0,0)s−1

11 (t)Q1n(t; θ0,0)

− n(θ̂ − θ0)
Ts21(t)s

−1
11 (t)Q1n(t; θ0,0)

}
dG1(t)

+ op(1). (6.19)
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Define Fn(x) = 1
n

∑n
i=1 I(Xi ≤ x) and αn(x) = √

n{Fn(x) −
F(x)}. Then,

sup
x∈R

∣∣αn(x) − Bn(F(x))
∣∣ = O

(
n−1/2 log n

)
a.s. (6.20)

(see Kómlos, Major, and Túsnady 1975). By (6.20),

√
n
∫ a

−a
s21(t)s

−1
11 (t)Q1n(t; θ0,0)dG1(t)

=
∫ ∞

−∞

{∫ a

−a
s21(t)s

−1
11 (t)(cos(tx), sin(tx))T dG1(t)

}
dαn(x)

=
∫ ∞

−∞

{∫ a

−a
s21(t)s

−1
11 (t)

× (cos(tx), sin(tx))T dG1(t)

}
dBn(F(x)) + op(1) (6.21)

and

n
∫ a

−a
QT

1n(t; θ0,0)s−1
11 (t)Q1n(t; θ0,0)dG1(t)

=
∫ ∞

−∞

∫ ∞

−∞

{∫ a

−a
(cos(tx), sin(tx))s−1

11 (t)

× (cos(tx), sin(tx))T dG1(t)

}
dαn(x)dαn(y)

=
∫ ∞

−∞

∫ ∞

−∞

{∫ a

−a
(cos(tx), sin(tx))s−1

11 (t)

× (cos(ty), sin(ty))T dG1(t)

}
dBn(F(x))dBn(F(y))

+ op(1). (6.22)

Hence, the theorem follows from (6.19), (6.21), and (6.22).

Proof of Theorem 4. By (6.20), we have

√
n{μ̂ − μ0} =

∫ ∞

−∞
x dBn(F(x)) + op(1). (6.23)

By standard arguments in empirical likelihood methods, it can
be shown that

sup
−a≤t≤a

∣∣∣∣l2(t; μ̂) − {∑n
j=1 sin(t(Xj − μ̂))}2∑n

j=1{sin(t(Xj − μ̂))}2

∣∣∣∣ = op(1). (6.24)

Write

sin(t(Xj − μ̂))

= sin(t(Xj − μ0))

− cos(t(Xj − μ0))t(μ̂ − μ0)(1 + op(1)). (6.25)

Hence, Theorem 4 follows from (6.23), (6.24), (6.25), and
(6.20).

[Received June 2008. Revised February 2009.]
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