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The theory of conventional line transect surveys is based on an essential assumption that 100%
detection of animals right on the transect lines can be achieved. When this assumption fails,
independent observer line transect surveys are used. This paper proposes a general approach, based
on a conditional likelihood, which can be carried out either parametrically or nonparametrically, to
estimate the abundance of non-clustered biological populations using data collected from
independent observer line transect surveys. A nonparametric estimator is specifically proposed
which combines the conditional likelihood and the kernel smoothing method. It has the advantage
that it allows the data themselves to dictate the form of the detection function, free of any subjective
choice. The bias and the variance of the nonparametric estimator are given. Its asymptotic normality
is established which enables construction of confidence intervals. A simulation study shows that the
proposed estimator has good empirical performance, and the confidence intervals have good
coverage accuracy.
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1. Introduction

Line transect sampling has been used for estimating the abundance of biological
populations for decades. It has been a practical approach for wildlife management. The
population density D of a non-clustered biological population is defined as D = N/A,
where N is the unknown population size and A is the area occupied by the population. To
estimate D, an observer traverses a distance L along randomly generated non-overlapping
transect lines within the survey area. Each object sighted from the transect lines is counted
and its perpendicular distance (also called sighting distance) from the line is measured.
Comprehensive reviews on line transect survey are available in Seber (1982) and
Buckland ef al. (1993).

An essential assumption in the theory of traditional line transect surveys is that 100%
detection of animal objects is achieved on the transect lines. Let g(x), commonly called the
detection function, be the conditional probability of detecting an object given that the
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object is at perpendicular distance x from the transect line. Thus, the assumption means
g(0) = 1. This has been regarded as a reasonable assumption in line transect surveys.
However, it has been revealed that the assumption may not be true all of the time, as shown
by experimental survey conducted by Laake (1978) and whale surveys reported by
Butterworth and Borchers (1988), Schweder (1990) and others.

To obtain information about g(0) and to estimate animal abundance when g(0) <1,
independent observer line transect surveys have been proposed (Butterworth and
Borchers, 1988). Two observers are employed to detect animals independently of each
other. A third person acts as a coordinator to identify which objects are detected by both of
the observers, and which by only one of them. This relates to the method of mark-
recapture, as the objects sighted by both can be viewed as recaptures. It is based on this
relationship that Alpizar-Jara and Pollock (1996) used variations of the Lincoln-Petersen
estimators for line transect surveys by grouping the sighting distances into categories.
Borchers, Zucchini and Fewster (1998) proposed mark-recapture models for line transect
data; and Borchers, Buckland, Goedhart er al. (1998) proposed Horvitz-Thompson type
estimators. Parametric assumptions for the detection functions were made by the above
authors.

In this paper, a different approach, largely independent of the existing mark-recapture
methods, is considered. It involves first an estimation of the effective search width by a
conditional likelihood based on the detection information of the two observers. Then,
estimation of the probability density function of the sighting distances is used to finalize
the effective search width estimation. A general framework for estimating D is proposed,
which is a generalized form of the Petersen estimator. This framework has the flexibility to
be used for both parametrical and nonparametrical estimation. It also has the ability to
measure the amount of non-uniform detection through a key quantity o. A nonparametric
estimator based on the kernel smoothing method is specifically studied as it allows the data
themselves to dictate the shape and the form of the detection functions, free of any
subjective choice.

The paper is structured as follows. Section 2 introduces some notations and outlines the
problem. A general estimator for D is given in Section 3. Section 4 introduces a
nonparametric estimator based on the kernel method. Its properties are studied in Section
5. Confidence intervals are proposed in Section 6. Section 7 discusses how to choose the
smoothing bandwidth. Laake (1978)’s stake data is analyzed in Section 8. Section 9
reports a simulation study, followed by a general discussion in Section 10.

2. Notations and outlines

LetX,,X,,...,X, be the perpendicular sighting distances obtained from # sightings from a
conventional single observer line transect survey, and f be the common probability density
function of the sighting distances. It is convenient to use signed sighting distances for the
nonparametric estimator proposed in this paper. Signed sighting distances are natural in
line transect surveys as sightings are made on both sides of the transect lines. Let w be the
maximum perpendicular distance on either side of the transect line, and g(x) be the
detection function. Let P, be the probability of detecting an animal. Then, as shown in
Seber (1982), Py = [ g(x)dx/(2w). If the transect lines are allocated randomly,
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w

E(n) = NP, = LD/ g(x)dx. (2.1)

—w

Then, a classical estimator for D is

A n
b=r0 (2.2)

where ji is an estimator for the effective search width u = ffw g(x)dx.
A well known relationship between the density f and the detection function is

f(x) = g(x)/p. (2.3)

Under the assumption that g(0) = 1, the estimator in (2.2) becomes

nf (0)
T

ﬁ:

(2.4)

In this case, the estimation of D becomes an estimation of f(0). If g(0) < 1, the estimator in
(2.4) has severe bias and should not be used. However, the original estimator (2.2) can still
be used, and the estimation becomes primarily one for u.

To gain information about y under g(0) < 1, two independent observers are employed to
make independent detection. Suppose n; and n, animal objects are detected by the two
observers respectively, and n,; objects are detected by both. Let X;;,X,,...,X;, and
X501, X9, ..., X5, be the perpendicular sighting distances by the two observers
respectively. Let g; and f;, i =1 and 2, be the detection and the probability density
functions of the ith observer respectively.

Let nyg =n; —n;; be the number of sightings by the first observer only, and
ny; = n, — n;; be that by the second observer only. Then n = n;y + ny; + ny; is the total
number of sightings by both observers. Define

1= / gi(x)dx

to be the effective search width for the i-th observer. Let g(x) = g;(x) + g,(x)—
g1(x)g,(x) be the joint detection function. Then the joint effective search width y = p,+
Hy — oty Where

2= [ hned

3. General estimators for u and D

The approach proposed in this paper first estimates u by the conditional likelihood method
outlined below, and then substitutes the estimate back to (2.2) to obtain estimator for D.
Conditional on n, (1, ng;,n;;) is distributed as a multinomial distribution

Mult(n, Py, Po;, Pyy)

where
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Py = (s —oquupir) /1, Py = (o — oty iip) /i, and Py = oy fir /

are the conditional probabilities. Using the well known conditional likelihood method, the
conditional likelihood for yu;, 1, and « is

= oo\ [y — o\ (o \ ™"
Ll o) = (M= 200 ) (M=l ) (s ) (1)

It 1 1

where C is a constant free of y;, u, and o. The above conditional likelihood is part of the
full likelihood given in Borchers, Zucchini and Fewster (1998). The sighting distances do
not appear in the above conditional likelihood, but will be utilized separately in the
estimation of « later. This treatment of the sighting distances provides two advantages.
One is that the computation is largely simplified as the full likelihood is not used. The
other is that the estimation can be carried out nonparametrically.

Given o, the values of u; and p, which maximize the conditional likelihood (3.1) are,
respectively,

py = nyy/(eny)  and gy =ny/(on).
Thus

_ Lnny (3.2)

oangn,

To develop an estimator for u, « has to be estimated first. Notice that

2= [ R = BAM) = B X))

where X, and X, represent the sighting distance of the first and the second observers
respectively. Using the method of moments, a general estimator for « is either

ny

b =n' Zfl (Xy) or a=n' Zfz(xu) (33)

Jj=1 Jj=1

where f'l and f'z are probability density estimators for f; and f, respectively. If the kernel
density estimation is used to estimate f; and f,, &, and &, are equivalent to each other as
shown in the next section.

Substitute the method of moments estimator & into (3.2), an estimator for u is

PR (3.4)

poL_mm (3.5)

Note that ny7,/ny; is just the Petersen estimator for N used in mark-recapture experiments
by assuming uniform probability of detecting animals. In a line transect survey, the
detection probability is not uniform and depends on the perpendicular distance from the
transect lines. This non-uniform detection is taken care of by o. The key of this paper is to
estimate o = [ f, (x)f5(x)dx. Other authors (Butterworth and Borchers, 1988) proposed
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scheme of estimation involving [ g;(x)g,(x)dx, which can not be formulated in a simple
form like (3.3) and requires estimation of two detection functions.

It remains only to specify the probability density estimator fl used in (3.3). The main
attraction of the proposed approach is that both the parametric and nonparametric
estimators for & can be used. A parametric estimator assumes parametric forms for the
detection functions g; and g,, and o is estimated parametrically. An outline of the
parametric implementation is discussed in Section 10. A nonparametric estimator, for
instance the kernel or the Fourier series estimators, requires fewer assumptions about the
detection process.

4. A kernel estimator

In this section a nonparametric estimator for o;, which is based on kernel estimation for f,
is considered. The kernel method has been used in line transect surveys by Buckland
(1992), Chen (1996a) and (1996b), and Mack and Quang (1998), and in point transect
surveys by Quang (1993). A standard kernel density estimator for f is

fix) ZK( X"> (4.1)

i=1

where K is a kernel function and /% is a smoothing bandwidth which determines the amount
of smoothing used. The kernel function K is usually a symmetric probability density
function itself.

An estimator for o based on the kernel density estimator (4.1) is

R ny non X2 Xll
o= n2 ;! Zfl ij nlf’lzh Z ZK( J ) (42)
j=1 i=1j=1

When only the absolute sighting distances are available, the reflected kernel density
estimator for f] used in Buckland (1992) and Chen (1996a) should be used, and

£16) = () Z{K<‘Tx) () }

1

The corresponding estimator for o is

mm X, — X, X, + X,
G = *IZf, (Xy) = (mynyh)” 'ZZ{K(ZJh 1>+K<2’h ‘>}

j=1 i=1j=1

5. Properties of & and D

In evaluating the performance of & and D we assume that

(i) K is a positive symmetric kernel; (ii) #—0 as L—o0; and (iii) f; have

bounded third derivative and / | fi(x)|dx< oo for i = 1 and 2. (5.1)
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We first study the properties of &. Conditioning on n;, and from the standard results on
kernel density estimation (for instance those given in Silverman, 1986),

E{fl(X)\nl}Zfl(H i} {(x) +O(r*) and (5.2)

Var{f,(x)|m } = (nh) " RK)f (x){1 + o(1)} (5:3)

where ak [ K (t)dr and R(K) = [ K*()dt.
Let X, = (X5, . .- ;X5,,) be the second sighting sample. Using the conditional
expectation and (5.2)

X ZE{ﬂ(ij)‘fbnz}

i=1

E(8) = E{E(IX,,m)} = E

lz{ﬁ X5) +5 hza (ij)+0(h3)}

j=1

:a+%h2ak /_Wf (xX)fs (x)dx + O (). (5.4)

So, & is an asymptotically unbiased estimator for o as L— co.
By conditional expectation

Var(&) = E{Var(&|X,,n,,n,)} + Var{E(&|X,,n,,n,)}. (5.5)

Using (5.3)

n
Var(&|X,, ny,n) = Var{n;"' Zfl (X))|Xa, 1y, 11}

Jj=1

= n2_2 Z Var{fl (ij)lfza nl}

Jj=1

= (mn3h)~ ZR (K)fi (Xo){1 +o(1)}.

j=1
Thus, the first term on the right side of (5.5) is
E(Var(a|X>, my,n,)} = aR(K)h ™ E{(n;n,)""}. (5.6)

From the derivation for (5.4),
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~ o~ _ nz 1 "
Var( B o)} = Va5 Y11 () + 302, () + 00
i=1

= Var{f;(X;)) }E(n; ' ){1 + o(1)}

_ {/wlflz(x)fz(x)dx— aZ}E<n2—'){1 —|—0(1)}. (5.7)

Combining (5.6) and (5.7) and ignoring the remainder terms we have

Var(i)x RO B )+ { [ R -2 0| 69

As & is a two-sample U-statistic,
a—N{E(&),Var(a)} in distribution as L—o0 (5.9)

based on a result in Lehmann (1951).
Let y = nyny/n;; be the Petersen estimator. It may be shown that

y/L—D/o in probability as L—oo. (5.10)
Combining (5.9) and (5.10) we have
D—N{D,Var(D)} in distribution as L— oo (5.11)

where Var(D) = D*{Var(&)/E?(a) + Var(y)/E2(y)} = D*{cV?(&) + c(y)} as E(ya)
= E(y)E(a).

6. Confidence intervals

The asymptotic result in (5.11) can be used to construct confidence intervals for D.
However, Var(D) has to be estimated which, in turn, requires estimation of Var() and
Var(y).

An estimator for Var(&) can be derived based on the asymptotic variance given in (5.8).
Let B = [" fE(x)fa(x)dx = E{f}(Xy;)}, which can be estimated by

B=n'y fi(Xy).
j=1

An estimator for Var(&) is
Var(6) = aR(K)h™ " (nyny) " + {B — 62y . (6.1)

Let Py =P,y + P, and P, = Py + P, where Py,,P,, and P, are the conditional
probabilities used in Section 3 to derive the conditional likelihood. Derivation (deferred
until the Appendix) shows that, under the multinomial distribution of (n;(, 1y, 1,;) given
n=nyy+ng + nyy,
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Var(y) = vE(n) + Var(n)P1P3 /P, (6.2)
where v = P, P,(P\P, /P, — 1 — Py Pyy)/P3,. If n is Binomial (N, P) distributed where
P = p/w= (i + pp — ot jip) /w then
Var(y) = vE(n) + E(n)(1 — u/w)PiP3/Pi,.

Let }3[ =n;/nfori=1and2and ﬁjk = ny/nforj=0or1andk = 0 or 1 respectively;
v be an estimator for v by substituting the above estimated probabilities into the formula
for v given above, and jt = n/(yd). Then, an estimator for Var(y) is

Var(y) = in+ (1 — ji/w)y*/n. (6.3)
Combining (6.1) and (6.3) we have
Var(D) = D*(Var(&) /& + Var(y) /%) (6.4)

Now a confidence interval for D with an asymptotic confidence level ¢ is

CEERR TN PRy (65)

where z(y ¢, is the (1 + £)/2-th quantile of the standard normal distribution.
If the numbers of sightings on duplicate transect lines are available, the Binomial
assumption for n can be dropped and

Var(y) = on + & (n)y?
should be used to replace (6.3).

The above method of constructing confidence intervals is based on the delta method.
The bootstrap can be used as well for confidence intervals. However, we will not discuss it
further here as the bootstrap has been fairly well covered in the literature.

7. Choosing the smoothing bandwidth

The smoothing bandwidth / can be chosen to minimize either the mean squared error of &

or that of D. It can be shown that the bandwidths produced by minimizing the two mean

square errors are of the same order of magnitude. Since D = &y and only & is involved with

the kernel smoothing, the bandwidth is chosen to minimize the mean square errors of 4.
From (5.4) and (5.8), the mean square error of & is approximately

, 2
1 " /" —
MSE{4} :4h4a;‘{ / fi (x)fz(x)dx} + aR(K)h " E{nn,} "
The optimal bandwidth which minimizes the above mean square error is

w 2/5
h* = {OfR(K)O'k4}_l/5{/_ f{’(x)fz(x)dx} [E{nym,} "', (7.1)

-8/5

which implies the mean square error of & is of the order of N which is much smaller
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than the standard order of N~*/% in kernel density estimation. Thus, the estimation for «,
which is a functional of the densities, is much more accurate than the probability density
estimation and is less demanding on the bandwidth. Note that the mean square error of D is
larger than O(N~%/%) due to the involvement of 7.

In practice a useful bandwidth can be derived by estimating the unknown quantities «,
fivwf{/ (x)f>(x)dx and E{n;n,} in (7.1). The last one can be estimated simply by {n;n,}.
Values for o and [” £/’ (x)f;(x)dx can be obtained by assuming f;|(x|Z) ~N{0, 67}, which
give

o =1/4y/2n(a? + 73)

n(fi.fo) = — 1/{V2n(a} + a3)"}.

Let A; be estimates for g;. Then, the bandwidth is

h = {R(K)o;*V2r}"°\/A? + A2(nyny) V2. (7.2)

The above method is similar to the method of referring to a standard distribution proposed
by Silverman (1986) for kernel density estimation. In practice, robust estimates for g; can
be used, for instance

Ai = mln{s“q,/l.349}

where s; and g; are the sample standard deviation and the sample inter-quantile range
respectively.

8. Analyzing the stake data

In this section we analyze Laake’s (1978) stake data using the proposed method. One
hundred and fifty (N = 150) wooden stakes were randomly placed in a rectangular area.
Eleven observers were asked to traverse a transect line 1000 m long with w = 20. The true
value of D is known to be 0.00375. The stake data is well known in the study of line
transect surveys. Various estimates have been developed. There are negative biases
associated with these estimates, which some authors believe were due to g(0) < 1 for some
of the observers.

Here we analyze the data from the same two observers used in Alpizar-Jara and Pollock
(1996). There were 72 (n,) and 48 (n,) sightings by the two observers respectively, and 39
(ny,) sighted by both.

The bandwidth used was & = 2.849 according to (7.2), and & = 0.0722. The resulting
estimate for D is 0.0032 with a standard error of 0.0003. The corresponding estimate for N
is 128.05 with a standard error of 12.02. The true values for D and N were all contained in
the 95% confidence intervals. The estimates for N given above were more accurate than
that given in Alpizar-Jara and Pollock (1996) where N = 105 was reported. This was
because they used grouped data in their estimation rather than the exact distance used here.
The Petersen estimator give an estimate of 88.62 for N. It severely underestimates as the
heterogeneity in detection is ignored. In Fig. 1, the stake data is presented as histograms
together with kernel estimates for density functions of the sighting distances.
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Figure 1. The Stake data and probability density estimates.

To enhance our understanding of the data, we calculated estimates for g, (0) and g, (0) as
given by

8(0)=£(0)iy; for i=1,2.

We found that g, (0) = 1.066 and ¢,(0) = 0.916. That g, (0) is larger than one is due to the
fact that the estimate is not range respecting and it should be regarded as one. Their
standard errors, obtained by the bootstrap, were 0.078 and 0.095 respectively. There was
some evidence to suggest that g, (0) is less than 1, but the evidence was not very strong. A
close study of the data sets reveals that the first observer only missed one stake at 1.32 m
among all the stakes less than 3.3 m, and the second observer missed four stakes less than
3.3 m, but only missed one less than 1.32 m at 0.31 m. In the kernel estimation for g;(0),
only the data within a small area near zero are used rather than the entire data set used by
parametric methods.

We also analyzed the data under the conventional line transect model assuming
£i(0) = 1 by pooling the sighting distances from the two samples. The kernel estimates for
D and N were 0.00347 and 138.84 respectively. The improvement in the estimate for N
suggested that g;(0) are close to one. In the case where g;(0) are actually one, using models
which assume otherwise leads to loss of accuracy. However, as shown in the simulation
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study reported in the next section this loss of accuracy is much less than that found when
£;(0) are in fact less than 1 and conventional line transect models are used.

9. Simulation results

In this section we present some simulation results designed to provide empirical outcomes
to the theory developed in this paper. The aims of the simulation study were to investigate
the bias and variance of the nonparametric estimator D, and the coverage accuracy of the
proposed confidence intervals. The results were based on 1000 simulations using the
random number generator supplied by Press et al. (1989). In each simulation, we generated
N uniform random points, which simulated the positions of a biological population within
arectangular area with length L and width 2w. Hence the density D = N /(Lw) was known.
We fixed D = 0.15 and w = 10, and the population size N = 300 and 600.

Two scenarios of detection functions were considered to generate the sighting distances
in the simulation. In the first scenario, monotonic functions

21 (x) =07exp{— (bx)*} and g,(x) = 0.6exp{— (bx)*}} (9.1)

were used as the detection functions for the two observers respectively. These two
detection functions were simple modifications of the usual generalized exponential power
series detection functions used in conventional line transect surveys. In the second
scenario, we chose

21 (x) =0.7exp{— (b]x —2)‘} and g,(x) = 0.6exp{— (b|x —2])“}. (9.2)

These two are not monotonic and have modes at x = 2. They reflect to some degree a
situation confronted in some aerial surveys where the detection for the strip on the flying
path is relatively low. In defining the detection functions above, a and b were the shape and
scale parameters respectively. We fixed b = 0.5 and chose the shape parameter a = 1.0,
1.5, 2.0 and 2.5. Clearly, in both scenarios g;(0)<1 for i = 1 and 2. The smoothing
bandwidth & was chosen according to (7.2).

Table 1 contains the point estimates D and their standard errors, and the coverage of the
95% confidence intervals for D and their length. We observe that the proposed estimator D
was quite satisfactory for the two scenarios of detection functions and the proposed
bandwidth selection method worked well. There were two surprises in the simulation
results. One is that the estimates had quite small bias in the second scenario of detection
functions even though the bandwidths were chosen by referring to the normal distributions.
The other is that quite satisfactory results were observed when a = 1 where f; were not
smooth at x = 0, which violated a condition assumed in (5.1). Both were results of o being
a functional of the densities and having a much smaller mean square error of O(N~%/°)
which implies it is easier to be estimated. We observe, for both the point estimates and
confidence intervals, that when the size of the population N increased from 300 to N = 600
(which increased the sample sizes n; and n,), the biases of the point estimates, the standard
errors of the estimates and the length of the confidence intervals were reduced.

For comparison purposes, we also supplied kernel estimates for D when g(0) =1 is
assumed. There were severe biases in those estimates. The coverage of the confidence
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Table 1. Point estimates (D) and their standard errors (SE), and the empirical coverage of

95% confidence intervals and their length for D = 0.15. The point estimates (D, - ;) for
D when g(0) = 1 is assumed are also given.

(@) g;(x) = 0.7exp{— (0.5x)"} and g,(x) = 0.6exp{— (0.5x)"}

a=1.0 a=1.5 a=2 a=25
N 300 600 300 600 300 600 300 600
D 0.154 0.152 0.155 0.153 0.155 0.153 0.155 0.153
SE 0.036 0.022 0.030 0.020 0.029 0.020 0.028 0.019
Dg(0)=1 0.126 0.127 0.130 0.130 0.132 0.132 0.132 0.132
SE 0.041 0.031 0.045 0.034 0.049 0.036 0.050 0.037

Coverage  0.937 0960  0.955 0949 0936  0.945 0.938  0.941
Length 0.140  0.094  0.125 0.084  0.115 0.077  0.109  0.073
n 35.8 71.3 325 65.2 31.9 63.6 31.9 63.8

P, 0.116 ~ 0.117  0.105 0.107  0.103 0.104  0.103  0.104

(b) g,(x) = 0.7exp{— (0.5]x — 2|)*} and g,(x) = 0.6 exp{— (0.5]x — 2|)“}

a=1.0 a=1.5 a=2 a=2.5
N 300 600 300 600 300 600 300 600
D 0.147 0.148 0.149 0.149  0.150 0.150 0.150 0.150
Sﬁ 0.022 0.014 0.018 0.013  0.017 0.012 0.016 0.012
Dyoy=1 0.071 0.068 0.071 0.069 0.074 0.071  0.075 0.072
SE 0.025 0.020 0.027 0.021  0.029 0.023  0.029 0.023

Coverage  0.908 0.932 0910 0918 0917 0926  0.910 0.929
Length 0.083 0.057  0.072 0.050  0.066 0.046  0.071 0.43
n 58.2 115.8 574 115.3 58.8 117.6 59.82 1199
P, 0.198 0.196  0.193 0.193  0.196 0.196  0.198 0.20

intervals were very poor, and are not reported here. Generally speaking, the effect of
wrongly assuming g(0) = 1 when in fact g(0) <1 is very severe indeed.

10. Discussion

In this paper we have proposed a framework for estimating animal abundance from
independent observer line transect surveys. The framework allows both parametric and
nonparametric methods. A nonparametric estimator has been specifically proposed and
studied. Its theoretical properties are investigated and good empirical performance has
been observed. An attractive feature of this nonparametric estimator is that it is free of
parametric assumptions on the detection process. A limitation of the nonparametric
method is that it requires ‘‘enough’’ sample size in order to have a reasonable density
estimate. This is not a problem in the current univariate situation. It would be more
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significant when other covariates are introduced. However, the curse of dimensions is not
just a problem for nonparametric estimators.

If parametric forms for the detection functions are available, the maximum likelihood
method can be used to estimate the unknown parameters. Suppose g;(x) = g;(x; 0') where
0" = (0),...,0;) are the parameters for i =1 and 2. Then y, = [ g;(x;0')dx can be
expressed as functions of ', say w,;(6"). Then, parametric forms of probability density
functions f; of the observed sighting distances can be established as
£i(x;0") = g;(x; 0")/;(0") which produces the likelihood function for each of the sighting
distance samples. After computing the maximum likelihood estimate, say 0', o can be
estimated by either

' A0 or at > H(X50%).

Then, substituting the estimate for o, an estimate for D is obtained. Here only the partial
likelihood based on the sighting distances is used. The reason for not using the full
likelihood is that the partial likelihood is easier to compute. This may lead to some loss of
efficiency in the estimation of o. However, the MSE of the parametric estimator for o
should be at a smaller order than N~%/ which is the order of the nonparametric estimator &
as shown in Section 7. As we can achieve a MSE of such small order, there should be little
loss of efficiency.

The attractions of the proposed framework are (i) its easy computation compared with
the full likelihood approach, (ii) its flexibility to be carried out either parametrically or
nonparametrically, (iii) its ability to measure the amount of non-uniform detection, and
(iv) its linkage to the Petersen estimator.

The approach proposed in this paper is developed from univariate line transect surveys
with the sighting distance as the only variable. It can be generalized to independent line
transect surveys that are subject to heterogeneity in detection due to other covariates. The
idea is to fix the other covariates that introduce heterogeneity first, apply the current
approach on the sighting distance to obtain local abundance estimates and then derive the
total abundance estimates by integrating or summing up the local estimates. The details of
the extension is reported in Chen (1999).
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Appendix: Derivation of (6.2)

Let P, = n;/n and ij =ny/nfori=1and 2, andj,k =0 and 1. Then
y =nD(P,Py,Pyy)

where D(x,y,z) = xy/z. By a Taylor expansion of D(P,,P,,P,,) near (P,,P,,P,,), we
have
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PPy Py Py 4 PP, .
y = Z2(p =P+ (P, —Py) — P, —P
Y ”{ P +P11( 1 1)+PH( 2 2) P (P 1)
P, . R
—PTZ(Pl P)(Pyy —Pyy)
11
P 1 PP )
- zl(Pz P,)(Py, P11)+P—(P1 Py)(Py — Py) + ]32(P11 Pyy)
P 1 Pi,

+ 0,,(n3/2)}

the above Taylor expansion by the delta method, we have
2
L

P? . P
Var(y|n) :nz{P—iVar(Pl) + 2

. 2P, P2
Var(P,) — —13 2
1 Pll
2P%P, PN 2P P, PN P3pP; . i
T COV(P,,Pyy) + P2 COV(P,,P,) +—P4 Var(Py;) +o(n) ¢.
11 11 11

COV(P,,Pyy)

Notice that COV(P,,P,,) = P,\Poyn~",COV(P,,P,,) = P, \P\yn~",COV(P,,P,) =
—PPyn', Var(P,)=P;(1—-P)n' for i=1 and 2, and Var(P,)=
Py, (1 — P;)n~!. Substituting these into the above Equation (6.2) will be obtained after
some simple algebra.
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