Biometrika (2006), 93, 1, pp. 215-220
© 2006 Biometrika Trust
Printed in Great Britain

On Bartlett correction of empirical likelihood in the presence of
nuisance parameters

By SONG XI CHEN
Department of Statistics, lowa State University, Ames, lowa 50011-1210, U.S.A.
songchen@iastate.edu

AND HENGIJIAN CUI

Department of Statistics and Financial Mathematics, Beijing Normal University, 100875,
China

hjcui@bnu.eud.cn

SUMMARY

Lazar & Mykland (1999) showed that an empirical likelihood defined by two estimating
equations with a nuisance parameter need not be Bartlett-correctable. This paper shows that
Bartlett correction of empirical likelihood in the presence of a nuisance parameter depends critically
on the way the nuisance parameter is removed when formulating the likelihood for the parameter
of interest. We establish in the broad framework of estimating functions that the empirical likelihood
is still Bartlett-correctable if the nuisance parameter is profiled out given the value of the parameter
of interest.
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1. INTRODUCTION

Since its introduction by Owen (1988, 1990), empirical likelihood has become a useful tool for
conducting nonparametric or semiparametric inference. Empirical likelihood has been shown in a
wide range of situations as outlined in Owen (2001) to admit limiting chi-squared distributions,
which is a nonparametric version of the Wilks theorem in the context of parametric likelihood.
Another key property of empirical likelihood which also resembles that of a parametric likeli-
hood is Bartlett correction. Bartlett-correctability is a second-order property which implies that a
simple mean adjustment to the likelihood ratio leads to its distributional approximation to the
limiting chi-squared distribution being improved by one order of magnitude.

That the empirical likelihood is Bartlett-correctable has been established for a range of situations;
see for example Hall & La Scala (1990) for the case of the mean parameter, DiCiccio et al. (1991)
for smooth functions of means, Chen & Hall (1993) for quantiles, Chen (1993, 1994) for linear
regression and Cui & Yuan (2001) for quantiles in the presence of auxiliary information. Jing &
Wood (1996) showed that the exponentially tilted empirical likelihood for the mean is not Bartlett-
correctable. Indeed, Corcoran (1998) showed that Kullback—Leibler divergence is the unique
member of a large class of divergence measures that produces Bartlett-correctable empirical
likelihood statistics. However, Lazar & Mykland (1999) showed that in some circumstances, where
the empirical likelihood is defined by two estimating equations and when a nuisance parameter is
present, even the use of Kullback—Leibler divergence can fail to guarantee Bartlett correctability.

In contrast to the result of Lazar & Mykland (1999), Chen (1994) had earlier proved that
empirical likelihood is Bartlett-correctable in the context of simple linear regression when one
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coefficient is treated as a nuisance parameter. It appears that the result obtained by Lazar &
Mykland (1999) is due to absence of a regular Edgeworth expansion for the signed square root of
the empirical likelihood ratio.

In the present paper, we confirm that the result of Chen (1994) holds in general. We consider
the Bartlett property in a broader situation where there are r estimating equations and the
dimension of the nuisance parameter is p, with p <r, which is within the framework of the
empirical likelihood for generalised estimating equations introduced in Qin & Lawless (1994).
It is found that, if the nuisance parameter is profiled out given the parameter of interest, the
empirical likelihood is still Bartlett-correctable. This indicates that the Bartlett-correctability of
the empirical likelihood is dependent on the method of nuisance-parameter removal when
formulating the likelihood for the parameter of interest, rather than on any fundamental differences
between estimating equations and the smooth function of means. It is expected that a corresponding
result holds for parametric likelihood as well, namely that the Bartlett correction property only
holds in general when the nuisance parameter is “profiled out’.

2. EMPIRICAL LIKELIHOOD WITH NUISANCE PARAMETERS

Consider a random vector X with unknown distribution function F which depends on an
r-dimensional parameter (0,4)e€ R"™? x R?. Here interest is in the parameter 0 with  as a
p-dimensional nuisance parameter. We assume that the parameter (0, ) is defined by r functionally
unbiased estimating equations g/(x, 0, ), for j=1,2,...,r, such that E{g/(X, 0,, }o)} =0, where
(6o, o) is the true parameter value. In particularly, we define

g(X, 0,9)=(g"(X, 0.9), (X, 0,4), ..., g"(X, 0, )"
Assume that {X, X,,..., X,} are independent and identically distributed observations drawn
from F. We let V=cov{g(X;, 0y, ¥,)} and we assume the following regularity conditions.

Condition 1. The rxr matrix V is positive definite and the rank of the r x p matrix
E{0g(X, 0o, Yo)/0Y} is p.
Condition 2. For any j (1<j<p), all the fourth-order partial derivatives of g/(x, 0y, ) with

respect to Y are continuous in a neighbourhoood of 6, and are bounded by some integrable
function G(x) in that neighbourhood.

Condition 3. We require that E||g(X, 0,, Yo }||'> < oo and the characteristic function of g(X, 0,, Vo)
satisfy the Cramér condition: lim supy, -, ., |E[exp {it'g(X, Oy, Yo)}1 ]| < 1.

To simplify derivations, we first rotate the original estimating functions by defining
Wi(g’ W)z TV— l/zg(Xb 97 W)a

where T is an r x r orthogonal matrix such that

0g(X, 0,,
ry-ep] BVl gy
oW
U=(u"),x, is an orthogonal matrix and A =diag(4,,...,4,) is a nonsingular p x p diagonal
matrix. Furthermore, define Q = ("), ., =UAL
Let py, ..., p, be nonnegative weights allocated to the observations. Then the empirical likelihood
for the parameter {0, ) is
L(Q» lp) = l_[ pia
i=1

subject to Y. p; = 1 and the constraints Y. p;w;(0, ) = 0. Let Z(0, ) = —2 log {n"L(0, y)} be the log
empirical likelihood ratio. Standard empirical likelihood derivations show that

20, y) =2 Z log {1+ 210, y)wi(0, Y5,

i=
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where A(0, ) satisfies

o1 wi(0, )
Z 1+ 20, Y)wi(0, ¥)

=0. (1)

To obtain the empirical likelihood ratio at 6,, we profile out the nuisance parameter . To
simplify notation, write w;(1y) = w;(0,, V), let J:=(6,) be the minimiser of #(0,, ) given 0 =0,
and let 1 = A(0,, %) be the solution of (1) at (6,, ). Let (6, /) be the maximum empirical likelihood
estimator of (0, ). Since the number of estimating functions is equal to the dimension of (0, ),
then / (@, ) = 0. This means that the log empirical likelihood ratio for 0, is just

H00y=/100, H0,)} =2 Y Tog {1+ Z'wi)} 2)

In order to develop an expansion for /(0,), we need to derive expansions for 7 and  first. We

note from Qin & Lawless (1994) that (4, ) are the solutions of

B ()
1S W_
Q2n(}“’ lﬂ)—” = 1+ ;L/W,(lp) =0. (4)

Let n= (/l,» ‘ﬁ’),» Mo = (07 l700)’

Q1a(n) 20(0, ¥) —I S
wm=< L S=E—_—>= ,
Q24(1) n Sy 0
where S,; = U(A,0) and S, =S5;. To facilitate easy expressions, we standardise Q to

I'(7)=S"10(n). Let wi(y) and I'¥(yy) denote respectively the jth components of w;(1/) and I'(). The
following o — A system of notation was used by DiCiccio et al. (1991):

of1edie = E{le (‘po) . ij(wO)}a Al =1 Zn: Wh l//O) W.Ik(l// ) — o1

We also need to define

k1 J k1 J
ﬁjsjl“'jk =E {m()’lpo)} , Bjsjl“'jk — M _ ﬂjsjl“'jk,
on;,...on;, on;,...on;,

I'wio)  "wh(o) "wF ()
QY. oy By gk gL Oy
i d'wilho)  0"wEG)) "Wl (o)
WO gk oyt oy oy

_ Vjsjl---]1§ksk1~~km3~~~§l7sl71~~l7n'

yj,jl---jl;k,klmkm;...;p P1Pn — F {

stjl cJukky e Ky spp1Pn —

3. MAIN RESULTS

We only provide a brief sketch of the steps taken to obtain the Bartlett correction for this general
case. A full account of the technical details is given in an Iowa State University technical report
available from the authors.

We first need to develop an expansion of the empirical likelihood ratio 7(0,). Derivations given
in our technical report show that the Lagrange multiplier and the nuisance parameter at 0, admit
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the expansions
Ji= By BBl _lpiuapugi _ iugeags | Lpwa giupags | fiva gus Bs pa
— 3B B B'B* — 3 BB B! + § " B' BB’ + 0,(n"?), (5)
'»Zk — _ Btk grtkapa _%Bwk,ququ _ Brtkupuapa +%ﬁu,qur+k,quBs
+ ﬁr+k,quu,sBqu _%ﬁr+k,uqﬁu,stBthBq_%Br-%—k,ququ +%ﬁr+k,uququBs+ Op(n—Z), (6)

forje{l,...,r},ke{l,...,p} and ¢, s,t,ue {1,...,r+ p}. Here and in the rest of the paper, we
use the tensor notation in which repetition of a superscript implies summation over that superscript;
see McCullagh (1987) for a systematic description.

Substitution of the above expansions in (2) gives

n—lf(go):Ap+aAp+a_Ap+up+bAp+aAp+b_2a)klcp+a,kAp+aAl
+2Vp+a;p+b,kwklAp+aAp+bAl+%ap+ap+bp+cAp+aAp+bAp+c
+Vp+a,klwkmwlnAp+aAmAn + AﬁBi'quBj[2, l,]] _ BJ',“BJ',‘IB“B‘I
_2cj,kBj,qBr+kBq + Vj’ler+kBr+lBj’qu + Zyj’lejBr+lBr+k’qu
—2)F (BB B B + BT BB BI[2, ], i]) + 207" B B B B
+(%ﬁj,uqﬁr+k,styj,k —%ﬁj’uqﬁj’St)B"BquBt _ %Vj,klﬁj,ququBr+lBr+k
+ (,Vi;j,kﬂi,uq + ,Vj;i,kﬂi,uq _ ,))j,klﬂr+l,pq)BquBjBr+k + Z,Vj;i;h.kBjBiBh Br+k
_(,Vj;i,lk + A/j,l;i,k)BjBiBrJraBrJrk +%,Vj,klmBjBr+kBr+lBr+m
—%(XﬁthjBiBth + (yj;i,lﬁwrl,uq _ OCﬁhﬁh’uq)BjBiBqu
_ Cj,lejBr+kBr+l + zcj;i,lBjBiBrJrl _ %AjithBiBh + Op(n*S/Z)’ (7)
where h,i,je{l,...,r}, k,Lme{l,...,p}, a,b,ce{l,...,r—p} and g¢q,s, t,uei{l,...,r+p}.
When p =0, in which case there is no nuisance parameter, the above expansion takes the form
given in DiCiccio et al. (1991) with S= —1I, B/ = — 4/, B = A", iz = — 2442 and all the y’s

and C’s equal to zero.
Let R=R, + R, + R; be a signed square root decomposition of n~*/(0,) such that

n 1/(0,) = RIRI + O(n57?),

where R;=0,(n"7?) for j=1, 2 and 3. Clearly, R, and R, can be determined from the terms of
0,(n™") and 0,(n">?) respectively in (7). To be specific, for a,b,c,d,ee{l,...,r—p} and
L k,m,n,o,0,m,n" e{l,...,p},

+a +a
R{=R3=0 (g<p), R{"“=4""",
R127+a: _%Ap+ap+bAp+a_wklcp+a,kAl+,Vp+a;p+b,kwklAp+bAl
+%ap+ap+bp+cAp+bAp+c+%,yp+u,klwkmwlnAmAn.

The expression for Rj is obtained after removing terms induced by RY"*Ry** and Ry R3¢
from (7); see our technical report for details.

The key to checking the Bartlett correctability of the empirical likelihood is to examine if the
third- and fourth-order joint cumulants of the signed square root R are of the orders of n~* and
n~* respectively. This is the path taken by DiCiccio et al. (1991), Chen (1994), Jing & Wood (1996)
and Lazar & Mykland (1999). A formal establishment of the Bartlett correction can be then made
by developing Edgeworth expansions for the empirical likelihood ratio under Conditions 1-3. After
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a rather lengthy calculation documented in our technical report, it is found that the joint third-
and fourth-order cumulants of R are indeed of the orders of n=3 and n~* respectively. Hence, the
empirical likelihood is still Bartlett-correctable in this general case of estimating equations with
nuisance parameters.

4. DiscuUSsSION

The established Bartlett correction provides the theoretical justification for an empirical Bartlett
correction to the confidence regions. Let ¢, be the upper o quantile of the y7_, distribution. Based
on Wilks’ theorem, a 1 — o level confidence region for 0 is I, = {0|/(0) < c,}. It may be shown by
developing Edgeworth expansions using the derived cumulants given in our technical report that
the coverage error of I, is of O(n~1). As /(0,) is Bartlett-correctable, it may be shown under
Conditions 1-3 that

pri{/(0y) <c,(1+n"'B)}=1—a+0(n"?),

where B. is the Bartlett factor whose expression is given in our report. The rather complicated
form of B, means that the direct plug-in method may not work efficiently for its estimation. We
propose a method based on the following bootstrap procedure.

Step 1. Generate bootstrap resamples of size n by sampling with replacement from the original
sample {X;}”_; compute the empirical likelihood ratio /*(9) based on the resamples, where 0 is
the global maximum empirical likelihood estimator of 0 based on the original sample.

Step 2. Repeat Step 1 B times to obtain ¥\, ..., /*%(0) and B~ LE_, /**(0), which is the
bootstrap estimator of E{/(0)}.

The bootstrap estimator of 1+n !B, is t=(r—p) *B~* X2_, /*"(f), which can be used to
construct 1, ,. = {0|/(0) < tc, }, the Bartlett-corrected confidence region. It can be shown, based on
the Edgeworth expansion mentioned earlier, that the coverage error of this Bartlett-corrected region
is O(n~*?), which is one order of magnitude smaller than that of I,.
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