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Abstract

This paper considers the second-order properties of empirical likelihood (EL) for a parameter

defined by moment restrictions, which is the inferential framework of the generalized method of

moments. It is shown that the EL defined for this general framework still admits the delicate second-

order property of Bartlett correction. This represents a substantial extension of all the established

cases of Bartlett correction for the EL. An empirical Bartlett correction is proposed, which is shown

to work effectively in improving the coverage accuracy of confidence regions for the parameter.

r 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Generalized method of moments (GMM) introduced by Hansen (1982) are an important
inferential framework in econometric studies. GMM is based on, upon given a model,
some known functions gðX ; yÞ of a random observation X 2 Rd and an unknown
parameter y 2 Rp, where g : Rdþp ! Rr, such that EfgðX ; yÞg ¼ 0 which constitutes
moment restrictions on the relationship between X and y. The power of GMM is in its
allowing rXp, namely the number of moment restrictions (instruments) can be larger than
the number of parameter, which leads to a full exploration of inference opportunities
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provided by the given model. There is a vast pool of literatures on GMM. Here, we only
cite the reviews by Andrews (2002), Brown and Newey (2002), Imbens (2002) and Hansen
and West (2002).

Empirical likelihood (EL) introduced by Owen (1988) is a computer-intensive statistical
method that facilitates a likelihood-type inference in a non-parametric or semiparametric
setting. It is closely connected to the bootstrap as the EL effectively carries out the
resampling implicitly. On certain aspects of inference, EL is more attractive than the
bootstrap, for instance, its ability of internal studentizing so as to avoid explicit variance
estimation and producing confidence regions with natural shape and orientation; see Owen
(2001) for an overview of EL. A key property of EL is that the log EL ratio is
asymptotically chi-squared distributed, which resembles the Wilks’ theorem in parametric
likelihood. The Wilks’ theorem was established in the original proposal of Owen (1988) for
the means, in Hall and La Scala (1990) for smoothed function of means, Qin and Lawless
(1994) for parameters defined by moment restrictions and Kitamura (1997) for moment
restrictions with weakly dependent observations.

There have been comprehensive studies of EL in econometrics. Imbens (1997) shows
that the maximum EL estimator of y is a one-step variation of the two-stage GMM
estimator in the over-identified case of r4p, and achieves the same asymptotic efficiency as
the two-stage estimator. Testing is considered in Kitamura (2001) for moments
restrictions, Tripathi and Kitamura (2004) for conditional moment restrictions and Chen
and Gao (2006) for constructing an adaptive and rate-optimal test for a regression model.
Estimation and testing with conditional moment restrictions are studied in Donald et al.
(2003) and Kitamura et al. (2004). They found that EL possesses the attractive features of
avoiding estimating optimal instruments and achieving asymptotic pivotalness. Tilted EL
and other variations are studied in Kitamura and Stutzer (1997), Smith (1997) and Newey
and Smith (2004).

Another key property of the EL is Bartlett correction, which is a delicate second-order
property that implies a simple mean adjustment to the likelihood ratio can improve the
approximation to the limiting chi-square distribution by one order of magnitude and hence
can be used to enhance the coverage accuracy of likelihood-based confidence regions. In
the context of testing hypotheses, the Bartlett correction reduces the errors between the
nominal and actual significant levels of an EL test. Bartlett correction has been established
for EL by DiCiccio et al. (1991) for smoothed functions of means and Chen (1993, 1994)
for linear regression. Baggerly (1998) showed that EL is the only member within the
Cressie–Read power divergence family that is Bartlett correctable. Jing and Wood (1996)
revealed that the exponentially tilted EL for the means does not admit Bartlett correction
as the tilting alters the delicate second-order mechanism of EL. Recently, Chen and Cui
(2006) show that EL is Bartlett correctable in the presence of a nuisance parameter with
just-identified moment restrictions.

In this paper we show that the EL with over-identified moment restrictions is Bartlett
correctable. The finding represents a substantial extension to all the established cases of
Bartlett correction, which all consider just-identified cases in GMM. The establishment of
the Bartlett correction for the just-identified case is easier as the log maximum EL takes a
constant value �n logðnÞ (n is the sample size). However, in the over-identified case the
maximum EL is no longer a constant, rather it introduces many extra terms into the log EL
ratio and makes the study of Bartlett correction far more challenging as can be seen from
the analysis carried out in this paper. The establishment of Bartlett correction in this
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general case indicates that EL inherits the delicate second-order mechanism of the
parametric likelihood in a much wider situation. This together with the findings of
Imbens (1997), Kitamura (2001) and Newey and Smith (2004) and others suggests that
the EL is an attractive inferential tool in the context of moment restrictions. The
establishment of the Bartlett correction leads to a practical Bartlett correction, which is
confirmed to work effectively for coverage restoration in our simulation studies reported in
Section 4.
The paper is organized as follows. Section 2 provides an expansion for the log EL ratio

for parameters defined by moment restrictions. Bartlett correction and coverage errors
assessment of EL confidence regions are investigated in Section 3. Simulation results are
reported in Section 4, followed by a general discussion in Section 5. All technical details are
left in Appendix A.

2. EL for generalized moment restrictions

Let X 1;X 2; . . . ;X n be d-dimensional independent and identically distributed random
sample whose distribution depends on a p-dimensional parameter y which takes values in a
compact parameter space Y � Rp. The information about y is summarized in the form of
rXp unbiased moment restrictions gjðx; yÞ, j ¼ 1; 2; . . . ; r, such that E½gjðX 1; y0Þ� ¼ 0 for a
unique y0, which is the true value of y. Let

gðX ; yÞ ¼ ðg1ðX ; yÞ; g2ðX ; yÞ; . . . ; grðX ; yÞÞT and V ¼ VarfgðX 1; y0Þg.

We assume the following regularity conditions:

ðiÞ V is a r� r positive definite matrix and the rank of E½qgðX 1; y0Þ=qy� is p;

ðiiÞ for any j; 1pjpp; all the partial derivatives of gjðx; yÞ up to the third order

with respect to y are continuous in a neighborhood of y0 and are bounded by some

integrable functions; respectively; in the neighborhood;

ðiiiÞ lim supjtj!1 jE½expfit
TgðX 1; y0Þg�jo1 and EkgðX 1; y0Þk15o1. ð2:1Þ

Conditions (i) and (ii) are standard requirements for establishing Wilks’ theorem and
higher-order Taylor expansions of the EL ratio. The first part of Condition (iii) is the
Cramér’s condition on the characteristic function of gðX ; y0Þ. Requiring a finite 15th
moment is to ensure finite 5th moment for the sign square root of the EL ratio statistic,
which together with Cram �er’s condition are needed in establishing the Edgeworth
expansion for the EL ratio statistic.
To facilitate simpler expressions, we transform gðX i; yÞ to wiðyÞ ¼ CV�1=2gðX i; yÞ where

C is a r� r orthogonal matrix such that

CV�1=2E
qgðX i; y0Þ

qy

� �
U ¼ ðL; 0ÞTr�p. (2.2)

Here U ¼ ðuklÞp�p is an orthogonal matrix and L ¼ diagðl1; . . . ; lpÞ is non-singular. Define
O ¼ ðoklÞp�p¼:UL�1 where okl ¼ ukll�1l . Here no summation over the subscript l is
carried out due to L being a diagonal matrix.
Let p1; p2; . . . ; pn be non-negative weights allocated to the observations. The EL for y

as proposed in Qin and Lawless (1994) is LðyÞ ¼
Qn

i¼1 pi subject to
Pn

i¼1 pi ¼ 1
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and
Pn

i¼1 piwiðyÞ ¼ 0. Let ‘ðyÞ ¼ �2 logfLðyÞ=nng. Standard derivations in EL show

‘ðyÞ ¼ 2
Xn

i¼1

logf1þ lTðyÞwiðyÞg,

where l ¼ lðyÞ is the solution of n�1
Pn

i¼1wiðyÞ=ð1þ lTwiðyÞÞ ¼ 0.
According to Qin and Lawless (1994), the maximum EL estimator ŷ and its

corresponding l, denoted as l̂, are solutions of

Q1nðl; yÞ ¼ n�1
Xn

i¼1

wiðyÞ

1þ lTwiðyÞ
¼ 0 and (2.3)

Q2nðl; yÞ ¼ n�1
Xn

i¼1

ðqwiðyÞ=qyÞ
Tl

1þ lTwiðyÞ
¼ 0. (2.4)

The log EL ratio is rðyÞ ¼ ‘ðyÞ � ‘ðŷÞ.
In the following we develop expansions for ‘ðy0Þ and ‘ðŷÞ, respectively. To expand ‘ðy0Þ,

define

aj1...jk ¼ Efw
j1
i ðy0Þ . . .w

jk

i ðy0Þg and

Aj1...jk ¼ n�1
Xn

i¼1

w
j1
i ðy0Þ . . .w

jk

i ðy0Þ � aj1...jk .

Here we use aj to denote the jth component of a vector a. Then, it may be shown that

n�1‘ðy0Þ ¼ AjAj � AjiAjAi þ 2
3
ajihAjAiAh þ AjiAhiAjAh þ 2

3
AjihAjAiAh

� 2ajihAghAjAiAg þ ajgf aihf AjAiAhAg � 1
2
ajihgAjAiAhAg þOpðn

�5=2Þ.

ð2:5Þ

We use here a convention where if a superscript is repeated a summation over that
superscript is understood. This expansion has the same form as DiCiccio et al. (1991) for
the mean parameter and Chen (1993) for linear regression.

To expand ‘ðŷÞ in the general case of r4p, two new systems of notations are introduced.
Let Z ¼ ðl; yÞ, QðZÞ ¼ ðQT

1nðZÞ;Q
T
2nðZÞÞ

T, S21 ¼ UðL; 0Þ and S12 ¼ ST
21. Due to the early

transformation in (2.2),

S¼:E
qQð0; y0Þ

qZ

� �
¼
�I S12

S21 0

 !
.

Put GðZÞ ¼ S�1QðZÞ. Now we can introduce the notations involving GðZÞ and their
derivatives

bj;j1...jk ¼ E
qkGjð0; y0Þ
qZj1

. . . qZjk

 !
and Bj;j1...jk ¼

1

n

Xn

i¼1

qkGjð0; y0Þ
qZj1

. . . qZjk

� bj;j1...jk

and the notations involving wiðyÞ and their derivatives.
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gj;j1...jl ;k;k1...km;...;p;p1...pt ¼ E
qlw

j
iðy0Þ

qyj1 . . . qyjl

qmwk
i ðy0Þ

qyk1 . . . qykm
� � �

qtw
p
i ðy0Þ

qyp1 . . . qypt

 !
and

Cj;j1...jl ;k;k1...km;...;p;p1...pt

¼
1

n

Xn

i¼1

qlw
j
iðy0Þ

qyj1 . . . qyjl

qmwk
i ðy0Þ

qyk1 . . . qykm
� � �

qtw
p
i ðy0Þ

qyp1 . . . qypt
� gj;j1...jl ;k;k1...km;...;p;p1...pt .

Since Ẑ ¼ ðl̂; ŷÞ is the solution of GðẐÞ ¼ 0, by inverting this equation, we derive in
Appendix A.2 that for j; k; l;m 2 f1; 2; . . . ; rþ pg,

Ẑj
� Zj

0 ¼ � Bj þ Bj;kBk � 1
2
bj;klBkBl � Bj;kBk;lBl þ 1

2
bk;lmBj;kBlBm þ bj;klBk;mBmBl

� 1
2
bj;klbk;mnBmBnBl � 1

2
Bj;klBkBl þ 1

6
bj;klmBkBlBm þOpðn

�2Þ. ð2:6Þ

Note that (2.6) contains expansions for l̂j when jpr and for ŷj when j4r, respectively.
Note that

‘ðŷÞ ¼ 2
Xn

i¼1

l̂
T

wiðŷÞ �
1

2
½l̂

T
wiðŷÞ�2 þ

1

3
½l̂

T
wiðŷÞ�3 �

1

4
½l̂

T
wiðŷÞ�4

� �
þOpðn

�3=2Þ. (2.7)

From now on, we fix the ranges of the superscripts a; b; c; d 2 f1; 2; . . . ; r� pg,
f ; g; h; i; j 2 f1; 2; . . . ; rg, k; l;m; n; o 2 f1; 2; . . . ; pg and q; s; t; u 2 f1; 2; . . . ; rþ pg. It is shown
in Appendix A.2 by substituting (2.6) into (2.7) that

n�1lðŷÞ ¼ � 2BjAj � BjBj þ 2Ci;kBiBrþk;qBq þ 1
2
bj;uqbrþk;stgj;kBuBqBsBt

� bj;uqBuBqBrþk;sBsgj;k � brþk;uqBuBqCi;kBi � BjBiAji � 2
3
ajihBjBiBh

þ 2Cj;kfBjBrþk � Bj;pBpBrþk½2; j; rþ k� þ 1
2
bj;uqBuBqBrþk½2; j; rþ k�g

þ gj;klf�BjBrþkBrþl þ BjBrþkBrþl;qBq½3; j; rþ k; rþ l�

� 1
2
bj;uqBrþkBrþlBuBq½3; j; rþ k; rþ l�g � Cj;klBjBrþkBrþl � 2

3
AjihBjBiBh

� Bj;uBuBj;qBq � 1
4
bj;uqbj;stBuBqBsBt þ bj;uqBuBqBj;sBs þ 2gj;i;h;kBjBiBhBrþk

þ BjBi;qBqAji½2; j; i� � 1
2
bj;uqBuBqBiAji½2; j; i� þ 1

3
gj;k;lmBjBrþkBrþlBrþm

þ 2gj;i;lfBjBiBrþl � BjBiBrþl;qBq þ 1
2
brþl;uqBjBiBuBq � BrþlBiBj;qBq½2; j; i�

þ 1
2
bj;uqBuBqBiBrþl ½2; j; i�g þ 2BjBiBrþlCj;i;l � ðgj;i;lk þ gj;l;i;kÞBjBiBrþlBrþk

þ 2ajihBjBiBh;qBq � ajihbj;uqBuBqBiBh � 1
2
ajihgBjBiBhBg þOpðn

�5=2Þ, ð2:8Þ

where ½2; j; i� indicates there are two terms by exchanging the superscripts i and j, and
½3; j; i; k� means three terms such that the three superscripts take turns to occupy the
position of j. Expansion (2.8) for ‘ðŷÞ is more complicated than the just-identified case of
r ¼ p. In that case, all the Bj ¼ 0 from a result established in (A.1), which means ‘ðŷÞ ¼ 0
and rðy0Þ ¼ ‘ðy0Þ. This is the situations of all the existing studies on Bartlett correction of
the EL. When r4p, the expansion of ‘ðŷÞ contains more terms than that of ‘ðy0Þ, which
increases substantially the difficulty of the second-order analysis.

ARTICLE IN PRESS
S.X. Chen, H. Cui / Journal of Econometrics 141 (2007) 492–516496



Author's personal copy

Combining (2.5) and (2.8), and carrying out further simplifications,

n�1rðy0Þ ¼ AlAl � AklAkAl � 2Al;pþaApþaAl þ 2
3
aklmAkAmAl þ 2oklCpþa;kApþaAl

þ ð2akl;pþa � gpþa;mnomkonlÞApþaAkAl þ AjiðAhiAjAh � Bi;qBqBj½2; i; j�Þ

þ 2ðal;pþa;pþb � gpþa;pþb;koklÞApþaApþbAl þ Bj;uBj;qBuBq þ 2Cj;kBj;qBrþkBq

� gj;klBrþkBrþlBj;qBq � 2gj;klBjBrþlBrþk;qBq � 2ajihBjBiBh;qBq

þ 2gj;i;lðBjBiBrþl;qBq þ BrþlBiBj;qBq½2; j; i�Þ þ ðgj;i;lk þ gj;l;i;kÞBjBiBrþlBrþk

þ ð1
4
bj;uqbj;st

� 1
2
bj;uqbrþk;stgj;kÞBuBqBsBt þ ðajihbh;uq

� gj;i;lbrþl;uq
ÞBjBiBuBq

þ ðgj;klbrþl;uq
� gi;j;kbi;uq

� gj;i;kbi;uq
ÞBuBqBjBrþk þ 1

2
gj;klbj;uqBuBqBrþlBrþk

� 1
3 g

j;klmBjBrþkBrþlBrþm � 2gj;i;h;kBjBiBhBrþk þ 1
2 a

jihgBjBiBhBg

þ Cj;klBjBrþkBrþl � 2Cj;i;lBjBiBrþl þ 2
3

AjihðBjBiBh þ AjAiAhÞ

� 2ajihAghAjAiAg þ ajgf aihf AjAiAhAg � 1
2
ajihgAjAiAhAg þOpðn

�5=2Þ.

ð2:9Þ

This expansion leads to the following signed root decomposition:

n�1rðy0Þ ¼ RjRj þOpðn
�5=2Þ,

where R ¼ R1 þ R2 þ R3 and Ri ¼ Opðn
�i=2Þ for i ¼ 1; 2 and 3. By matching Rl

1R
l
1 with the

only term AlAl of order n�1 in (2.9), we have

Rl
1 ¼ Al . (2.10)

Then we match 2Rl
1R

l
2 with the terms of order n�3=2 and obtain

Rl
2 ¼ �

1
2

AklAk � Al;pþaApþa þ 1
3
aklmAkAm þ oklCpþa;kApþa

þ ðakl;pþa � 1
2
gpþa;mnomkonlÞApþaAk þ ðal;pþa;pþb � gpþa;pþb;koklÞApþaApþb

ð2:11Þ

and R
j
1 ¼ R

j
2 ¼ 0 for j 2 fpþ 1; . . . ; rg. Similarly, by matching 2Rl

2R
l
3 with the rest of the

terms in (2.9) after removing terms contributing to ðRl
1 þ Rl

2ÞðR
l
1 þ Rl

2Þ, the form of Rl
3 is

given in Appendix A.2.
From (2.9), rðy0Þ ¼ nAlAl þ opð1Þ which means that rðy0Þ!

d
w2p and leads to an EL

confidence region for y with nominal confidence level 1� a: Ia ¼ fyjrðyÞpcag where ca is
the upper a-quantile of w2p distribution.

3. The second-order properties

This section considers the accuracy of the chi-square approximation to the distribution
of the EL ratio statistic rðy0Þ and improving this approximation by the Bartlett correction.
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We first introduce some quantities used to define the accuracy of the chi-square
approximation. Let

Jlo ¼ 1
4
ðalokk � dlo

Þ þ 1
36
alkkaomm � 7

36
alkmaokm þ alo;pþa;pþa

� al;pþa;pþbao;pþa;pþb � alk;pþaaok;pþa þ 1
2
oklgm;pþa;kaom;pþa½2; l; o�

þ gpþa;pþb;kao;pþa;pþbokl ½2; l; o� þ 1
4
gpþa;mnomkonlaok;pþa½2; l; o�

þ 1
4
gpþa;mngpþa;m0n0omkonlom0kon0o � 1

2
gpþa;mngk;pþa;vomkonlovo½2; l; o�

� oklgo;pþa;pþa;k½2; l; o� þ ðgpþa;k;pþa;v � gpþa;pþb;kgpþa;pþb;vÞoklovo and ð3:1Þ

Klo ¼ 1
8
ðalokk þ dlo

Þ � 5
72
alkmaokm � 1

72
alokakmm � 1

2
alokak;pþa;pþa

� 1
2
okmgpþa;k;oalm;pþa � 2

3
okmgpþa;k;pþaalom þ 1

4
omlonkaok;pþagpþa;mn

þ 1
2
onlokmðgpþa;k;ogpþa;n;m � gpþa;n;ogpþa;k;mÞ

þ 1
2
oknovlomoðgpþa;mvgpþa;k;n � gpþa;kvgpþa;m;nÞ

þ omoovloknðgpþa;kmgpþa;n;v � gpþa;kvgpþa;n;mÞ

þ 1
8o

m0lomoon0konkðgpþa;mngpþa;m0n0 � gpþa;mm0gpþa;nn0 Þ. ð3:2Þ

Let Bc ¼ p�1ð
Pp

l¼1 D
ll þ 1

36
alkkalmmÞ where Dll ¼ 2Kll þ Jll � mlml and ml ¼ �1

6
n�1alkk.

The accuracy of the chi-square approximation is evaluated in the following theorem.

Theorem 1. Under Condition (2.1),

sup
x2R

jPfrðy0Þoxg � Pðw2poxÞ þ n�1Bcxf pðxÞj ¼ Oðn�2Þ,

where f pð�Þ is the density of w2p distribution.

Theorem 1 indicates that the coverage error of the EL confidence region Ia is Oðn�1Þ,
which is the same order as a standard two sided confidence region based on the asymptotic
normality of ŷ. The attractions of the EL confidence region are: (i) there is no need to carry
out any secondary estimation procedure in formulating the confidence region; and (ii) the
shape and the orientation of the region are naturally determined by the likelihood ratio
surface, free of any subjective intervention.
It can be shown by combining the expressions of EðRl

iR
l
jÞ given in Appendix A.3 that

Efrðy0Þg ¼ pð1þ Bcn�1Þ þOðn�2Þ. (3.3)

The rationale of the Bartlett correction is to adjust the mean of the EL ratio rðy0Þ to make
it agreeable with the mean of w2p to the order of n�1. This mean adjustment, originally
proposed by Bartlett (1937), improves the chi-square approximation to the distribution of
the likelihood ratio to Oðn�2Þ. The following theorem formally establishes the Bartlett
correction for the EL ratio rðy0Þ.

Theorem 2. Under Condition (2.1),

sup
x2R

jPfrðy0Þoxð1þ Bcn�1Þg � Pðw2poxÞj ¼ Oðn�2Þ.

The theorem shows that the Bartlett correction is maintained by the EL for the situa-
tion of general moment restrictions, despite that r may be larger than p and ‘ðŷÞ has a
rather complex expression. This indicates that the EL is resilient in sharing this delicate
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second-order property with a parametric likelihood and the existence of certain internal
mechanism in the EL that resembles that of the parametric likelihood.

The Bartlett factor Bc can have a quite involved expression for a general over-identified
case of r4p due to the lengthy expressions of Dll . However, it admits simpler expression in
two special situations. One is in the situation of just-identified moment restrictions with
r ¼ p. It may be easily checked from (A.14) that

Bc ¼ p�1ð1
2
allkk � 1

3
alkmalkmÞ, (3.4)

which is the Bartlett factor obtained in DiCiccio et al. (1991) for smooth function of means
and Chen (1993) for linear regression. The other situation is when r4p, but (i)
CovfgjðX ; y0Þ; gpþaðX ; y0Þg ¼ 0 for any jpp and apr� p and (ii) gjðx; yÞ ¼ gjðxÞ does not
depend on y for j ¼ pþ 1; . . . ; r. Assumption (i) means that the first p estimating equations
are uncorrelated with the last r� p estimating equations at y0 and (ii) means that the last
r� p estimating equations are free of parameters. In this case,

Bc ¼ p�1ð1
2
allkk þ all;pþa;pþa � 1

3
alkmalkm � allkakpþa;pþa � alf ;pþaalf ;pþaÞ.

A special case of the second situation is considered in Cui and Yuan (2001) for a quantile
with r ¼ pþ 1.

To practically implement the Bartlett correction in a general situation, either Bc or
bc¼:1þ Bcn

�1 has to be estimated. It is noted that the direct plug-in estimator of bc can be
obtained by substituting all the populations moments involved by their corresponding
sample moments. However, considering the rather lengthy forms of bc, we propose using
the following bootstrap procedure to estimate bc.

Step 1: Generate a bootstrap resample fX �i g
n
i¼1 by sampling with replacement from the

original sample fX ig
n
i¼1 and compute r�ðŷÞ ¼ ‘�ðŷÞ � ‘�ðŷ�Þ, where ‘� and ŷ

�
are,

respectively, the log EL ratio and the maximum EL estimate based on the resample.

Step 2: For a large integer N, repeat Step 1 B times and obtain r�1ðŷÞ; . . . ; r�BðŷÞ.
As B�1

PB
b¼1 r�bðŷÞ estimates Efrðy0Þg, a bootstrap estimate of bc is

b̂c ¼ ðBpÞ�1
XB

b¼1

r�bðŷÞ.

Let Xn ¼ fX 1; . . . ;X ng be the original sample. It may be shown by standard bootstrap
arguments, for instance, those given in Hall (1992), that

Eðb̂cjXnÞ ¼ ð1þ Bcn�1Þf1þOpðn
�1=2Þg (3.5)

which means that the bootstrap estimate of bc is
ffiffiffi
n
p

-consistent. Now a practical Bartlett
corrected confidence region is Ia;bc ¼ fyjrðyÞpcab̂cg.

The above use of the bootstrap to estimate bc naturally leads ones to think of using the
bootstrap to calibrate directly on the a-quantile of the EL ratio rðy0Þ. Let ĉa be the ath
quantile of the distribution of r�ðŷÞ given Xn, namely, Pfr�ðŷÞoĉajXng ¼ a. The quantile
can be estimated by the ð½aB� þ 1Þth ordered value of fr�bðŷÞgBb¼1 where ½�� is the integer
truncation operator. We will ignore the error of the quantile estimation as it can be made
as small as possible by increasing the number of bootstrap simulation B. Then a direct
bootstrap confidence interval at a nominal level a is Ia;bt ¼ fyjrðyÞpĉag.
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Theorem 3. Under Condition (2.1),

Pfrðy0Þocab̂cg ¼ aþOðn�3=2Þ and Pfrðy0Þoĉag ¼ aþOðn�3=2Þ.

The theorem indicates that the coverage errors of the two confidence regions Ia;bc and
Ia;bt are at the same order of n�3=2, which is one order of magnitude smaller than the
original EL region Ia. However, they are both of larger order than Oðn�2Þ when the true Bc

is used as conveyed in Theorem 2. The underlying reason for achieving a coverage error at
the order of n�2 in Theorem 2 is due to a fact that an even/odd order Hermit polynomial is
an even/odd function, which makes the n�3=2-order term in the Edgeworth expansion
vanish. However, when we used a

ffiffiffi
n
p

-consistent estimate of bc in Ia;bc, the n�3=2-order term
in the Edgeworth expansion involves no longer just Hermite polynomials. The error in the
estimation of bc has an effect at the order of n�3=2.

4. Simulation results

We report in this section results of two simulation studies which are designed to confirm
the theoretical findings of Bartlett correction of the EL by implementing the proposed
empirical Bartlett correction. For comparison purposes, the bootstrap confidence regions
Ia;bt is also evaluated.
In the first simulation study, X 1; . . . ;X n are independent and identically Nðy; y2 þ 1Þ

distributed, as considered in an example of Qin and Lawless (1994). The relationship
between the mean and variance leads to moment restrictions: g1ðX 1; yÞ ¼ X 1 � y and
g2ðX 1; yÞ ¼ X 2

1 � 2y2 � 1. This is an over-identified case as there are two moment
restrictions and one parameter of interest, i.e. r ¼ 2 and p ¼ 1. Like Qin and Lawless, the
value of y is chosen to be 0 and 1, respectively. The sample size used in the simulation study
is n ¼ 20; 30; 40 and 50, respectively.
In the second simulation study, we consider the following autoregressive panel data

model, which is an example considered in Brown and Newey (2002):

X it ¼ yX it�1 þ ai þ �it; X i0 ¼
ai

1� r
þ ei, (4.1)

for t ¼ 1; . . . ; 4 and i ¼ 1; . . . ; n, where jyjo1, f�itg
4
t¼1 and ai are mutually independent

standard normal random variables, ei�Nð0; ð1� y2Þ�1Þ and independent of f�itg
4
t¼1 and ai.

Let X i ¼ ðX i1; . . . ;X i4Þ. The moment restrictions after taking time differencing are
g1ðX i; yÞ ¼ X i1ðDX i3 � yDX i2Þ, g2ðX i; yÞ ¼ X i1ðDX i4 � yDX i3Þ and g3ðX i; yÞ ¼ X i2ðDX i3 �

yDX i2Þ where DX it ¼ X it � X it�1. It is easy to check from model (4.1) that EfgjðX i; yÞg ¼ 0.
Hence, there are three constraints and one parameter, i.e. r ¼ 3 and p ¼ 1, another over-
identified case. The parameter y, the autoregressive coefficient, is assigned values of 0:5 and
0:9 to obtain different levels of correlations. The sample size is chosen at n ¼ 50 and 100,
respectively. Three confidence intervals are evaluated. They are Ia based on the limiting
chi-square distribution, Ia;bc via the empirical Bartlett correction and Ia;bt based on the
direct bootstrap calibration.
To gain information on the degree of over-identification in the moment restriction on

the confidence intervals, we also carry out simulations for each model with only one
estimating equation, which happens to be the first estimating equation, respectively. These
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correspond to just-identified cases, where the Bartlett factor are given explicitly in (3.4).
Therefore, in additional to the above three confidence intervals, we also evaluate the
theoretical Bartlett corrected interval which replaces b̂c by the real value bc in Ia;bc. We are
also able to obtain the real Bc value for the over-identified case in the first simulation
model, hence the true Bartlett corrected interval is performed for all cases in the first
model.

In both simulation studies, the empirical coverage and length of the EL, Bartlett
corrected EL and the direct bootstrap calibrated intervals are evaluated with nominal
coverage levels of 90% and 95%, respectively. The bootstrap resample size B used is 250
and the number of simulation is 1000.

Tables 1 and 2 contain the empirical coverage and the averaged length of the confidence
intervals, which can be summarized as follows. First of all, the need for carrying out the
second-order correction to the EL confidence interval Ia is obvious as the original EL
interval has quite severe under coverage for all the cases considered even for a sample size
of 100 for the panel data model. The under coverage is particularly severe when the sample
size is small for the normal mean model Nð1; 2Þ and for the panel data model. These are the
situations where the Bartlett correction is needed. In all the cases considered the empirical
Bartlett correction (Ia;bc) improves significantly the coverage of Ia. The restoration of
coverage by the Bartlett correction is impressive when the sample size is small. We also
observed that, as anticipated, the direct bootstrap confidence interval has similar
performance with the Bartlett corrected intervals in most of the cases. However, in the
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Table 1

Empirical coverage (in percentage) and averaged length of the EL confidence interval Ia, the theoretical Bartlett

corrected (TBC) interval I tbc by using the ture Bartlett factors, the empirical Bartlett corrected (EBC) interval Ia;bc

and the direct Bootstrap (BT) calibrated confidence interval Ia;bt with X�Nðy; y2 þ 1Þ and y ¼ 0

Nominal level 90% 95%

sample size EL TBC EBC BT EL TBC EBC BT

ðaÞ With two moment restrictions

20 coverage 84.50 89.50 90.30 87.90 91.20 94.80 93.82 93.40

length 0.635 0.712 0.835 0.792 0.760 0.847 0.932 0.930

30 coverage 85.75 89.25 89.45 87.32 91.20 94.10 93.50 93.20

length 0.543 0.602 0.626 0.605 0.672 0.720 0.765 0.761

40 coverage 87.65 90.10 89.80 88.76 92.50 94.80 95.60 94.80

length 0.490 0.515 0.546 0.542 0.585 0.615 0.627 0.625

60 coverage 87.50 89.50 89.04 88.75 94.00 95.50 94.63 93.87

length 0.448 0.465 0.425 0.413 0.540 0.560 0.547 0.532

ðbÞ With one moment restriction

20 coverage 86.50 88.70 90.10 89.50 92.60 94.70 94.30 93.80

length 0.723 0.753 0.865 0.852 0.878 0.912 0.987 0.983

30 coverage 86.50 89.30 89.32 88.75 93.20 95.10 94.20 94.60

length 0.595 0.613 0.676 0.662 0.718 0.737 0.794 0.806

40 coverage 88.10 90.20 90.10 89.30 94.0 94.50 94.60 95.20

length 0.515 0.524 0.563 0.557 0.618 0.630 0.645 0.650

60 coverage 87.80 89.40 89.34 88.90 94.10 94.80 94.60 94.30

length 0.464 0.472 0.452 0.445 0.552 0.567 0.558 0.550
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normal mean model, the coverage of the direct bootstrap interval Ia;bt is not as good as the
Bartlett corrected interval Ia;bc in most of the situations. The robust performance of the
Bartlett corrected interval may be due to the fact that the estimation of the Bartlett factor
bc, which involves simple bootstrap averaging, is less variable than the bootstrap
estimation of an extreme quantile of the distribution of rðŷÞ (see also Tables 3 and 4).
When the number of moment restriction is reduced to one, the lengths of all intervals

increase which is expected as the estimation efficiency declines. The theoretical Bartlett
correction is slightly better than Ia;bc and Ia;bt in terms of coverage accuracy and length.
However, when n is larger (n ¼ 60 in the first study and n ¼ 100 in the second), the three
second-order intervals perform almost the same.
It is noticed that the lengths of the confidence intervals for the panel data model is

comparable with those given in Brown and Newey (2002). Finally, we observed that as the
sample size increases the EL interval Ia improves both in its coverage and length, whereas
the improvement on the Bartlett intervals and the bootstrap interval is more in reducing
the length of the intervals.

5. Discussions

The main finding of the paper is that the EL with general moment restrictions are
Bartlett correctable. This is a substantial extension of the previously established cases of
Bartlett correction of EL, including the case of smoothed functions of means by DiCiccio
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Table 2

Empirical coverage (in percentage) and averaged length of the EL confidence interval Ia, the theoretical Bartlett

corrected (TBC) interval I tbc by using the true Bartlett factors, the empirical Bartlett corrected (EBC) interval Ia;bc

and the direct Bootstrap (BT) calibrated confidence interval Ia;bt with X�Nðy; y2 þ 1Þ and y ¼ 1

Nominal level 90% 95%

sample size EL TBC EBC BT EL TBC EBC BT

ðaÞ With two moment restrictions

20 coverage 81.40 87.50 86.45 85.48 87.00 92.10 91.80 90.20

length 0.661 0.807 0.792 0.783 0.789 0.956 0.924 0.917

30 coverage 82.50 92.00 89.15 88.63 92.50 95.25 94.21 93.60

length 0.610 0.705 0.683 0.677 0.707 0.794 0.782 0.764

40 coverage 85.50 89.50 88.40 88.90 91.25 94.25 93.70 93.20

length 0.462 0.531 0.523 0.526 0.590 0.657 0.643 0.635

60 coverage 88.50 89.75 90.35 89.23 92.25 94.40 94.25 94.50

length 0.412 0.443 0.452 0.440 0.492 0.531 0.535 0.540

ðbÞ With one moment restriction

20 coverage 88.90 90.35 89.75 90.10 93.00 94.20 94.50 94.35

length 1.025 1.065 1.050 1.063 1.228 1.275 1.283 1.280

30 coverage 87.80 89.20 89.50 88.90 93.50 94.65 94.80 94.40

length 0.843 0.865 0.869 0.860 1.010 1.036 1.041 1.030

40 coverage 88.60 89.35 89.45 89.90 94.25 94.75 94.60 94.40

length 0.720 0.734 0.736 0.743 0.862 0.876 0.870 0.867

60 coverage 88.90 89.50 90.15 90.25 94.50 95.15 95.10 95.20

length 0.602 0.610 0.615 0.619 0.721 0.730 0.726 0.732
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Table 3

Empirical coverage (in percentage) and averaged length of the EL confidence interval Ia, the theoretical Bartlett

corrected (TBC) interval I tbc by using the true Bartlett factors (with one moment restriction only), the empirical

Bartlett corrected (EBC) EL interval Ia;bc and the direct Bootstrap (BT) calibrated confidence interval Ia;bt for the

panel data model (4.1) with y ¼ 0:5

Nominal level 90% 95%

sample size EL EBC BT EL EBC BT

ðaÞ With two moment restrictions

50 coverage 81.25 87.30 89.20 87.10 93.40 94.05

length 0.917 1.325 1.384 1.088 1.425 1.504

100 coverage 84.50 89.90 89.80 90.20 93.80 94.30

length 0.706 0.875 0.894 0.818 1.065 1.096

Nominal level 90% 95%

sample size EL TBC EBC BT EL TBC EBC BT

ðbÞ With one moment restriction

50 coverage 85.70 88.50 88.75 90.10 92.25 94.10 93.82 94.30

length 1.382 1.457 1.525 1.534 1.574 1.631 1.625 1.685

100 coverage 87.50 89.75 88.90 89.50 89.75 94.75 94.30 94.50

length 1.162 1.182 1.175 1.180 1.302 1.320 1.335 1.343

Table 4

Empirical coverage (in percentage) and averaged length of the EL confidence interval Ia, the theoretical Bartlett

corrected (TBC) interval I tbc by using the true Bartlett factors (with one moment restriction only), the empirical

Bartlett corrected (EBC) EL interval Ia;bc and the direct Bootstrap (BT) calibrated confidence interval Ia;bt for the

panel data model (4.1) with y ¼ 0:9

Nominal level 90% 95%

sample size EL EBC BT EL EBC BT

ðaÞ With two moment restrictions

50 coverage 80.50 88.45 89.30 87.30 93.80 94.40

length 1.596 1.819 1.823 1.765 1.950 1.936

100 coverage 81.40 89.20 88.80 89.20 93.50 94.60

length 1.540 1.623 1.656 1.726 1.905 1.913

Nominal level 90% 95%

sample size EL TBC EBC BT EL TBC EBC BT

ðbÞ With one moment restriction

50 coverage 86.50 90.20 90.30 89.40 92.30 95.10 94.70 94.80

length 1.849 1.889 1.894 1.876 1.923 1.940 1.934 1.939

100 coverage 87.25 90.20 90.10 89.40 93.00 94.80 94.30 94.70

length 1.808 1.829 1.820 1.813 1.910 1.928 1.920 1.925
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et al. (1991) and the linear regression by Chen (1993). It shows that the Bartlett property of
the EL is still preserved even in the case of over-identification. Although the Bartlett factor
can admit a rather involved expression with over-identified moment restrictions, proving
that the EL is Bartlett correctable provides the theoretical foundation to the proposed
easily implementable empirical Bartlett correction and bootstrap calibration of the EL
ratio.
Although we have focused on the coverage accuracy of the EL confidence regions, the

results of this paper have implications on hypothesis tests. For testing the simple
hypothesis, H0 : y ¼ y0, a size a EL test rejects H0 if rðy0ÞXca. The Bartlett corrected EL
test rejects H0 if rðy0ÞXb̂cca. The latter test has more accurate size approximation than the
original EL test. The maximum EL ratio ‘ðŷÞ can be used to test over-identification
restrictions EfgðX ; yÞg ¼ 0, as proposed in Qin and Lawless (1994) and Kitamura (2001),
which mirrors the GMM test of Hansen (1982). The expansion given in (2.8) would be
useful in studying the second-order properties of the EL over-identification restrictions
test.
The use of the bootstrap to carry out the Bartlett correction empirically is due to a rather

involved expression for the Bartlett factor. Although it may be expected that the direct
bootstrap calibration would give the same effect as the Bartlett correction, the justification
of the direct bootstrap method inevitably needs those cumulants and the Edgeworth
expansions established in this paper.
The results established in Theorems 1 and 2 can be extended to independent but not

identically distributed samples, for instance, those arisen in a regression study. We need to
modify a, b and g as follows:

aj1...jk ¼ n�1
Xn

i¼1

E½w
j1
i ðy0Þ . . .w

jk

i ðy0Þ�; bj;j1...jk ¼ n�1
Xn

i¼1

E
qkGjð0; y0Þ
qZj1

. . . qZjk

 !
and

gj;j1...jl ;k;k1...km;...;p;p1...pt ¼
1

n

Xn

i¼1

E
qlw

j
iðy0Þ

qyj1 . . . qyjl

qmwk
i ðy0Þ

qyk1 . . . qykm
. . . :

qtw
p
i ðy0Þ

qyp1 . . . qypt

 !
.

We need also to re-define Vn as n�1
Pn

i¼1 VarfgðX i; y0Þg. These forms of a and V n

were employed in Chen (1993) to establish Bartlett correction for linear regression
where r ¼ p. Conditions (2.1) should be modified to reflect the independent but not
identically distributed nature of data. Similar conditions as those given in Theorem 20.6
of Bhattacharya and Rao (1976) are required. Then, it may be shown that Theorem 1
is true by employing Skovgaard (1981) on transformation of Edgeworth expansions.
Theorem 2 is then a consequence of Theorem 1 as the calculation of the cumulants
follows the same spirits given in Appendix A for independent and identically distributed
samples.
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Appendix A

We provide some technical details on the log EL ratio rðy0Þ in Appendix A.2, the sign
root decomposition in Appendix A.3, and the proofs of the two theorems in Appendix A.4.
More details on these derivations can be found in Chen and Cui (2005).

A.1. Basic formulae

We first present some basic formulae which will be used throughout the derivations.
Recall that O ¼ ðoklÞp�p¼:UL�1 where okl ¼ ukll�1l . Since GðZÞ ¼ S�1QðZÞ where

S�1 ¼
�I þ S12ðS

T
12S12Þ

�1ST
12 S12ðS

T
12S12Þ

�1

ðST
12S12Þ

�1ST
12 ðST

12S12Þ
�1

 !
¼

0 0 OT

0 �Ir�p 0

O 0 OOT

0
B@

1
CA,

it can be checked that

bj;k
¼ E

qGjð0; y0Þ
qZk

� �
¼ djk and B¼:

B1

� � �

Br

0
B@

1
CA ¼ S�1

A

0

� �
¼

0

�A2

OA1

0
B@

1
CA.

Here AT ¼ ðA1; . . .ArÞ
T
¼:ðAT

1 ;A
T
2 Þ

T, where A1 ¼ ðA
1; . . . ;ApÞ

T and A2 ¼ ðA
pþ1; . . . ;ArÞ

T

constitute a partition of A. Therefore for positive integers k and a,

Bk ¼ 0 for kpp; Bpþa ¼ �Apþa for apr� p and

Brþk ¼ oklAl for kpp. ðA:1Þ

Let B1 ¼ ðB
1; . . . ;BrÞ

T and B2 ¼ ðB
rþ1; . . .BrþpÞ

T. Since SB ¼ ðAT; 0Tp�1Þ
T, it means that

�B1 þ S12B2 ¼ A. As S12 ¼ ðgj;kÞr�p and from (A.1) we have

gj;kBrþk ¼ AjIðjppÞ, (A.2)

where I is the indicator function. Since

ðBp;qÞðrþpÞ�ðrþpÞ ¼ S�1
�ðAijÞ ðCi;lÞ

ðCi;lÞ
T 0

 !
, (A.3)

we have S21ðB
j;kÞr�p ¼ ðC

k;mÞ
T
p�r and S21ðB

j;rþaÞr�p ¼ 0: As S21 ¼ ðgj;kÞ
T, these mean

gj;kBj;l ¼ Cl;k for lpr and kpp and gj;kBj;rþa ¼ 0. (A.4)

Furthermore, (A.3) also implies the following which links the Bs;t system with the
Ajm- and the Cj;m-systems:

ðBk;lÞ ðBk;pþbÞ ðBk;rþlÞ

ðBpþa;lÞ ðBpþa;pþbÞ ðBpþa;rþlÞ

ðBrþk;lÞ ðBrþk;pþbÞ ðBrþk;rþlÞ

0
BB@

1
CCA

¼

ðomkCl;mÞ ðomkCpþb;mÞ 0

ðApþa;lÞ ðApþa;pþbÞ �ðCpþa;lÞ

ðokm½onmCl;n � Aml �Þ ðokm½onmCpþb;n � Am;pþb�Þ ðokmCm;lÞ

0
BB@

1
CCA. ðA:5Þ
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In a similar fashion, we can establish the following links between bs;t and ðaj i; gj;iÞ

systems where t and i contains either single or double superscripts:

bl;pþa;pþc
¼ �ool ½gpþc;pþa;o þ gpþa;pþc;o�; bl;pþm;pþc

¼ oolgpþc;om,

bpþa;pþb;pþc
¼ �2apþa;pþb;pþc; bpþa;pþm;pþc

¼ gpþc;pþa;m þ gpþa;pþc;m,

bl;pþa;pþn
¼ oolgpþa;on; bl;pþm;pþn

¼ 0,

bpþa;pþb;pþn
¼ gpþa;n;pþb þ gpþa;pþb;n; bpþa;pþm;pþn

¼ �gpþa;mn,

brþk;pþa;pþc
¼ 2okoaopþa;pþc � okoono½gpþc;pþa;n þ gpþa;pþc;n�,

brþk;pþa;pþn
¼ okoomogpþa;mn � oko½go;n;pþa þ go;pþa;n�,

brþk;pþm;pþc
¼ okoonogpþc;nm � oko½gpþc;o;m þ go;pþc;m�; brþk;pþm;pþn

¼ okogo;mn.

ðA:6Þ

See Chen and Cui (2005) for details.

A.2. Derivations of (2.8) and (2.9)

We shall expand each term on the right of (2.7). By ignoring terms of Opðn
�5=2Þ, the first

term

l̂
T

n�1
Xn

i¼1

wiðŷÞ ¼ l̂
j
n�1

Xn

i¼1

w
j
iðy0Þ þ

qw
j
iðy0Þ

qyk
ŷ

k
þ

1

2

q2w
j
iðy0Þ

qykqyl
ŷ

k
ŷ

l
þ

1

6

q3wj
iðy0Þ

qykqylqym
ŷ

k
ŷ

l
ŷ

m

" #

¼ l̂
j
Aj þ gj;kl̂

j
ŷ

k
þ l̂

j
ŷ

k
Cj;k þ 1

2 g
j;kl l̂

j
ŷ

k
ŷ

l
þ 1

2 l̂
j
ŷ

k
ŷ

l
Cj;kl þ 1

6 g
j;klml̂

j
ŷ

k
ŷ

l
ŷ

m
.

Similarly, the second term

l̂
T

n�1
Xn

i¼1

wiðŷÞwiðŷÞ
Tl̂

¼ l̂
j
l̂

h
n�1

Xn

i¼1

w
j
iðy0Þw

h
i ðy0Þ þ wh

i ðy0Þ
qw

j
iðy0Þ

qyl
ŷ

l
½2; j; h� þ

1

2
w

j
iðy0Þ

q2wh
i ðy0Þ

qylqyk

( )

¼ l̂
j
l̂

i
ðAji þ dji

Þ þ l̂
j
l̂

i
ŷ

l
fðCj;i;l þ gj;i;lÞ½2; j; i�g þ

1

2
l̂

j
l̂

i
ŷ

l
ŷ

k
fðCj;i;lk þ gj;i;lkÞ½2; j; i�g

þ l̂
j
l̂

i
ŷ

l
ŷ

k
fðCj;l;i;k þ gj;l;i;kg

¼ l̂
j
l̂

j
þ l̂

j
l̂

i
Aji þ 2gj;i;l l̂

j
l̂

i
ŷ

l
þ 2Cj;i;l l̂

j
l̂

i
ŷ

l
þ ðgj;i;lk þ gj;l;i;kÞl̂

j
l̂

i
ŷ

l
ŷ

k
þOpðn

�5=2Þ.

For the third term

2

3
n�1

Xn

i¼1

½l̂
T

wiðŷÞ�3 ¼
2

3
l̂

j
l̂

i
l̂

h
ðAjih þ ajihÞ þ 2l̂

j
l̂

i
l̂

h
ŷ

k
gj;i;h;k þOpðn

�5=2Þ.

Finally, n�1
Pn

i¼1 ½l̂
T

wiðŷÞ�4 ¼ l̂
j
l̂

i
l̂

h
l̂

g
ajihg þOpðn

�5=2Þ.
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We then have for a; b; c; d 2 f1; 2; . . . ; r� pg, f ; g; h; i; j 2 f1; 2; . . . ; rg, k; l;m; n; o 2
f1; 2; . . . ; pg and q; s; t; u 2 f1; 2; . . . ; rþ pg that

n�1lðŷÞ ¼ � 2BjAj � BjBj þ 2Bj;qBqðAj þ BjÞ � bj;uqBuBqðAj þ BjÞ

� 2Bj;uBu;qBqðAj þ BjÞ þ bu;qsBj;uBqBsðAj þ BjÞ � bj;uqbu;stBqBsBtðAj þ BjÞ

� Bj;uqBuBqðAj þ BjÞ þ 1
3
bj;uqsBuBqBsðAj þ BjÞ þ 2bj;uqBu;sBsBqðAj þ BjÞ

þ 2gj;kf�Bj;qBqBrþk þ ½1
2
bj;uqBuBqBrþk þ Bj;uBu;qBqBrþk

� 1
2
bu;qsBj;uBqBsBrþk � bj;uqBu;sBqBsBrþk þ 1

2
bj;uqbu;stBqBsBtBrþk

þ 1
2

Bj;uqBuBqBrþk � 1
6
bj;uqsBuBqBsBrþk � 1

2
bj;uqBuBqBrþk;sBs�½2; j; rþ k�

þ Bj;uBuBrþk;qBq þ 1
4
bj;uqbrþk;stBuBqBsBtg

þ 2Cj;kfBjBrþk � Bj;qBqBrþk½2; j; rþ k� þ 1
2
bj;uqBuBqBrþk½2; j; rþ k�g

þ gj;klf�BjBrþkBrþl þ BrþkBrþlBj;qBq½3; j; rþ k; rþ l�

� 1
2

BjBrþkbrþl;uqBuBq½3; j; rþ k; rþ l�g � Cj;klBjBrþkBrþl

þ 1
3
gj;klmBjBrþkBrþlBrþm � Bj;uBuBj;qBq � 1

4
bj;uqbj;stBuBqBsBt

þ bj;uqBuBqBj;sBs � BjBiAji þ BjBi;qBqAji½2; j; i� � 1
2
bj;uqBuBqBiAji½2; j; i�

þ 2gj;i;lfBjBiBrþl � BjBiBrþl;qBq þ 1
2b

rþl;uqBjBiBuBq � BrþlBiBj;qBq½2; j; i�

þ 1
2
bj;uqBuBqBiBrþl ½2; j; i�g þ 2BjBiBrþlCj;i;l � ðgj;i;lk þ gj;l;i;kÞBjBiBrþlBrþk

� 2
3
ajihBjBiBh þ 2ajihBjBiBh;qBq � ajihbj;uqBuBqBiBh � 2

3
AjihBjBiBh

þ 2gj;i;h;kBjBiBhBrþk � 1
2
ajihgBjBiBhBg þOpðn

�5=2Þ.

Applying (A.1) and (A.4), it may be shown that the third to the 18th terms on the right-
hand side cancel each other and the application of (A.4) simplifies the 20th term. Keeping
all the other terms, we have (2.8).

Now bringing in the expansion for ‘ðy0Þ in (2.5) we have

n�1rðy0Þ ¼ ðAj þ BjÞðAj þ BjÞ � AjiðAjAi � BjBiÞ � 2Cj;kBjBrþk � 2gj;i;lBjBiBrþl

þ 2
3
ajih½AjAiAh þ BjBiBh� þ gj;klBjBrþkBrþl þ AjiðAhiAjAh � Bi;qBqBj ½2; i; j�Þ

� bj;uq
½Cj;kBrþk � Brþk;sBsgj;k þ Bj;sBs � AjiBi�BuBq � 2ajihBjBiBh;qBq

þ Bj;uBj;qBuBq þ 2Cj;kBj;qBrþkBq � gj;klBrþkBrþlBj;qBq

� 2gj;klBjBrþlBrþk;qBq þ 2gj;i;lðBjBiBrþl;qBq þ BrþlBiBj;qBq½2; j; i�Þ

þ ð1
4
bj;uqbj;st

� 1
2
bj;uqbrþk;stgj;kÞBuBqBsBt þ 1

2
gj;klbj;uqBuBqBrþlBrþk

þ ðgj;klbrþl;uq
� gi;j;kbi;uq

� gj;i;kbi;uq
ÞBuBqBjBrþk � 2gj;i;h;kBjBiBhBrþk

þ ðgj;i;lk þ gj;l;i;kÞBjBiBrþlBrþk � 1
3
gj;klmBjBrþkBrþlBrþm

þ 1
2
ajihgBjBiBhBg þ ðajihbh;uq

� gj;i;lbrþl;uq
ÞBjBiBuBq

þ Cj;klBjBrþkBrþl � 2Cj;i;lBjBiBrþl þ 2
3

AjihðBjBiBh þ AjAiAhÞ

� 2ajihAghAjAiAg þ ajgf aihf AjAiAhAg � 1
2
ajihgAjAiAhAg þOpðn

�5=2Þ.

ðA:7Þ
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Now the terms appeared on the third line of the above equation cancel each other. To
appropriate this, by applying the relationships implied by (A.5) together with (A.1) and (A.4),

bj;uq
½Cj;kBrþk � Brþk;sBsgj;k þ Bj;sBs � AjiBi�BuBq

¼ ½bj;uqCj;kBrþk � bl;uqgl;kBrþk;pþaBpþa � bl;uqgl;kBrþk;rþmBrþm

� bl;uqAlpþaBpþa � bpþb;uqApþbpþaBpþa þ bl;uqBl;pþaBpþa

þ bpþb;uqBpþb;pþaBpþa þ bpþa;uqBpþa;rþmBrþm�BpBq

¼ ½bj;uqCj;kBrþk � bl;uq
ðBl;pþa � Al;pþaÞBpþa � bl;uqCl;mBrþm

þ bl;uq
ðBl;pþa � Al;pþaÞBpþa � bpþb;uqApþbpþaBpþa þ bpþa;uqBpþb;pþaBpþa

� bpþa;uqCpþa;mBrþm�BuBq ¼ 0.

Applying again (A.5), we can express the terms appeared in the first two lines of (A.7) by

AlAl � AklAkAl � 2Al;pþaApþaAl þ 2
3
aklmAkAmAl þ 2oklCpþa;kApþaAl

þ ½2akl;pþa � gpþa;mnomkonl �ApþaAkAl þ 2½al;pþa;pþb � gpþa;pþb;kokl �ApþaApþbAl

which leads us to (2.9).

A.3. Expansion for R3

We subtract Rl
2R

l
2 from all the terms appeared in line 4 and below in (2.9). Fortunately

all the terms which do not have Al appeared cancel out with those appeared in Rl
2R

l
2.

Hence, the remaining terms can be written as 2Rl
1R

l
3.

The pursuit for an expression of R3 is done by repeatedly employing formulae (A.5) and (A.6)
as well as (A.1), (A.2) and (A.4). For instance, the terms appeared in the fourth line of (2.9)

AjiAhiAjAh þ Bj;uBj;qBuBq � 2AjiBi;qBqBj þ 2Cj;kBj;qBrþkBq

¼ AklAkmAmAl þ 2AklAk;pþaApþaAl þ 2Al;pþaApþa;pþbApþbAl

þ Ak;pþaAl;pþaAkAl þ ApþalApþblApþaApþb þ omlonlCpþa;mCpþb;nApþaApþb

þ onlokmCpþa;nCpþa;kAmAl � 2omkCpþb;mApþa;kApþbApþa

� 2omnoklCn;kCpþa;mApþaAl � 2oklCpþa;kApþa;pþbApþbAl

� 2omloknCpþa;kCpþa;mAnAl ,

and the terms in the fifth line

� gj;klBrþkBrþlBj;qBq � 2gj;klBjBrþlBrþk;qBq

¼ �gm;klBpþaBrþkBrþlBm;pþa � gpþb;klBpþaBrþkBrþlBpþb;pþa

� gpþb;klBrþkBrþlBrþnBpþb;rþn � 2gpþb;klBpþaBpþbBrþlBrþk;pþa

� 2gpþa;klBpþaBrþlBrþmBrþk;rþm

¼ gm;kloknoloovmCpþa;vApþaAnAo þ gpþb;kloknoloApþb;pþaApþaAnAo

þ gpþb;kloknoloomvCpþb;mAnAoAv � 2gpþb;kloknoloovnCpþa;vApþaApþbAo

þ 2gpþb;kloknoloAn;pþaApþaApþbAo þ 2gpþa;klokvolnomoCv;mApþaAnAo,

and so on for the other terms.
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Let us define

Rl
31 ¼

3
8

AlmAkmAk þ 1
3

AlkmAkAm � 5
12
alkmAnmAkAn

� 5
12 a

knmAlmAkAn þ 4
9 a

lknaomnAmAkAo � 1
4 a

lknmAmAkAn,

Rl
32 ¼ Alk;pþaApþaAk þ Al;pþa;pþbApþaApþb � 1

2
oknomlCpþa;kmApþaAn

� oklCpþa;pþb;kApþaApþb þ 1
2
okmCpþa;kAlmApþa þ 1

2
AlkAk;pþaApþa

þ AlpþaApþa;pþbApþb þ 1
2

AlpþaApþakAk � 1
2
okmonlCpþa;nCpþa;kAm

� oklomnCn;kCpþa;mApþa � oklCpþa;kApþa;pþbApþb,

Rl
33 ¼

1
2 ½g

m;voovnoolokm � 2
3 a

nmlokm�Cpþa;kApþaAn þ 1
2 g

pþb;kooknoolomvCpþb;mAnAv

þ ½1
2
gpþb;kooknool � alnpþb�Apþb;pþaApþaAn þ ovk½onlðgk;pþa;n þ gpþa;k;nÞ

� alkpþb � 1
2
gpþb;mnomlonk�Cpþa;vApþaApþb þ gpþa;kooonomlokvCv;mApþaAn

þ ½1
2
gpþb;mkomlokn � alnpþb�An;pþaApþaApþb,

Rl
34 ¼ gpþa;pþb;nonoomlCo;mApþaApþb � apþa;pþb;pþcAl;pþcApþaApþb

þ ½ðgpþc;pþa;n þ gpþa;pþc;nÞonl � 2al;pþa;pþc�Apþc;pþbApþaApþb

þ ðgpþc;pþa;o þ gpþa;pþc;oÞoonoklCpþc;kApþaAn � alk;pþaAm;pþaAkAm

þ apþa;pþb;pþcomlCpþc;mApþaApþb � 2
3
alkmAm;pþaApþaAk

� ½3
2
ako;pþa þ 1

4
gpþa;mnomkono�AloApþaAk � 2ak;pþa;pþbAlpþbApþaAk

� ½am;pþa;pþb þ gpþa;pþb;kokm�AlmApþaApþb,

Rl
35 ¼ ½

1
2
alk;pþaamn;pþa � 1

8
ol0lom0mon0nok0kgpþa;l0m0gpþa;n0k0 �AmAnAk

þ ½2apþa;kf almf � alkm;pþa � 1
3
almnðakn;pþa � 1

2
gpþa;m0n0om0kon0nÞ

� 1
2
om0mok0kol0lðol0vgpþa;m0l0gv;l0k0 � 1

3
gpþa;m0k0l0 Þ�ApþaAkAm

� 1
2 ½3a

lk;pþa;pþb þ 2
3 a

klvðav;pþa;pþb � 1
2 g

pþa;pþb;nonvÞ

þ ðakvpþa � 1
2
gpþa;mnomkonvÞðalvpþb � 1

2
gpþb;m0n0om0lon0vÞ�ApþaApþbAk

þ ½al;pþa;f apþb;pþc;f � al;pþa;pþb;pþc � ðalk;pþc � 1
2
gpþc;mnomlonkÞ

�ðak;pþa;pþb � gpþa;pþb;vÞovk�ApþaApþbApþc

and

Rl
36 ¼ f2a

l;pþa;f ampþbf þ almf apþa;pþb;f þ om0mon0l ½1
2
ookovkgpþa;om0gpþb;vn0

� 1
2
ðgpþc;pþa;m0 þ gpþa;pþc;m0 Þðgpþc;pþb;n0 þ gpþb;pþc;n0 Þ

� okogpþb;n0kðgo;m0;pþa þ go;pþa;m0 Þ � 1
2
apþa;pþb;pþcgpþc;m0n0

� 1
2
okogo;m0n0gpþa;pþb;k þ 1

2
gpþa;pþb;m0n0 þ 1

2
gpþa;n;pþb;m0 �gApþaApþbAm.

It may be shown after some algebra that Rl
3 ¼

P6
i¼1Rl

3i.
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A.4. Proof of the Theorems

The proof of Theorem 1 is divided into two parts. In the first part, we derive the
cumulants of

ffiffiffi
n
p

R. In the second part, we establish an Edgeworth expansion for the signed
root which then leads to an Edgeworth expansion for the EL ratio rðy0Þ.

Cumulants of the signed root R: Since the cumulants of order higher than four are
of Oðn�2Þ or smaller, we only need to derive the first four cumulants. As the first and the
third cumulants are easier to derive than the second and the fourth, we present them first.
From (2.10) and (2.11), and the fact that R

j
3 is the product of four zero-mean averages,

we have

EðRl
1Þ ¼ 0; EðRl

2Þ ¼ n�1ml and EðR
j
3Þ ¼ Oðn�2Þ,

where ml ¼ �1
6

n�1alkk. Therefore, the first-order cumulant is

cumðRlÞ ¼ n�1ml þOðn�2Þ. (A.8)

The joint third-order cumulants

cumðRl ;Ro;RvÞ ¼ EðRlRoRvÞ � EðRlÞEðRoRvÞ½3; l; o; v� þ 2EðRlÞEðRoÞEðRvÞ

¼ EðRl
1R

o
1Rv

1Þ þ EðRl
2R

o
1R

v
1Þ½3; l; o; v� � EðRl

2ÞEðR
o
1R

v
1Þ½3; l; o; v�

þOðn�3Þ.

We note that

EðRl
1Ro

1Þ ¼ n�1dlo and

EðRl
2Ro

1Þ ¼ n�2½�1
2
ðalokk � dlo

Þ � alo;pþa;pþa þ 1
3
alkmaokm þ oklgpþa;o;pþa;k

þ ðalk;pþa � 1
2
omkonlgpþa;mnÞaok;pþa þ ðal;pþa;pþb � oklgpþa;pþb;kÞao;pþa;pþb�.

Write Rl
2 ¼ Rl

21 þ Rl
22 where Rl

21 ¼ �
1
2

AklAk þ 1
3
aklmAkAm and Rl

22 contains the rest of
the terms appeared in (2.11). We have

EðRl
21Þ ¼ �

1
6

n�1alkk,

EðRl
22Ro

1R
v
1Þ ¼ EðRl

22Þd
ov
þOðn�3Þ ¼ Oðn�3Þ and

EðRl
21Ro

1R
v
1Þ ¼ n�2ð�1

6
alkkdov

� 1
3
alovÞ þOðn�3Þ.

Thus,

EðRl
2R

o
1R

v
1Þ ¼ EðRl

2ÞEðR
o
1R

v
1Þ �

1
3
EðRl

1R
o
1R

v
1Þ þOðn�3Þ, (A.9)

which means that

cumðRl ;Ro;RvÞ ¼ Oðn�3Þ. (A.10)

To compute the second cumulants, we have to derive the expectation Rl
2Rl

2 which
involves 21 terms. After deriving the expectation of each term and combine them as given
in Chen and Cui (2005), we have

EðRl
2R

o
2Þ ¼ n�2Jlo þOðn�3Þ, (A.11)

where Jlo is defined in (3.1).
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We also need to compute EðRl
2R

o
1Þ þ EðRl

3R
o
1Þ. It may be shown that, with the remaining

terms of Oðn�1Þ,

n2E½Rl
31Ro

1� ¼
5
8
alokk � 3

8
dlo
� 29

72
alkmaokm � 1

72
alokakmm,

n2EðRl
32Ro

1Þ ¼
5
2
alo;pþa;pþa þ alk;pþaaok;pþa þ 1

2
alokak;pþa;pþa þ al;pþa;pþbao;pþa;pþb

þ 1
2
alo;pþaakk;pþa � 1

2
okoomlgpþa;km;pþa � oklgpþa;pþa;k;o

þ 1
2
okmðgpþa;k;oalm;pþa þ gpþa;k;pþaalomÞ � 1

2
onlokogpþa;n;pþa;k

� 1
2
okmonlðgpþa;n;mgpþa;k;o þ gpþa;n;ogpþa;k;mÞ þ alo;pþaapþa;pþb;pþb

� oklomnðgn;k;pþagpþa;m;o þ gn;k;ogpþa;m;pþaÞ

� oklðgpþa;k;pþbao;pþa;pþb þ gpþa;k;oapþa;pþb;pþbÞ,

n2EðRl
33Ro

1Þ ¼ � alk;pþaaok;pþa � alopþbapþa;pþa;pþb þ 1
2
ovoonlokmgm;vngpþa;k;pþa

� 1
3
okmgpþa;k;pþaaoml þ 1

2
okoonlgpþb;knapþa;pþa;pþb

þ 1
2
oknovlomogpþb;kvgpþb;m;n þ 1

2
okoonlomvgpþb;kngpþb;m;v

� ovkalk;pþagpþa;v;o þ ovkonlðgk;pþa;n þ gpþa;k;nÞgpþa;v;o

þ 1
2o

mlokngpþa;mkaon;pþa þ onoomlokvgpþa;kngv;m;pþa,

n2EðRl
34Ro

1Þ ¼ � 4al;pþa;pþbao;pþa;pþb � 5
3
alomam;pþa;pþa � 7

2
alk;pþaaok;pþa

� alo;pþaakk;pþa � alo;pþaapþa;pþb;pþb þ omlonkgk;m;ogpþa;pþa;n

þ onlðgpþb;pþa;n þ gpþa;pþb;nÞao;pþa;pþb

þ onooklðgpþb;pþa;n þ gpþa;pþb;nÞgpþb;k;pþa þ omlgpþb;m;oapþa;pþa;pþb

� 1
4
omoonkgpþa;mnalk;pþa � okmgpþa;pþa;kalom,

n2EðRl
35Ro

1Þ ¼
1
2
alo;pþaakk;pþa þ alk;pþaaok;pþa � 3

2
alo;pþa;pþa � 1

3
alokak;pþa;pþa

þ 1
6
onvalovgpþa;pþa;n � 1

2
alk;pþaaok;pþa þ 1

4
omoonvalvpþagpþa;mn

� 1
8
ol0lom0oon0kok0kgpþa;l0m0gpþa;n0k0

� 3
8
omoonvom0lon0vgpþa;mngpþa;m0n0 ,

n2EðRl
36Ro

1Þ ¼ 2alk;pþaaok;pþa þ 2al;pþa;pþbao;pþa;pþb þ alokak;pþa;pþb

þ alo;pþaapþa;pþb;pþb þ 1
2
om0oon0lomkovkgpþa;mm0gpþa;vn0

� 1
2
om0oon0lðgpþb;pþa;m0 þ gpþa;pþb;m0 Þðgpþb;pþa;n0 þ gpþa;pþb;n0 Þ

� om0oon0lokmðgm;m0;pþa þ gm;pþa;m0 Þgpþa;n0k

� 1
2
om0oon0lapþa;pþa;pþbgpþb;m0n0 � 1

2
om0oon0lokmgm;m0n0gpþa;pþa;k

þ 1
2
om0oon0lðgpþa;pþa;m0n0 þ gpþa;n;pþa;m0 Þ,

n2EðRl
2R

o
1Þ ¼ �

1
2
ðalokk � dlo

Þ � alo;pþa;pþa þ 1
3
alkmaokm þ al;pþa;pþbao;pþa;pþb

þ alk;pþaaok;pþa þ oklgpþa;o;pþa;k � 1
2
omkonlgpþa;mnaok;pþa

� oklgpþa;pþb;kao;pþa;pþb.
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In summary,

EðRl
2R

o
1Þ þ EðRl

3Ro
1Þ ¼ n�2Klo þOðn�3Þ; ðA:12Þ

where Klo is defined in (3.2).
In light of (A.11) and (A.12), we have

cumðRl ;RoÞ ¼ n�1dlo
þ n�2Dlo þOðn�3Þ, (A.13)

where

Dlo ¼ Klo½2; l; o� þ Jlo � mlmo. (A.14)

The joint fourth-order cumulants of R is

cumðRl ;Rk;Rm;RtÞ ¼ EðRlRkRmRtÞ � EðRlRkÞEðRmRtÞ½3; l; k;m; t�

� EðRlÞEðRkRmRtÞ½4; l; k;m; t� þ 2EðRlÞEðRkÞEðRmRtÞ½6�

� 6EðRlÞEðRkÞEðRmÞEðRtÞ

¼ EðRl
1Rk

1Rm
1 Rt

1Þ þ EðRl
2Rk

1Rm
1 Rt

1Þ þ EðRl
3R

k
1Rm

1 Rt
1Þ

þ EðRl
2R

k
2Rm

1 Rt
1Þ½6� � EðRl

1Rk
1 �EðR

m
1 Rt

1Þ½3; l; k;m; t�

� EðRl
2R

k
1ÞEðR

m
1 Rt

1Þ½12� � EðRl
3R

k
1ÞEðR

m
1 Rt

1Þ½12�

� EðRl
2R

k
2ÞEðR

m
1 Rt

1Þ½6� � EðRl
2ÞEðR

k
1Rm

1 Rt
1Þ½4�

� EðRl
2ÞEðR

k
2Rm

1 Rt
1Þ½12� þ 2EðRl

2ÞEðR
k
2ÞEðR

m
1 Rt

1Þ½6�

þOðn�4Þ. ðA:15Þ

In the above, ½6� means six terms by choosing two superscripts from a total of four; and
½12� implies 12 terms by choosing l from the four superscripts first and then choosing k

from the rest of the three. From now on, we will just use, say, ½6� without the details of the
superscript rotations to save space.
From (A.9), we immediately have

EðRl
2ÞfEðR

k
1Rm

1 Rt
1Þ½4� þ EðRk

2Rm
1 Rt

1Þ½12� � 2EðRk
2ÞEðR

m
1 Rt

1Þ½6�g ¼ Oðn�4Þ

which means the sum of the last three terms in (A.15) is negligible.
To facilitate easy expressions, let us define

t1 ¼ alkmn; t2 ¼ dlkdmn
þ dlmdkn

þ dlndkm,

t3 ¼ alkmanoo þ alknamoo þ almnakoo þ akmnaloo,

t4 ¼ alkoamno þ almoakno þ alnoakmo,

t5 ¼ akmnal;pþa;pþa þ almnak;pþa;pþa þ alknam;pþa;pþa þ alkman;pþa;pþa,

t6 ¼ alk;pþaamn;pþa þ almo;pþaakn;pþa þ aln;pþaakm;pþa.

It is relatively easy to show that

EðRl
1R

k
1Rm

1 Rt
1Þ � EðRl

1R
k
1ÞEðR

m
1 Rt

1Þ½3; l; k;m; t� ¼ n�3ðt1 � t2Þ þOðn�4Þ. (A.16)
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Derivations in Chen and Cui (2005) show that

EðRl
2Rk

1Rm
1 Rt

1Þ½4� � EðRl
2R

k
1ÞEðR

m
1 Rt

1Þ½12�

¼ n�3foolðgpþa;o;kamn;pþa þ gpþa;o;makn;pþa þ gpþa;o;nakm;pþaÞ�½4�

� 6t1 þ 2t2 �
1
6

t3 þ
2
3

t4 � ½om0lon0kgpþa;m0n0amn;pþa�½6�g þOðn�4Þ, ðA:17Þ

EðRl
2Rk

2Rm
1 Rt

1Þ½6� � EðRl
2R

k
2ÞEðR

m
1 Rt

1Þ½6�

¼ n�3f3t1 � t2 þ
1
6

t3 �
5
9

t4 þ ½om0mon0lgpþa;m0n0akn;pþa�½6�

� 1
2
½oolðgpþa;o;makn;pþa þ gpþa;o;nakm;pþaÞ

þ ookðgpþa;o;maln;pþa þ gpþa;o;nalm;pþaÞ�½6�

þ ½ok0lom0kðgpþa;m0;ngpþa;k0;m þ gpþa;k0;ngpþa;m0;mÞ�½6�

� 1
2
gpþa;m0n0 ½ðoolon0k þ ookon0lÞðom0ngpþa;o;m þ om0mgpþa;o;nÞ�½6�

þ 1
4
½ol0lom0mðon0kok0n þ on0nok0kÞgpþa;l0m0gpþa;n0k0 �½6�g þOðn�4Þ ðA:18Þ

and

EðRl
3Rk

1Rm
1 Rt

1Þ½4� � EðRl
3R

k
1ÞEðR

m
1 Rt

1Þ½12�

¼ n�3f2t1 �
1
9

t4 þ ½on0lok0kðgpþa;k0;ngpþa;n0;m þ gpþa;n0;ngpþa;k0;mÞ�½6�

þ 1
2
½gpþa;m0n0 ðoolon0k þ ookon0lÞðom0ngpþa;o;m þ om0mgpþa;o;nÞ�½6�

� 1
4
½ol0lom0mðon0kok0n þ on0nok0kÞgpþa;l0m0gpþa;n0k0 �½6�g þOðn�4Þ. ðA:19Þ

Combining (A.16)–(A.19) it may be shown that

cumðRl ;Rk;Rm;RtÞ ¼ Oðn�4Þ. (A.20)

Edgeworth expansion for rðy0Þ: We first derive an Edgeworth expansion for the
distribution of n1=2R. Let kj be the jth order joint cumulant of n1=2R. From (A.8), (A.13),
(A.10) and (A.20),

k1 ¼ n�1=2mþOðn�3=2Þ; k2 ¼ Ip þ n�1DþOðn�3Þ,

k3 ¼ Oðn�3=2Þ; k4 ¼ Oðn�2Þ,

where Ip is the p� p identity matrix, m ¼ ðm1; . . . ;mpÞ
T with ml ¼ �1

6
alkk and D ¼ ðDloÞp�p.

Let

ŪA ¼ ðA
1; . . . ;Ar;A11; . . . ;Arr;A111; . . . ;ArrrÞ

T,

ŪC ¼ ðC
1;1; . . . ;C1;p; . . . ;Cr;1; . . . ;Cr;p;C1;1;1; . . . ;Cr;r;pÞ

T

and Ū ¼ ðUT
A;U

T
CÞ

T is a vector of centralized means. From (2.10), (2.11) and the expansion
for R3 given in Appendix A.3, the signed square root n1=2R can be expressed as a smooth
function of U , namely there exists a smooth function h such that n1=2R ¼ hðŪÞ. We can
then use the results given in Bhattacharya and Ghosh (1978) to formally establish
Edgeworth expansion for the distribution of n1=2R under Condition (2.1). In particular, let
B be a class of Boreal sets in Rp satisfying

sup
B2B

Z
ðqBÞ�

fðvÞdv ¼ Oð�Þ; � # 0,
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where qB and ðqBÞ� are the boundary of B and �-neighborhood of qB, respectively.
A formal Edgeworth expansion for the distribution function of n1=2R is

sup
B2B

Pðn1=2R 2 BÞ �

Z
B

pðvÞfðvÞdv

����
���� ¼ Oðn�3=2Þ,

where pðvÞ ¼ 1þ n�1=2mTvþ 1
2

n�1fvTðmmT þ DÞv� trðmmT þ DÞg, fðvÞ is the p-dimensional
standard normal density, and trð�Þ is the trace operation for square matrices.
Let H ¼ ðhijÞp�p¼:mm

T þ D. By the symmetry of fðvÞ we have

Pf‘ðbÞocag ¼ Pfðn1=2RÞTðn1=2RÞocag þOðn�2Þ

¼

Z
kvkoc

1=2
a

pðvÞfðvÞdvþOðn�2Þ

¼ Pðw2pocaÞ þ
1

2
n�1

Z
kvkoc

1=2
a

Xp

i¼1

hiiðv
2
i � 1Þ þ

X
iaj

hijvivj

( )
fðvÞdv

þOðn�2Þ

¼ a� Bccaf pðcaÞn
�1 þOðn�2Þ, ðA:21Þ

where Bc ¼
Pp

i¼1hii ¼
Pp

l¼1ðm
lml þ DllÞ. We note in particular that the remainder term in

(A.21) is Oðn�2Þ rather than Oðn�3=2Þ. This is due to a fact that an even/odd order Hermit
polynomial is an even/odd function. This completes the proof.

Proof of Theorem 2. Based on the Edgeworth expansion given in (A.21),

Pf‘ðbÞocað1þ n�1BcÞg

¼ Pfw2pocað1þ n�1BcÞg � Bccaf pfcað1þ n�1BcÞgn
�1 þOðn�2Þ

¼ aþOðn�2Þ

since the chi-square distribution satisfies

Pfw2pocað1þ n�1BcÞg ¼ Pðw2pocaÞ þ Bccaf pðcaÞn
�1 þOðn�2Þ

and f pfcað1þ n�1BcÞg ¼ f pðcaÞ þOðn�1Þ. This proves the theorem. &

Proof of Theorem 3. Note that the bootstrap estimate for bc ¼ 1þ Bcn
�1 is

ffiffiffi
n
p

-consistent.
Applying the delta method (Bhattacharya and Ghosh, 1978) on top of the derivation in the
proof of Theorem 2, we have

Pf‘ðbÞocab̂cg ¼ Pf‘ðbÞocað1þ Bcn
�1Þg þOðn�3=2Þ

¼ aþOðn�2Þ þOðn�3=2Þ ¼ aþOðn�3=2Þ. ðA:22Þ

We note here that the Oðn�3=2Þ term is entirely due to using a
ffiffiffi
n
p

-consistent estimator of
bc. This completes the first part of the theorem.
Let R� be the sign root decomposition of r�ðŷÞ. It can be shown that its expression is

given by replacing in R, the sign root of rðyÞ: (i) all the population moments by their sample
averages based on wn and (ii) all A, B and C’s by their corresponding quantities based on
the bootstrap resample fX �i g

n
i¼1. As shown in Hall (1992), the cumulants of R� have forms
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which essentially replace all those population moments by their sample counterparts based
on the original sample w. These lead to, for any x� 2 R,

Pfr�ðŷÞox�jwng ¼ Pðw2pox�Þ � p�1B̂cx
�f pðx

�Þ þOpðn
�2Þ, (A.23)

where B̂c is a version of Bc by replacing all the population moments by their sample
counterparts. It may be shown that under the conditions of the theorem,
B̂c ¼ Bc þOpðn

�1=2Þ.
As ĉa satisfies Pfr

�ðŷÞoĉajwng ¼ a, we can carry out a Cornish–Fisher type expansion of
ĉa based on (A.23) and obtain

ĉa ¼ cað1þ Bcn
�1Þ þOpðn

�3=2Þ.

This together with the Edgeworth expansion for rðyÞ given in the proof of Theorem 1
implies that

PfrðyÞoĉag ¼ PfrðyÞocað1þ Bcn�1Þg þOpðn
�3=2Þ

¼ aþOðn�3=2Þ

by repeating the derivation of (A.22). In the first equation above, we use again the delta
method whose validity is given in Bhattacharya and Ghosh (1978). &
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