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Abstract

We propose an adaptive empirical likelihood (EL) test for a parametric regression model against a
class of alternatives for weakly dependent time series observations. The test is formulated by
maximizing a standardized version of the EL statistic over a set of smoothing bandwidths. It is
demonstrated that the proposed test is able to distinguish the null hypothesis from a series of local
alternatives at an optimal rate.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Consider a time series heteroscedastic regression model of the form
Y,:m(X,)-i-O'(X,)E,, = 1,2,...,7[, (1.1)

where both m(-) and ¢(-) are unknown functions defined over R?, both {X,} and {e,} are
allowed to be weakly dependent time series, and {e,} is an error process with zero mean and
unit variance. Note that we need not assume the independence between { X} and {e,} for all
s<t in this paper.
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Suppose that {ny(-)|0 € ©} is a family of parametric functions, where 0 € R? is an
unknown parameter belonging to a parameter space @. This paper considers testing the
validity of a parametric specification of my(x) against a series of local alternatives, namely
we test

Hy : m(x) = mp(x) versus Hy : m(x) = my(x) + C,4,(x) for all x € S. (1.2)

In the latter case, C, is a nonrandom sequence tending to zero as n — oo, and 4,(x) is a
sequence of functions in R? and S is a compact set in R?. Both C, and 4,(x) characterize
the departure of the local alternatives from the hypothesised parametric family
{mo(-)10 € O}.

Test evaluation in the form of local alternatives can reveal much finer details of the
power property of a test than what can be achieved when the evaluation is carried out in
the form of a fixed alternative. One of the main interests of this paper is to construct a test
that can reach the smallest possible C, while being consistent over a reasonably large class
of local alternative models, for instance a Holder class.

Nonparametric kernel estimation is well studied for both independent and dependent
observations as documented in Hérdle (1990), Fan and Gijbels (1996) and Fan and Yao
(2005). A number of tests for Hy have been developed by comparing a nonparametric
kernel estimator of the conditional mean function with the hypothesised parametric model
under Hj via certain distance measures; for instance, the tests of Eubank and Spiegelman
(1990), Hirdle and Mammen (1993), Hjellvik and Tjestheim (1995), Hart (1997), Hjellvik
et al. (1998), Li and Wang (1998), Li (1999), Fan and Li (2000), Ait-Sahalia et al. (2001),
Gao and King (2005) and others. McKeague and Zhang (1994) consider testing separately
the conditional mean and variance specifications of a nonlinear time series regression
based on some cumulative measures. Fan and Zhang (2003) propose separate tests for both
the conditional mean and the conditional variance of a diffusion model. Zhang and Dette
(2003) compare the power of three kernel based tests. Wang and Van Keilegom (2005)
propose a test based on the idea of ANOVA with a large number of factor levels for
dependent observations.

A common feature of the tests based on the kernel method is the involvement of a single
bandwidth /4 in formulation of the goodness-of-fit measure, which creates two limitations.
One is that the tests can be sensitive to the single bandwidth used. Another is that these
tests are consistent against local alternatives of form (1.2) only when C,, the crucial factor
that determines the distance between Hy and Hy, is at the rate of n=1/ 2414 or larger. This
is larger than n~'/2, which is the rate achieved by tests for a finite dimensional parameter in
a standard parametric setting and by tests based on the empirical distribution function of
the estimated residuals in the case of 4,(x) = A(x) for all n (Andrews, 1997). In the context
of independent observations, Horowitz and Spokoiny (2001) propose an adaptive test that
combines a version of the Hirdle-Mammen test statistics over a set of bandwidths. The
test is called adaptive and rate optimal if it adapts to the unknown smoothness of the local
alternative hypothesis and is able to achieve the optimal order for C, in the minimax
sense of Spokoiny (1996) and Ingster and Suslina (2003). A similar idea is also given in
Fan (1996).

We consider in this paper two extensions of the adaptive test of Horowitz and Spokoiny.
One is the inclusion of weakly dependent observations so that various parametric time
series models can be brought to test. The other is to use the empirical likelihood (EL) of
Owen (1988) to formulate the test statistic, which is designed to equip the test statistic with
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some favorable features of the EL. One feature is that the test statistic takes the variation
of the kernel estimation into consideration and studentize it automatically. We show that
the results established by Horowitz and Spokoiny (2001) are valid under these extensions.
Comparing with tests based on a fixed bandwidth, a test based on a set of bandwidths is
less dependent on a particular choice of bandwidth and hence is more robust against the
choice of smoothing bandwidths. To accurately approximate the distribution of the
adaptive test statistic, a bootstrap simulation procedure is used to profile the critical value
of the test. This combination of the EL and the bootstrap simulation utilizes the good
features of the EL for the construction of test statistics and the effectiveness of the
bootstrap simulation in distribution approximation.

A key ingredient of the proposed test is the EL method introduced in Owen (1988, 1990).
It is a technique that allows construction of nonparametric likelihood for a parameter of
interest. Despite the fact that it is intrinsically nonparametric, it possesses two important
properties of a parametric likelihood: the Wilks’ theorem and the Bartlett correction. The
widest EL formulation is the framework of Qin and Lawless (1994) for parameters defined
by a set of generalized moment restrictions, which is commonly used in econometrics. It
parallels the generalized method of moments (GMM) of Hansen (1982) with the attractive
feature that it achieves the two steps GMM in one step as shown in Imbens (1997).
Kitamura (1997) extends the framework of Qin and Lawless to weakly dependent
observations. Chen and Cui (2006, 2007) show that the Bartlett correction is still valid
for EL under the general moment restrictions with or without nuisance parameters. Hjort
et al. (2004) establish general results in the presence of nuisance parameters.

The rest of this paper is organized as follows. Section 2 outlines the EL formulation of
the test statistic. The main results regarding the adaptive EL test and its rate-optimal
property are given in Section 3. Section 4 presents simulation results. All the technical
proofs are provided in the Appendix.

2. Empirical likelihood test statistics

Like existing kernel-based goodness-of-fit tests, our test is based on a kernel estimator of
the conditional mean function m(x). Let K be a rth order d-dimensional kernel, / be a
smoothing bandwidth and Kj(u) = h_dK(u/ h). The Nadaraya—Watson (NW) estimator of
m(x) is

_ Z’;:]Kh(x -X)Y,
E’;:lKh(X - Xi) .

Let O be a J/n-consistent estimator of 6 under Hy. Like Hérdle and Mammen (1993), let

> o1 Kin(x = X )my(X )
Z:l:lKh(x - Xl)

be a kernel smooth of the parametric estimate m1;(x) with the same kernel and bandwidth
as in 71(x). This is designed to avoid the bias of the kernel estimator getting into the
asymptotic distribution of the test statistic.

Let Q,(x) = Ky(x — X ){Y, —my(x)}. At an arbitrary x € S, let p,(x) be a sequence of
nonnegative real functions representing weights allocated to each (X, Y,;). The EL for

(x)

my(x) =
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m(x) evaluated at the smoothed parametric model 7;(x) is
n
L{mg(x)} = max [ [ p(x) Q2.1
=1

subject to Y1, p,(x) = land >/, p,(x)Q,(x) = 0. A standard derivation in EL shows that
the optimal weights are

P = A0, 22)
where A(x) is the solution of
f:—Qf(x) —0. (2.3)

— 1+ 4(x)Q,(x) N

As the EL is maximized at p,(x) = n~!, the log-EL ratio is
£l (x)) = —2log[Limy(x))n').

The EL test statistic at a given bandwidth / is

Ly, h) = /5{)719()6)}7‘[()6)(1)6, 2.4)

where 7(-) is a nonnegative weight function supported on the compact set S C R.
Let R(K) = sz(x) dx, v(x) = R(K)a(x)f ~'(x) and

C(K,m) = 2R *(K) / m*(x)dx / (KP(x))* dx, (2.5)

where K is the convolution of K.
For weakly dependent observations, Chen et al. (2003) show that as n — oo

h—d/2{£(m(~,; h)—1— K2 / v 2 (x) A2 (x)m(x) dx} BN, C(K, 7). (2.6)

They then propose a single bandwidth-based EL test and its implementation is based on
critical values obtained by simulating a Gaussian random field. There are two other single
bandwidth-based tests which are related to the proposal of Chen et al. (2003). Fan and
Zhang (2003) propose a sieve EL test for testing a general varying-coefficient regression
model through extending the generalized likelihood ratio test of Fan et al. (2001) for
independent data. Also for independent data, Tripathi and Kitamura (2003) propose an
EL test for conditional moment restrictions.

These three tests have displayed an interesting diversity in test statistic formulations via
the EL. The basic idea of the EL is to maximize a product of probability weights (or a sum
of logarithm of probability weights) allocated to observations under certain constraints
which characterize the functional curve to be tested. Fan and Zhang (2003) apply kernel
smoothing in both the objective function and the constraints, whereas Tripathi and
Kitamura (2003) smooth only the objective function, and Chen et al. (2003) smooth only
the constraints. Fan and Zhang (2003), and Chen et al. (2003) both have a two step
formulation of their test statistics: first construct local EL-based statistics at a fixed point
and then sum them over to form the final test statistics; hence both are sieve EL statistics.
The formulation in Tripathi and Kitamura (2003) is of one step with a global objective
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function over the entire sample. These tests all involve only a single bandwidth and hence
lack the adaptive property of the new EL test we are to propose. In particular, like all
nonparametric kernel-based goodness of tests based on a single bandwidth, these tests are
consistent only if C, is at the order of n~!/ 2414 or larger, indicating that C, has to
converge to zero more slowly than n=!/2,

To reduce the order of C, to the smallest possible, we employ the adaptive test
procedure of Horowitz and Spokoiny (2001) for the EL test statistic as follows. Let

Hn = {h=hpwd : h=hpin, k=0,1,2,...J, — 1} (2.7)

be a set of bandwidths, where O<a<1, J, = log, /a(hmax /hmin) is the number of
bandwidths, sy = cmax(log log(n))*l/ 4 and hyyy = cyinn ™" for 0<y< # and some positive
constants —o0 < ¢min, Cmax < 00. The choice of A,y is vital in reducing C, to almost n~!/2
rate in the case of 4,(-) = 4(:). In view of the fact that E{{(/i53;h)} = 1 under Hy and
var{£(my; h)} = C(K, n)h? as given in (2.5) the adaptive EL test statistic is proposed as
follows:

f(ﬁ’lé; h) —1

\/ C(K, m)h? '

Here the variance coefficient C(K, m) of £(s#5; h) is completely known upon given the kernel
K and the weight function 7, which is due to EL’s ability to studentize internally.

Simulation procedure: Let [, (0<o<1) be the 1 —a quantile of the finite-sample
distribution of L, where « is the significance level of the test. We propose the following
bootstrap simulation procedure to approximate /:

Ln = maxhey/n (28)

1. For each t=1,2,...,n, let Y; =my(X,)+ 0,(X,)e;, where the set of original
explanatory variables y, = (X1,...,X,) acts in the resampling as a fixed design, o,(-)
is a consistent estimator of a(-), {e}} is independent of {X,} for all 5,#>1, and sampled
randomly from a specified distribution with E[e}] = 0, E[¢}?] = 1 and E[|e;“|4+5]< oo for
some 6>0. Let L; be the corresponding version of L, with {Y,} replaced by {Y7}.
Define /; as the 1 — « conditional quantile of L, given y,.

2. Let 0" be the estimate of 0 based on the resample {(X,, Y7)}/_;. Compute the statistic L,’;
by replacing Y, and 0 with Y? and 6 according to (2.8). An Monte Carlo estimate of 7
is [}, the 1 — o quantile of the empirical distribution of I:Z, which can be obtained by
repeating step 1 many times.

The estimator ¢2(-) can be the following kernel estimator:

S Kp(x — XUY, — ()}
ZL]K/J(X -X)

with a bandwidth b satisfying Nhminb? — 00 as n — oo. Existing results (Bosq, 1998) may
be used to show that ¢2(x) converges to ¢2(x) uniformly in x € S with S being a compact
subset of R? under either Assumptions A.1 and A.2 for the random design case or
Assumptions 3—6 of Horowitz and Spokoiny (2001) for the fixed design case. Thus, ¢2(-)
can be used under Horowitz—Spokoiny regularity conditions, in which {X;} is a sequence of
fixed designs and {e;} is a sequence of independent errors.

aa(x) = (2.9)
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The conditional quantile /; satisfies P(L} >17|y,) = o. By choosing the number of the
Monte Carlo resamples sufﬁ01ently large, the approximation error of Z* to /; can be
made negligible. Hence we will just use /; in the proposal of the test procedure which
rejects Hy if L, > 1.

There are several different approaches we could use for generating {e}} and { Y7} for the
bootstrap procedure. For the generation of {e}}, our theory does not require the specified
distribution of ¢} as needed in Horowitz and Spokoiny (2001). In order to compare the
finite-sample performance of our test with that proposed by Horowitz and Spokoiny
(2001), however, we generate {e} from N(0, 1) in Section 4. For the generation of {Y7}, we
employ partially the proposed regression bootstrap method by Franke et al. (2002). One of
the advantages of using the proposed regression bootstrap method is that it is also
applicable to the autoregressive case of X, = (Y,_1,..., Y,_4).

3. Main results

The theoretical properties of the proposed adaptive EL test are established in this
section. We start with the following theorem which shows that the EL test has an
asymptotically correct size.

Theorem 3.1. Suppose Assumptions A.1-A.3(1)(i1)(iv) hold. Then under Hy,
lim P(L,>1) =a.
n—oQo

To establish the power properties of the adaptive EL test, we define the distance between
m and the parametric family .# as

12
pm, M) = [ggg ( / ) = P dxﬂ . G.1)

The consistency of the test against a fixed alternative is established in Theorem 3.2.

Theorem 3.2. Assume that Assumptions A.1-A.3(i)(iii)(iv) hold. If there is a C,> 0 such that
p(m, )= C, for n=ng with some large ny, then

lim P(L,>") = 1.

n— oo

We then consider the consistency of the EL test against a special case of Hy of the form
m(x) = my(x) + Cp4(x), (3.2)

where C, — 0 as n — oo, 0 € © and for positive and finite constants Dy, D, and Ds,
0<D; < / A(x)f(x)dx<Dy<oo and p(m,.#)=D;C,. (3.3)
xeS

This is a special form of H; in (1.2) with the local deviation function 4,,(x) = 4(x) for all
n.

Theorem 3.3. Assume Assumptions A.1-A.3(1)(ii1). Let Assumption A.3(1v) hold with hyax =
Cr(log log(n))_l/d for some finite constant Cj,. Let m satisfy (3.2) and (3.3) with
C,=Cn~ "%, /log log(n) for some constant C>0. Then

lim P(L,>1%) = 1.
n—oo
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Theorem 3.3 indicates that when the local alternatives are different from Hy in a fixed
direction given by A(x), the proposed test almost attains the parametric rate of n~'/2 for
the convergence of C, which is a substantial improvement over the fixed bandwidth-based
test.

Let us now discuss the consistency of the adaptive EL test against local alternatives over
a Holder smoothness class, which is richer than the class of the local alternative considered
in Theorem 3.3. We introduce the following notation. Let j=(j;,...,j;) where

llm(x)

Jis---sJjg=0 are integers, |j|=>;_,j; and D'm(x) = a.xfih.a,xf[';’ whenever the derivative

exists. Define the Holder norm |mll g, = supxeszmgsﬂD"m(x)D. The smoothness class
that we consider consists of functions m € S(H,s) = {m : ||m| ;< Cp} for some unknown
s and Cp<oo. For s> max(2,d/4) and all sufficiently large D,, <oo, define

2s/(4s+d)
Biy = {m e S(H,s): p(m,.#)=D,, (n’lx/log log(n)) / } (3.4)

A test is said to be consistent uniformly over By, if

lim inf P(Hj is rejected against m) = 1. 3.5

n—o0o meBy ,

The optimal rate of testing is the fastest rate at which C, approaches to zero while
maintaining consistent uniformly over By .

Theorem 3.4. Assume that Assumptions A.1-A.3 all hold. Let m satisfy (1.2) under H| and
(3.4). Then for 0<a<1 and By, defined in (3.4),

lim inf P(L,>[)=1.

n—oo meBy ,
f

Theorem 3.4 shows that the adaptive EL test is uniformly consistent over alternatives
within a Holder class of smooth functions whose distance from the parametric

counterparts approaches zero at the rate of (nfl v/log log(n))zx/(é‘ﬁd), which is the fastest
possible in the minimax sense of Ingster and Suslina (2003) and Spokoiny (1996). The most
striking property of Theorem 3.4 is that it achieves the best rate of convergence for C,
without knowing s, the degree of smoothness. This is the reason behind the term “adaptive
and rate optimal” by Horowitz and Spokoiny (2001) when describing their test. We show
that the same property holds for the proposed EL test with weakly dependent
observations.

In order to show that the conclusions of Theorems 3.1-3.4 hold unconditionally, in view
of the dominated convergence theorem, it suffices to show that the conclusions of
Theorems 3.1-3.4 all hold in probability with respect to the joint distribution of
I = (X1,...,X,). For example, we need only to show that

lim P(L,>1}|y,) =« in probability
n—oo

in Theorem 3.1.
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4. Simulation results

We carried out two simulation studies which were designed to evaluate the empirical
performance of the proposed adaptive EL test. In the first simulation study, we conducted
simulation for the following regression model used in Horowitz and Spokoiny (2001):

Yi=Bo+ B Xi+(5/D)d(Xi/7) + &, 4.1)

where the {¢; : i>1} are independent and identically distributed (i.i.d.) with zero mean and
constant variance, {X;} are univariate design points to be sampled from N(0,25)
distribution truncated at its 5th and 95th percentiles, 8 = (f,, ;)" = (1, 1) is chosen as the
true vector of parameters and ¢ is the standard normal density function.

The null hypothesis Hy : m(x) = f, + f,x specifies a linear regression corresponding to
7 = 0, whereas the alternative hypothesis H; : m(x) = f, + f;x + (5/7)¢(x/7) for 1 = 1.0
and 0.25. Three distributions of ¢; are considered in Horowitz and Spokoiny (2001): a
normal distribution N(0,4), a mixture of N(0, 1.56) and N(0, 25) with mixture proportions
being 0.9 and 0.1, respectively, and an Type I extreme value distribution with variance 4.
The reader should refer to Horowitz and Spokoiny (2001) for details on the designs X, the
three distributions of ¢ and other aspects of the simulation. We used the same number of
simulations, the bootstrap resamples and estimation procedures for 6 as in Horowitz and
Spokoiny (2001). We also employed the same kernel, the same bandwidth set #, and the
same distribution for {e}} in the Monte Carlo simulation procedure as in Horowitz and
Spokoiny (2001). Like Horowitz and Spokoiny test (HS test), the nominal size of the test
was 5%.

Table 1a summarizes the performance of the adaptive EL test by adding one column to
Table 1 of Horowitz and Spokoiny (2001). Our results show that the proposed adaptive EL
test has slightly better power than the adaptive test of Horowitz and Spokoiny (2001),
while the sizes are similar to those of Horowitz and Spokoiny (2001). This may not be
surprising as the two tests are equivalent in the first order. The differences between the two
tests are: (i) the EL test statistic carries out the studentizing implicitly and (ii) certain higher
order features like the skewness and kurtosis are reflected in the EL statistic. These might
be the underlying cause for the slightly better power observed for the EL test.

We also compare single bandwidth-based EL test proposed in Chen, Hardle and Li
(2003, CHL test) and the single bandwidth-based HS test at the above chosen fixed
bandwidths for the case where the distribution of {¢;} is a mixture of normal distributions
as used in Horowitz and Spokoiny (2001). Table 1b reports the finite—sample comparison
results of the CHL test and the HS test at those fixed bandwidths as well as their adaptive
versions. While the sizes of the HS test and its adaptive version are comparable with those
of the CHL test and its adaptive version, the CHL test is more powerful than the HS test at
all the cases under consideration.

The second simulation study was conducted on an ARCH-type time series regression
model of the form:

Y;=0254+0.5Y, 1+ C,cos(8Y, 1)+ 025,/ Y2  +1e;, (4.2)
where the innovation {e;}7_; was chosen to be i.i.d. N(0, 1) random variables. The sample
sizes considered in the simulation were n = 300 and 500. The vector of parameters 6 =
(o, B, 6%) was estimated using the pseudo-maximum likelihood method, which is commonly
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Table 1

(a) Simulation results on model (4.1) and (b) more simulation results on model (4.1)

Distribution ¢ T Andrews’ Héardle-Mammen Horowitz-Spokoiny EL
test test test test

(a) Probability of rejecting null hypothesis
Null hypothesis is true

Normal 0.057 0.060 0.066 0.053
Mixture 0.053 0.053 0.048 0.055
Extreme value 0.063 0.057 0.055 0.057
Null hypothesis is false

Normal 1.0 0.680 0.752 0.792 0.900
Mixture 1.0 0.692 0.736 0.835 0.905
Extreme value 1.0 0.600 0.760 0.820 0.924
Normal 0.25 0.536 0.770 0.924 0.929
Mixture 0.25 0.592 0.704 0.922 0.986
Extreme value 0.25 0.604 0.696 0.968 0.989

(b) Probability of rejecting null hypothesis
Horowitz—Spokoiny test and adaptive test

h value 2.5 3 3.5 4 4.5 adaptive
Null hypothesis is true

Mixture 0.054 0.054 0.055 0.055 0.048 0.048
Null hypothesis is false

=10 0.889 0.880 0.866 0.851 0.837 0.835
=025 0.961 0.951 0.937 0.928 0.922 0.922

Chen—Hirdle—Li test and adaptive test

h value 2.5 3 3.5 4 4.5 adaptive
Null hypothesis is true

Mixture 0.071 0.064 0.063 0.057 0.056 0.055
Null hypothesis is false

=10 0.921 0.926 0.949 0.928 0.905 0.905
=025 0.991 0.989 0.989 0.988 0.986 0.986

used in the estimation of ARCH models. In the implementation, {e} was sampled as a
sequence of independent and identically normal distributed random errors from N(O0, 1)
and the estimator ¢2(x) was used as given in (2.9). Both the HS test and the proposed test
are evaluated. Although HS test was originally proposed for independent observations, the
justification for its applicability to dependent observations is implicitly contained in this
paper.

We used the least-squares cross-validation (LSCV) to guide the selection of the
bandwidth set as in Hsiao et al. (2003). The averaged bandwidth (standard error)
prescribed by the LSCV was 0.25 (0.1) for n =300 and 0.23 (0.08) for n = 500,
respectively. In view of these and Assumption A.3(iv), we chose #, = {0.23,0.27,0.31,
0.37,0.43} with a = 0.8582 for n = 300 and #, = {0.20,0.23,0.265,0.304,0.35} with a =
0.8694 for n = 500. Here, we basically used a bandwidth that is slightly smaller than the
averaged CV as /imin and a scaled down value of (log(log(n)))~! as /imax. Both the power
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Table 2
(a) Simulation results on model (4.2) and (b) more simulation results on model (4.2)
Cy Horowitz-Spokoiny test EL test
n =300 n =500 n =300 n =500
(@)
0 0.067 0.063 0.059 0.058
0.03 0.098 0.184 0.176 0.275
0.04 0.128 0.209 0.309 0.461
(b)
Horowitz— Spokoiny test and adaptive test
C, h Adaptive
0.23 0.27 0.31 0.37 0.43
n =300
0.00 0.056 0.072 0.074 0.067 0.067 0.067
0.03 0.103 0.114 0.112 0.105 0.098 0.098
0.04 0.150 0.157 0.158 0.148 0.128 0.128
C, h Adaptive
0.20 0.23 0.26 0.30 0.35
n =500
0.00 0.056 0.054 0.063 0.061 0.063 0.063
0.03 0.202 0.201 0.200 0.197 0.184 0.184
0.04 0.236 0.237 0.246 0.236 0.209 0.209
Chen— Hiirdle— Li test and adaptive test
C, h Adaptive
0.23 0.27 0.31 0.37 0.43
n =300
0.00 0.059 0.065 0.062 0.061 0.059 0.059
0.03 0.175 0.185 0.178 0.162 0.145 0.176
0.04 0.309 0.318 0.306 0.272 0.251 0.309
C, h Adaptive
0.20 0.23 0.26 0.30 0.35
n =500
0.00 0.058 0.062 0.064 0.057 0.066 0.058
0.03 0.274 0.296 0.304 0.280 0.263 0.275
0.04 0.458 0.482 0.494 0.470 0.457 0.461

and the size of the adaptive test are reported in Table 2a. We found that both tests had
good approximation to the nominal significance level of 5%, which confirms Theorem 3.1
and the quality of the simulation calibration to the distribution of the two adaptive test
statistics. However, the power of HS test was rather subdued for the situations considered.
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As expected when C,, was increased, the power of the proposed test was increased; and at a
fixed level of C,, the power increased when n was increased. The latter was because the
distance between Hy and H; became larger when n was increased although C, was kept the
same. This better power performance of the proposed test was possibly due to the internal
studentization of the EL method which enhances the power of the proposed test.

Like Model (4.1), to further assess the power performance of the EL test at fixed
bandwidths, we also compared the CHL test with the HS test at each of the above fixed
bandwidth. Table 2b summarizes both the sizes and power values of the CHL test with the
HS test at several fixed bandwidths as well as their adaptive versions. Like Table 1b, Table
2b also shows that the CHL test is again more powerful than the HS test in each individual
case.
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Appendix A

The following assumptions are needed in establishing the asymptotic results. To avoid
repeating the conditioning argument (given y, = (Xi,...,X,)) for each case in the
following proofs of Lemmas A.1-A.10, we use P, and E, to represent the respective
conditional probability and conditional expectation given y,. Unless otherwise stated, the
corresponding conditioning arguments are all understood to be held in probability with
respect to the joint distribution of y, = (X1,..., X»).

Assumption A.1. (i) The process {(X;, Y,)} is strictly stationary and o-mixing with mixing

coefficient a(t) = sup{|P(4 N B) — P(A)P(B)| : 4 € Q],B € Q3 ,} for all 5,1>1, where {Q;}
is a sequence of o-fields generated by {(X, Yy) : i<s<}. There exist constants >0 and
p €0, 1) such that a(r)<ap' for t>1.

(ii) For all t>1, E[e;]2,-1] = 0 and E[e,2|Q,_1] = 1, where {Q,} is a sequence of o-fields
generated by {(X 41, Yy) : 1<s<1}.

(i) Let & =Y,—m(X,). There -exists a constant J,>0 such that
E*[|s',ﬁ 82 ... el,i|”58]<oo holds in probability, where 1</<4, 0<i;<4 and Zjl‘:lij<8'

Assumption A.2. (i) Let f be the density of X,, S be a compact subset of R?, wi(x) =
E[¢/| X, = x] and 7 be a weight function such that fseS n(s)ds =1 and j;es n?(s)ds< C for
some constant C; f(x) and p,(x) for i = 2 or 4 are Lipschitz continuous in S, and the first
two derivatives of f(x), m(x) and u,(x) are continuous on S, inf,csa(x)=Cy>0 and
ir;Ef(x)} C; >0 for constants Cy and Cj.

(1) Let leQ ’’’’’ Tz(') be the joint probability density of (Xji.,...,X14) (1</<4).

Assume that each f . . (-) exists and is Lipschitz continuous in S'forl=1,...,4.
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(i)  K(xi,...,xq) = H?zlk(x,»), where k(-) is a rth order univariate kernel
which is symmetric, Lipschitz continuous and supported on [—1, 1] satisfying [ k(¢)ds =
l, [fk()dt=0 for [=1,...,r—1 and[rk()dt =k, #0 for a positive integer
r>d/2.

! L . .
Define vf)mg(x) = % whenever these derivatives exist. For any ¢ x ¢ matrix D, define
Dv 2 2 :
Dl oo = SUPyera % where ||Bll,, = Y71, 21 by for a ¢ x g matrix B = (by);<;j<,-

Assumption A.3. (i) The parameter set @ is an open subset of R? for some g>1. For each
x € S, mp(x) is three times differentiable with respect to 6 € . There exist constants
0<Cy,Cy<oo such that sup969|m0(X1)|2 < () and max, <j<3SUPgeo ||v@m0(X1)||fn <G
all hold in probability.

For each 0 € ©, my(x) is continuous with respect to x € S. There is a finite C; >0 such
that for every ¢>0, [ _cinfyyco.0_p)>. [M0(xX) — m(,/(gc)]zf(x) dx>Cé.

(ii) Let Hy be true. Then 0y € @ and lim,,_, o, P.(4/n]|0 — 6y|| > C11) <e¢; in probability for
any ¢; >0 and some C;;>0.

Let Hy be false. Then there is a 0 € © such that lim,HooP*(«/ﬁH@ — 0| >Cy)<e in
probability for any ¢ >0 and some Cy7>0.

(iii) Let 0* as defined in the simulation procedure above (2.9). Then there is some C3; >0
such that for any &3>0

P.(V/n||0* — 0] > C3;)<&; in probability.

(iv) The set #, has the structure of (2.7) with /iax > hmin = O(n~7) for some constant

0<y< i and /. = Ci(log log(n))*l/d for a constant C;>0.

Assumptions A.1 and A.2 are standard conditions in this kind of problem. Assumption
A.1(ii) reduces to E[eler,...,e,-1] =0 and E[eflel,...,e,_l] =1 when {X;} and {e,} are
assumed to be independent for all s<z. Obviously, the two conditions further reduce to
Ele,] = 0 and E[e?] = | when {e,} itself is a sequence of i.i.d. errors.

Assumption A.1(iii) basically requires that the conditional variance function ¢*(X) is
bounded in probability and E[le]l e . .. e}}|'**] < oo, which reduces to E[fe,| (%] < 0o
when {e,} is a sequence of 1.i.d. errors, where i,y = max(iy, ..., ;). Thus, Assumption A.1
allows the inclusion of many useful regression models with both independent and
dependent time series observations in model (1.1).

Assumption A.2(i) corresponds to Assumption 5 of Horowitz and Spokoiny (2001).
Assumption A.2(iii) plays a role similar to Assumption 4 of Horowitz and Spokoiny
(2001). Assumption A.3 corresponds to Assumptions 1-2 and 6 of Horowitz and Spokoiny
(2001) for the case of d = 1. Assumption A.3 (iv) requires the smallest bandwidth Ay, =
O(n™7) where 0<y <.

As the Lagrange multiplier A(x) is implicitly dependent on /4, we first establish the
convergence rate for sup,.g A(x) uniformly over the bandwidth set J#,,.

Lemma A.1. Under Assumptions A.1-A.3, as n sufficiently large

max sup A(x) = op{n~'/3 log(n)}.
hefn xeS
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Proof. For any 6>0

P, (max sup h25(x)=on"1/? log(n)) <) P, (sup W2 ) (x)=on~ /2 log(n)) .
heAn xes hedn xes

As the number of bandwidths in H, is only of order log(n), by checking the proof of
Lemma 1 of Chen et al. (2002), it can be shown that log(n) can be readily squeezed in front
of the probabilities involved to achieve that

log(n) - P, (Z W2 i(x)y=on""? 1og(n)> -0

xes

as n — oo. This implies that, as n — oo,

€M n xeS

P, (ma;( sup h i (x)=on" 12 log(n)) -0 (A.1)

and hence maxye », SUP cs W2 AMx) = op{én‘l/ 2log(n)}. Then the lemma is established by
noting that the smallest bandwidth /,;, = O(rn™") where 3dy <1 as assumed in Assumption
A3(v).

In view of (2.6) of Chen et al. (2003), using Lemma A.l we may show that
max h~? (l’(ﬁz@;h) — nh? / T3 (e 0y (x)m(x) dx> = op(1), (A.2)

he Ay
where

x—X;
h

U1(x;0) = ()™ ZK< ){Yt — ()}
t=1

and v(x) = R(K)f "1 (x)a2(x).
Let Wix)= ﬁK(x?lX’), ay = nh’ Joes W)W (v (x)n(x)dx, and  A(0) =
A(X 1, 0) = m(X,) — my(X,). Define

Conh) =Y " ayese, and  Q,(0) = 0,(0:h) = > a2 (0)2(0). (A.3)

Then the leading term in £,(s;; /) is
Lin(h, 0) = nh? / T3 (x; )~ ()m(x) dx = Lou(h) + 0,(0) + IT, (D), (A.4)

where I1,,(0) = €,(h; 0) — €o,(h) — Q,,(g)) is the remainder term.
Without loss of generality, we assume that C(K,7n)=2R*(K) [(K®(x))*dx [
n*(y)dy = 1. In view of the definition of L, = maxjen, % and (A.4), define
Lon(h) — 1
hd/Z ?

Cia(h, 0) — 1
hd/Z

[ln(hs 6*) -1

LOH(h) = hd/2 >

Li,(h) = and Ly,(h) = (A.5)
where 6* = 6y when Hj is true and 0" is as defined in Assumption A.3(ii) when Hj is false.
Let L§,(h) and L7, (h) be the respective versions of Lg,(h) and L;,(h) defined above based
on the Monte Carlo resamples {(X,, Y7) : 1 <t<n}. Lemmas A.2-A.7 are used in the proof

of Theorem 3.1 to justify the approximation of /, by /; involved in the simulation
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procedure. Lemmas A.8—A.10 are mainly employed in the proofs of Theorems 3.2-
34, O

Lemma A.2. Suppose that Assumptions A.1-A.3(i) hold.

(i) For every 6>0, we have that maxe,Supjy_ INED th < C&* holds in probability, where
C>0 is a constant.

(ii)) For each 0€ ©® and sufficiently large n, we have that C1h 20y 10) <
0,0)< G20y 20)  holds  in probability, where 2(0) = (L1(0),...,2,(0)" and
0<C < Cy<oo are constants, and the symbol ‘T’ denotes the transposition.

Proof. (i) It follows from the definition of Q,(0) that Q,(0)<|lA|l»llA(0)]|*. Let A be the
matrix of n x n with {a,} asits s x ¢ element. In order to prove Lemma A.2(i), one needs to
show that || 4], < Ch? holds in probability for some constant C>0. Let ¢(x) = v~ (x)7(x).
We now have

1 x—X ,
14l < max > ay = C(1+ op(1)) max /K< ; ’)q(X)f(X)dx
sisn —1 sisn

= C(1+ op(1))h" [max (f(X) ‘](Xr))/K(“) du<Ch’  (A6)

using the fact that

K (X X
ay = nh’ / W (X)W (x)q(x) dx = Z(K(“)X“)f (x)K (
x Xg‘

= (14 op(1)) / - K = Xu) K (x_h ) g(x)f (x) d.

In order to prove Lemma A.2(i), it suffices to show that supyy_g, <o [14(0) 1> < Cnd* holds

X’) q(x)dx

in probability. A Taylor series expansion to my(X,) —my,(X,) and an application of
Assumption 3.3(i) finish the proof of Lemma A.2(i).

(i) Let Amin(4) and Apax(4) denote the smallest and largest eigenvalues of A4,
respectively. In view of Amin(A4) - |A0)]1> < Q,(0) < Jmax(A)|A(D)]1>, in order to prove
Lemma A.2(ii), it suffices to show that for n large enough, Jmin(4) = C1h%(1 + op(1))
holds in probability. Such a proof follows similarly from the proof of Lemma A.2 of Gao
et al. (2002).

For simplicity, in the following lemmas and their proofs, we let ¢ = 1. For 1<;<3,

define y,(X,,0) = m{(x,) = L7X0  []

Lemma A.3. (i) Under Assumptions A.1-A.3(1), we have for any given 0 € @

Z Z astgs‘//l(Xta 9)

s=1 t=

J;l/z max s~/

max Op(1). (A7)

(i1) Under Assumptions A.1 and A.2, we have as n — oo

E Ugstés

J, /2 max h~%? max
he Ay 1<t<n

= Op(1). (A.8)
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Proof. (i) It suffices to show that for any large constant Cy>0

> C

Z Z astgslpl (Xta 0)

s=1 t=1

P, lJ;l/z max h~¢/?
he#y

<) P [ s (X1, 0)| > C J1/2hd/2]
he Ay
1 " ?
< Z d Zzastbsw (Xhe)
heAy COJ h s=1

< Z C2J hd{ZZE asesly (Xtag)] +Hln(0)}

heAn s=1 1=

where IT1,(0) = B[S, S0 ageapy (X1, 0)] — S0 S0 E, [ageah (X1, 0)]°

A direct calculation shows that as n — oo

3 B fausa (X ) < COM( +o(1) (A9)

s=1 =1

for some function C(0).
Similar to (B.4) of Gao and King (2005), we may show that as n — oo,

I1,,(0) = o(h?). (A.10)

Therefore, the proof of (A.7) is completed.
(i1) The proof of (ii) is similar to that of Lemma A.3(1)). O

Lemma A.4. Under Assumptions A.1-A.3(1)(i1), we have for each u>0 and under Hy,

Z Z UgEs /Lt(e)

s=1 1=

max sup K92

= Op(J/2n~1/2), (A.11)
heA'n 10— 90|<n—1/2 P

Proof. Using a Taylor series expansion to my(X,) — my,(X,;) and Assumption A.3(i), we
have for 0 between 0 and 0,

Z Z UgrEs 1(9)‘

s=1 t=

D agemo(X,) — mgy(X)]

s=1 t=1

sW1(X+, 00)

Z Z astf‘ulpz(Xt, 00)

s=1 t=

|0 — O]

10 — 0
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10 — 0

Z Z asszWB(Xra 9/)

s=1 =1

N
6

n n

Z Z ages (X4, 00)

s=1 =1

<

X

|0 — Ol

n

Z Z astgslljz(Xta 60)

s=1 t=1

n
g g Es
s=1

Hence, (A.7), (A.8), (A.12) and Assumption A.3(i) imply

i i 613-185/1;(0)

s=1 =1

1 2
+§|9—90|

1 )
+—nl0 — O] max [Y3(X,, 0)]. (A.12)
6 1<i<n

max sup h? <OP(J,1/2n_1/2). (A.13)

heAn 10—0, <n—1/2y

The proof of (A.11) follows from (A.12) and (A.13). O

Lemma A.5. Let Assumptions A.1-A.3(1)(ii) hold. Then under Hy, for every u>0, any
q, — oo and some h € A,

D> aued(X,,0)| = op(g,h"). (A.14)

s=1 =1

sup
10—0%| <n=1/24

Proof. The proof follows similarly from that of (A.13) using lim, ¢, =0c0. O

Lemma A.6. Suppose that Assumptions A.1-A.3 hold. Then as n — oo
max L,(h) = max L,(h) 4+ op(1) = max Ly,(h) + op(1),
he Ay heAy

heAy
max Ly, (h) = max L, () + op(1),

and maxye ., L1,(h) = maxyex, Lo,(h) + op(1) under Hy.
Proof. The proof follows from (A.3) to (A.5) and Lemmas A.3-A.5. O
In view of Lemma A.6, in order to prove Theorem 3.1, it suffices to show Lemma A.7.

Lemma A.7. Suppose Assumptions A.1-A.3 hold. Then the conditional distributions of
maxje, Lon(h) and maxey, L5, (h) given y, are asymptotically identical under Hy.

Proof. Similarly to the proof of Lemma A.2, we can show that

n n
max hd? <Z gl — 1) =op(l) and max hd? (Z ager? — 1) = op(1)
n s=1 n s=1
(A.15)

hold conditionally on y,,.
Thus, it suffices to show that the conditional distributions of maxsex,> 4 Asi8s€; and
MaXpen, Y 52 dstéy€; given y, are asymptotically identical. For i € ), let u, = ¢ or &
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and define

Bin(ttr, ...y uy) = h™/? [Z anusuz} : (A.16)
SHEL
Let B,(u1,...,u,) be the sequence obtained by stacking the corresponding By, (u1, . .., u,)
(he #,). Let G(-) = G,(-) be a 3-times continuously differentiable function over R’
Define

*G(v)

Ci(G) = —
W) = sup 0v;00;0vk |

veRIn iyj,k= 12 ..... Jn

Like Horowitz and Spokoiny (2001), there are two steps in the proof of Lemma A.7.
First, we want to show that

3 1/2
|E*[G<Bn(sl,...,en))]—E*[G(Bn(ef,...,s;';))1|<cocn(6)< hfg ) (A.17)

1 min

for any 3-times differentiable G(-), some finite constant Cy, and all sufficiently large ».
Then in the second step, (A.17) is used to show that the conditional distributions of
By(e1,...,¢e,) and By(e], ..., &) given y, are asymptotically identical.

Throughout the rest of the proof, we replace ay in (A.16) with a,(h) = e/ 24,,. Note
that

|E*[G(Bn(31’ cees 811))] - E*[G(B,,(ST, cees CZ))“
< Z IE.[G(Bu(er, ... ene - e))] — EdG(By(er, ..., 61,8, ...,e))]l, (A.18)
=1

where By(e1, ..., en, 65, 1) = Bul(e1, ..., ,) and B,(eo, f,. .., &) = Bu(el, ..., ¢

> %n
We now derive an upper bound on the last term of the sum on the right- hand side of
(A.18). Similar bounds can be derived for the other terms. Let U,_;, A4, and 4,,
respectively, denote the vectors that are obtained by stacking

n—1 n—1

Upn = Z Z ag(h)ege;,  Apy = 2e, Zasn(h)gsa Ahn = 28 Zasn(h)gs
1,#s

s=1 t=

Using a Taylor expansion to the last term of the sum on the right-hand side of (A.18)
about ¢, = ¢ = 0 gives

|E*[G(Bn(815 ey ‘On))] - E*[G(B (‘cla R 1»92))]
S|E[G (Up1)(Ay — A + 5 |E [ASG" (U, ) A, — A,G"(U,_)A,]|
Cn(G){

E.[I4,1°] + E[II4,1°T),

where G’ and G” denote the gradient and matrix of second derivatives of G and C,(G) is a
positive and finite constant.
Since

E[e,|Q,-1] = E[f]=0 and E[¢|Q,_1] = E[g"] = 1,
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we have
E[(A, — 4,)1Q,.1]1=0 and E[(A,A° — A,4.)|2,_1] = 0.
Thus, we have
E.[(A, — 4,)]2,.1]1=0 and E,[(4,4° — A4,1,)|2,_1] = 0.
This implies

C.(G ~
EulG(B o1, o)) — EulGOB o1, e < 5 (B[4, )+ B2,
(A.19)
To estimate the upper bound of (A.19), we need the following result:
1 x— X x—X;
ag = W/K< ; )K( ; )q(x)dx
1 X, — X 1. /X,—X
= / KWK <u + f) q(X s+ uh)du = L (T’ , Xs) , (A.20)

where ¢(x) = v (x)n(x) and Ly(x,y) = [ K(u)K(u+ x)q(y + uh) du.
Using Assumptions A.1 and A.2 and (A.20), we have for n sufficiently large and the
small J,>0 involved in Assumption A.1(iii),

>yl

/1163//';1 than

n—1 n—1 X X X —X
<22 4hdhdzg; { ( XS>L§( rhz X’)‘CZH}

n—1

>

=1,#s

asn(hl)a[n(h2)82 : 4]

1116%',1 /1267/" 2 s=1 t=
n—1 n—1
2.2 41146 1\1/(14+0¢
<C> > 4hdh 7> > Bullgege | toptared
hyeAn hze//nn 2 s=1 t=1,#s

2
1 Jn
<C ——<C- , A2l

hyestnhyetn 1 min

where 0 < C< oo is a constant.
Similarly to the proof of Lemma C.2 of Gao and King (2005), as n — oo

2
2 E( 2 &fn“l>&sn<hz>am<hz>ezs,si) =o< i )
>2

e n I<s#t<n—1 1 min
) , (A.22)

&in(hl)am(hZ)aun(hZ)SgstSug > = 0(

ey I<s#ts#ut#u<n—1

h
Z E*( Z avn(h )atn(h )aun(hZ)am(hQ)g E18u&p€, n> (
hl /126 //)n

different s,t,u,v

1 min
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where the last expectation is taken under 1<s,t,u,v<n—1 and s,¢,u, v are all different,
using the fact that for every given x,

EPQ<X%;§,XJSJ::EPQ(X;;x“n)EEAQtﬂ}zo (A.23)

implied from Assumption A.1.
Egs. (A.21) and (A.22) then imply that for n sufficiently large

n—1 2
Z Z E. Z am(h )Ssatn(hl)gtaun(h2)8uavn(h2)€b <C- (1 + OU))( Ll ) .
hyetnhyetn s, tu,v=1 nhl min

(A.24)

Let Ay, be the vector that is obtained by stacking d,(h) (h € #,). Eq. (A.24) then
implies that as n — oo

3 n—1 2 2
E.[I4,1°] = 8E. dgpistn|| | <8SEL Y (Z zzm(h)sssn>
heAy \ s=1
1 3/4
e
=38 Z Z E* Z Elsn(hl)gs&tn(hl)St&un(h2)8u&vn(h2)3v82‘|
hyeAnhyedn S, tu,v=1
J 3/2
<C< - ) : (A.25)
P min
A similar result holds for E*[||/~1,,||3]. Thus
; 3/2
E. [l 4,1’ + E*[nﬁnnﬁszc‘(’md—”) : (A.26)
1 min

Step 2: As demonstrated in Horowitz and Spokoiny (2001),

lim {P* {max By, ... ,3,1)<x] - P, [max Bp(el,. .., s:)éx} } =0
heAy heAn

n—o0

for any real x is equivalent to

(H IBI1n(815~--,8n)<x]) _E*< H I[B/1n(8>1k,...,8:)<x]>‘ =0.

heAy heAy

11m

Following the lines of Horowitz and Spokoiny (2001) by utilizing the above established
bound (A.26) and using (A.18), it can be shown that as n — oo

1/2

3

<C< id ) — 0.
nhlmln

(A.27)

P, |max By (e1,...,8,)<x| — Py |max By,(e], ..., &) <x
heAy heAy

This implies (A.17) and finally completes the proof of Lemma A.7. [
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Lemma A.8. Suppose that Assumptions A.1 and A.2 hold. Then for any x=0, h € ), and
all sufficiently large n

2
P.(L§,(h)>x)< exp <— Z) .

Proof. Similar to the proof of Corollary 1 of Chen et al. (2003) that, for any
small >0 there exists a large integer ng=>1 such that for n>=ny, and x>0,
[P.(L§,(h)<x) — ®(x)| <0, where ®(x)= @f_ e~’/2du. We therefore have for any
n=ny and x>0

1 2
P.(L} (h)>x)<1 — &(x +5=—/ e 2du+o
(Lo, () > x) (x) N

= c>o(3_”2/46:_”2/4du—|-5<e‘x2/4 ! ” _”2/4du+5
~ V2r )y h o
<e—xz/4—12 et g e Y2 / e do+0
A LT JO
2
= §67k2/4 + 0

using \/_foo e /2 dv =1 The proof follows by letting 0<d<(l —‘/75)6*"'2/4 for any
x=0. O

For 0<a <1, define I, to be the 1 — a quantile of maxje., L, ().
Lemma A.9. Suppose that Assumption A.1 holds. Then for large enough n
I,<2v/log(J,,) — log(a).
Proof. The proof is similar to that of Lemma 12 of Horowitz and Spokoiny (2001). [

Lemma A.10. Suppose that Assumptions A.1 and A.2 hold. Suppose that the following
inequality:

0,(0%)=2h"T (A.28)
holds in probability for some h € #, and sufficiently large n, where
f; = max (l}, \/2 log(J,) + \/2log(J,,)> )

Then 1im, - o P, (L, >1%) = 1.

Proof. By (A.3)-(A.5) and Lemma A.6, L, can be replaced with maxyecx,Lo,(h). By
Lemmas A.6 and A.7, [; can be replaced by I,. Thus, it suffices to show that

lim P, (max L2n(h)>l)

n— oo
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which holds if lim,_, P*(Lz,,(h)>l~a) =1 for some he€ #,. For any he #,, using
(A.3)—(A.5) and Lemma A.2 again we have

Loy(h) = Loa(h) + b= Q,(0%) + h™*/*IT,,(0%)
= L3, () + h™ 2 Q,(0%) + h™/* I1,(0*) + 0p(1)
= L, (h) + 1~ Q,(0)(1 + op(1)) + 0p(1). (A.29)
In view of (A.28), it follows from (A.29) that as n — oo
P.(Laon(h) > 1) = Po(Ly,(h) + ™92 0,(0%) + h™*I1,(0*) > 1,,)
>P,(L; (h)>1, —2) — 1

because the conditional distribution of Lg,(h) given y, is asymptotically normal and
therefore bounded in probability and /, — 2/, — —oo as n — oo. This finishes the
proof. [

Proof of Theorem 3.1. By Lemma A.6, maxjcy,Li1,(h) = max,cy,Lo,(h) + op(1). By
Lemma A.7, under Hy maxjey, Lo,(h) — max,e, Lg,(h) — 0 in distribution as n — oo.
Using Lemma A.6 again implies maxpe», L},(h) = maxe», Lj,(h) + op(1). This implies
that maxpe », L1,(h) — maxye», L], (h) — 0 in distribution as n — oco. This, along with Egs.
(A.2)~(A.5), finishes the proof. [

In order to prove, Theorems 3.2 and 3.3, in view of Lemma A.10, it suffices to verify
(A.28). Using Lemma A.1(ii), it suffices to verify

hA(0)°(0) =4 h?  in probability. (A.30)

Proof of Theorem 3.2. In view of the definition of ij, Eq. (A.30) follows from the fact that
as n — oo,

%/1(0)1/1(0) — p(m, M) — 0 (A.31)

holds in probability and nhdZCOINZhd/Z for some constant 0<Co<oco and n large
enough. [

Proof of Theorem 3.3. Using the definition of IE, (A.31),

1 n
ZZAZ(XJ — Es[4%(X))] =/ A(x)f(x)dx=D;>0 asn— oo (A.32)
=1 xeS§
and the fact that
1 T C2 - 2 2
—MO)YA0) = —”ZA (X)=D:C; (A.33)
n n ‘o

holds in probability, one can see that (A.30) holds when /& = Ay, = (log log(n))_l/ 4. This
finishes the proof of Theorem 3.3. [

Proof of Theorem 3.4. In order to verify (A.28), we need to introduce the following
notation: A = (n~'7%)*@+)_ This implies nh(14s+d)/2:l:. Choose h € #, such that
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hy1 <h<2h;. We then have
44712 7; — 4nhd/? h(l4x+d)/2 <Aph@sFD/24d/2 _ g 25+ (A.34)
Thus, in order to verify (A.28), it suffices to show that
Qn(g*) > 4nh25+d (A35)

holds in probability for the selected & € #, and 6* € @. The verification of (A.35) can be
done using similar techniques employed in the proof of Lemma A.2. Alternatively, one
may follow the proof of (A.13) of Horowitz and Spokoiny (2001) by noting that all the
derivations below their (A.13) hold in probability with respect to the joint distribution of
Xn:(Xl,...,X,,). O
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