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Summary. Standard goodness-of-fit tests for a parametric regression model against a series of
nonparametric alternatives are based on residuals arising from a fitted model.When a paramet-
ric regression model is compared with a nonparametric model, goodness-of-fit testing can be
naturally approached by evaluating the likelihood of the parametric model within a nonparamet-
ric framework. We employ the empirical likelihood for an α-mixing process to formulate a test
statistic that measures the goodness of fit of a parametric regression model. The technique is
based on a comparison with kernel smoothing estimators. The empirical likelihood formulation
of the test has two attractive features. One is its automatic consideration of the variation that is
associated with the nonparametric fit due to empirical likelihood’s ability to Studentize internally.
The other is that the asymptotic distribution of the test statistic is free of unknown parameters,
avoiding plug-in estimation.We apply the test to a discretized diffusion model which has recently
been considered in financial market analysis.

Keywords: α-mixing; Empirical likelihood; Goodness-of-fit test; Nadaraya–Watson estimator;
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1. Introduction

The analysis and prediction of time series is standard in statistics. The techniques that are
employed usually rely on the actual model assumed to represent and generate the time series
dynamics. Mismodelling might result in biased prediction and an incorrect parameter speci-
fication. The aim of this paper is to show how empirical likelihood (EL) (Owen, 1990) may
be used to construct simple test procedures for the goodness of fit of standard time series
models.
Suppose that {.Xi,Yi/}ni=1 is a strictly stationary time series with Yi ∈ R and Xi ∈ Rd . Let

m.x/=E.Y |X= x/ be the conditional mean function, f be the density of the design X and
σ2.x/= var.Y |X= x/ be the conditional variance of Y given X= x∈ S, a set to be specified
later. Suppose that {mθ|θ ∈ Θ} is a parametric model for the mean function m and that θ̂
is an estimator of θ under this parametric model. The interest is to test the null hypothesis
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H0 :m.x/=mθ.x/ for all x∈ S against a series of nonparametric alternativesH1 :m.x/=mθ.x/+
cn ∆n.x/, where cn is a non-random sequence tending to 0 as n→ ∞ and ∆n.x/ is a sequence
of bounded functions.
The problem of testing a parametric mean regression against a nonparametric alternative is

not new for an independent and identically distributed setting. Härdle and Mammen (1993)
proposed a test statistic based on an L2-distance between a nonparametric kernel estimator of
the conditional mean and the hypothesized parametric function. This kind of goodness-of-fit
test, comparing nonparametric with parametric fits, was also treated in Eubank and Spiegelman
(1990), Hart (1997) and the references therein. Kreiss et al. (1998) have extended the Härdle–
Mammen test to a time series context by implementing the wild bootstrap. Linearity tests based
on local polynomial estimators were considered in Hjellvik et al. (1998). Koul and Stute (1999)
proposed a test for time series based on the empirical processes constructed on the residuals of
parametric fits under hypothesis H0. The attractions of their test are

(a) its independence of a smoothing parameter and
(b) its capacity to test H1 with cn of order n−1=2, which is smaller than n−1=2h−d=4 for the

Härdle–Mammen test.

As they pointed out, however, the test is not applicable for d > 1 and it requires the conditional
variance function σ2.·/ to be constant. Recently Horowitz and Spokoiny (2001) proposed a test
for independent data that applies the Härdle–Mammen test simultaneously on a set of band-
width values. They showed that the test is consistent forH1 with cn = O.n−1=2√[log{log.n/}]/.
An adaption of a similar scheme for the EL test is possible, which would mean an improved
resolution of the test that is proposed in the current paper.
The device that we use to formulate goodness-of-fit tests is EL (Owen, 1990, 2001), which is

a computer-intensive nonparametric alternative to the bootstrap. It has been shown to share
some key properties with parametric likelihood, e.g.Wilks’s theorem and Bartlett correctability;
see Hall and La Scala (1990), Qin and Lawless (1994) and Chen (1996). Kitamura (1997) con-
sidered blocked EL for parameters associated with weakly dependent processes. Monti (1997)
constructed confidence regions for a parameter of a stationary time series via Whittle’s esti-
mation method. For independent data, EL has been employed for testing conditional moment
restrictions (Tripathi and Kitamura, 2000) and for nonparametric functions based on a local
approximation (Fan and Zhang, 2000).
TheELgoodness-of-fit statistic that is proposed here is based on anEL ratio of the parametric

model over a set within the domain of the design density f . The EL test is carried out by simulat-
ing aGaussian random field with knownmean and covariance function. The known covariance
function is due to EL’s ability to Studentize internally, leading to asymptotic pivotalness. The
test proposed has the advantages of

(a) putting the goodness-of-fit measure within the context of its variation and
(b) avoiding secondary plug-in estimation, as the asymptotic distribution of the test statistic

is free of unknown parameters.

The paper is structured as follows. In Section 2, we construct an EL ratio for m.x/, the basic
building-block of the test proposed. In Section 3, we formulate the test statistic by integrating
the EL ratio over the set S and establish the asymptotic equivalence of the test statistic with an
integral of a squared Gaussian random field. The test procedure is proposed in Section 4 and is
applied to test a parametric diffusion model in Section 5. Section 6 reports simulation results.
All the technical details including assumptions are given in Appendix A.
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2. Kernel estimator and empirical likelihood

We first introduce a nonparametric kernel estimator for m. Let S = {x ∈ Rd |f.x/ � β} for
some β > 0 be a compact set. Without loss of generality we assume that S = [0, 1]d .
Let Λ be a univariate rth-order kernel which is compactly supported on [−1, 1] such that∫

Λ.t/ dt = 1,∫
tlΛ.t/ dt = 0 if 1 � l � r − 1,∫

trΛ.t/ dt = κr 
= 0

for an integer r � 2, and let K be a d-dimensional product kernel of Λ, i.e.

K.t1, . . . , td/ =
d∏

i=1
Λ.ti/:

Let h be a positive smoothing bandwidth which is used to smooth in every component ofX, im-
plying that the scale in each component is roughly the same.When the scales of the components
are different, they can be standardized by using their standard deviations.
Let Kh.u/ = h−dK.h−1u/. The nonparametric estimator of m.x/ considered is the Nada-

raya–Watson estimator

m̂.x/ =
n∑

i=1
Yi Kh.x − Xi/

/ n∑
i=1

Kh.x − Xi/: .2:1/

Let

m̃θ̂.x/ =
n∑

i=1
Kh.x − Xi/ mθ̂.Xi/

/ n∑
i=1

Kh.x − Xi/

be the smoothed parametric model. To avoid the issue of the bias that is associated with the
nonparametric fit, the test statistic that we shall consider is based on the difference between m̃θ̂
and m̂, rather than between m̂ and mθ̂. The local linear estimator can be used to replace the
Nadaraya–Watson estimator in estimatingm because of its attractive bias properties. However,
as we compare m̂ with m̃θ̂, the bias issue is unimportant.
We now introduce EL for a testing problem. At an arbitrary x ∈ S, let pi.x/ be non-negative

weights allocated to .Xi,Yi/. The EL for m̃θ̂.x/ is

L{m̃θ̂.x/} = max
{

n∏
i=1

pi.x/

}
, .2:2/

subject to
n∑

i=1
pi.x/ = 1

and
n∑

i=1
pi.x/ K

(
x − Xi

h

)
{Yi − m̃θ̂.x/} = 0:

By introducing Lagrange multipliers, the optimal weights are given as

pi.x/ = n−1
[
1+ λ.x/ K

(
x − Xi

h

)
{Yi − m̃θ̂.x/}

]−1
.2:3/
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where λ.x/ is the root of
n∑

i=1

K{.x − Xi/=h}{Yi − m̃θ̂.x/}
1+ λ.x/K{.x − Xi/=h}{Yi − m̃θ̂.x/}

= 0: .2:4/

ThemaximumEL is achieved atpi.x/ = n−1 corresponding to theNadaraya –Watson estimator
m̂.x/. The log-EL ratio is l{m̃θ̂.x/} = −2 log[L{m̃θ̂.x/}nn] which will be the basic building-
block for the proposed EL goodness-of-fit statistic. We first evaluate λ.x/ in the following
lemma.

Lemma 1. Under assumptions (a)–(g) given in Appendix A,

sup
x∈S

|λ.x/| = op{.nhd/−1=2 log.n/}:

The proof of lemma 1 is detailed in Chen et al. (2002). Let γ.x/ be a random process with
x ∈ S. Throughout this paper the notation γ.x/ = Õp.δn/ means supx∈S |γ.x/| = Op.δn/ for a
sequence {δn}, and similarly for γ.x/ = õp.δn/.
Let

wi.x/ = K

(
x − Xi

h

)
{Yi − m̃θ̂.x/},

Ūj.x/ = .nhd/−1
n∑

i=1
wi.x/

j

for integers j. Expansion of expression (2.4) yields

Ū1.x/ − λ.x/ Ū2.x/ + λ2.x/.nhd/−1
n∑

i=1
wi.x/

3

1+ λ.x/wi.x/
+ õp{.nhd/−3=2 log3.n/} = 0: .2:5/

It may be shown by the technique that is used in the proof of lemma 1 that

.nhd/−1
n∑

i=1
wi.x/

3

1+ λ.x/wi.x/
= Õp.1/:

Inverting equation (2.5), we have λ.x/ = Ū−1
2 .x/ Ū1.x/ + õp{.nhd/−1 log2.n/}: This, together

with equation (2.3) and lemma 1, means that

l{m̃θ̂.x/} = 2
n∑

i=1
log

[
1+ λ.x/ K

(
x − Xi

h

)
{Yj − m̃θ̂.x/}

]

= 2.nhd/ λ.x/ Ū1.x/ − .nhd/ λ2.x/ Ū2.x/ + õp{.nhd/−1=2 log3.n/}
= .nhd/ Ū−1

2 .x/ Ū21 .x/ + õp{.nhd/−1=2 log3.n/}: .2:6/

Let v.x;h/ = hd
∫
K2h.x − y/ f.y/ σ2.y/ dy, b.x;h/ = hd

∫
Kh.x − y/ f.y/ dy and V.x;h/ =

v.x;h/=b2.x;h/. Note that V.x;h/=nhd is the asymptotic variance of m̂.x/ provided that nhd →
∞. It may be shown that supx∈S |m̂.x/ − m̃θ.x/| = op{.nhd/−1=2 log.n/} and supx∈S |f̂ .x/ −
b.x/| = op{.nhd/−1=2 log.n/}. From the proof of lemma 1, we have Ū1.x/ = b.x;h/{m̂.x/ −
m̃θ.x/}+ õp{.nhd/−1 log2.n/} and supx∈S |Ū2.x/−v.x;h/| = op{.nhd/−1=2 log.n/+h2}. These
and equation (2.6) mean that

l{m̃θ̂.x/} = nhd
{m̂.x/ − m̃θ.x/}2

V.x;h/
+ Õ{.nhd/−1=2 log3.n/ + h2 log2.n/}, .2:7/

implying that l{m̃θ̂.x/} is asymptotically equivalent to a StudentizedL2-distance between m̃θ̂.x/

and m̂.x/.
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3. Goodness-of-fit test statistic

On the basis of the property of l{m̃θ̂.x/} revealed in equation (2.7), theEL-based goodness-of-fit
statistic proposed is

ln.m̃θ̂/ =
∫
x∈S

l{m̃θ̂.x/} dx:
From equation (2.7),

ln.m̃θ̂/ = nhd
∫ {m̂.x/ − m̃θ.x/}2

V.x;h/
dx + Op{.nhd/−1=2 log3.n/ + h2 log2.n/}: .3:1/

Härdle and Mammen (1993) proposed Tn = nhd=2
∫ {m̂.x/ − m̃θ̂.x/}2 π.x/ dx as a measure

of goodness of fit where π.x/ is a given weight function. Equation (3.1) indicates that ln.m̃θ̂/ is
asymptotically equivalent to hd=2Tn with π.x/ = V−1.x;h/which is proportional to f.x/=σ2.x/.
The differences between the two test statistics are that

(a) the EL automatically Studentizes so there is no need to estimate V.x;h/ and
(b) the EL can capture features of data such as the skewness and kurtosis.

The test statistic proposed by Kreiss et al. (1998) is equivalent to the Härdle–Mammen statistic
with π.x/ = f 2.x/, which is designed to downweight low density areas. However, this may lead
to a loss of power.
The test statistic proposed can be readily extended to testing a parametric specification, σ2θ ,

of the volatility function σ2.x/. We need only to replace the second constraint in equation (2.2)
with

n∑
i=1

pi.x/ K

(
x − Xi

h

)
[{Yi − m̂.Xi/}2 − σ̃2

θ̂
.x/] = 0,

where σ̃2
θ̂
like m̃θ̂ is a kernel smooth of σ2

θ̂
. The advantage of the internal Studentizing that

is offered by the EL becomes more apparent in this case as explicit variance estimation of the
kernel estimator of σ2 involves fourth-order moments and so is more difficult.
The smoothing bandwidth h can be chosen by any bandwidth selector that produces h which

minimizes the mean integrated square error of the curve estimation, e.g. those from the cross-
validation or the plug-in methods. This is an area that has been intensively studied in nonpara-
metric curve estimation.

Theorem 1.Under assumptions (a)–(g) in Appendix A, ln.m̃θ̂/ and
∫
S N 2.s/ ds have the same

asymptotic distribution as n → ∞, where N is a normal process on S = [0, 1]d such that
E{N .s/} = hd=4 ∆n.s/ V

−1=2.s;h/ and

Ω.s, t/ =: cov{N .s/,N .t/} =
√{

f.s/ σ2.s/

f.t/ σ2.t/

}
K.2/.0/−1 K.2/

(
s − t

h

)
,

where K.2/ is the convolution of K.

The proof of the theorem is given in Appendix A. As K is a compact kernel on [−1, 1]d ,
Ω.s, t/ = 0 if |s − t| > 2h, which means that N .s/ and N .t/ are independent if |s − t| > 2h. As
f.s/ σ2.s/ = f.s/ σ2.t/ + O.h/ when |s − t| � 2h,

Ω.s, t/ = K.2/.0/−2 K.2/
(
s − t

h

)
+ O.h/: .3:2/
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Hence, the leading order term of the covariance function is completely known and will facili-
tate a test based on the simulation of the normal process. The proof of theorem 1 contains the
following corollary.

Corollary 1. Under assumptions (a)–(f) in Appendix A, h−d=2{ln.m̃θ̂/ − µ0}→dN.0,σ20/ as
n → ∞ where σ20 = 2K.4/.0/ K.2/.0/−2 and µ0 = 1+ hd=2

∫
V−1.s/∆2

n.s/ ds.

The corollary indicates that ln.m̃θ̂/ is Op.h
d=2/, vanishing as n → ∞. However, for a given

h, ln.m̃θ̂/ is a monotone function of h
−d=2{ln.m̃θ̂/ − 1} which is Op.1/. Hence, a test based on

ln.m̃θ̂/ is equivalent to a test based on the standardized statistic h
−d=2{ln.m̃θ̂/ − 1}.

4. Goodness-of-fit test

An α-level test based on the asymptotic normality of ln.m̃θ̂/ rejects hypothesis H0 if

h−d=2{ln.m̃θ̂/ − 1} > zα
√{2K.4/.0/}=K.2/.0/

where zα is the .1− α/-quantile of N.0, 1/. The corollary implies that the asymptotic power of
the test under H1 is

1− Φ

[
zα − K.2/.0/

∫
V−1.s/∆2

n.s/ ds√{2K.4/.0/}

]

which is sensitive to alternatives in all directions and converges to 1 if cn is of a larger order
than n−1=2h−d=4, hence implying that the test is consistent.
The asymptotic normal test may not work well for a finite sample owing to the many approxi-

mations that are used in establishing the asymptotic normality, which subsequently make it too
far from the finite sample distribution of ln.m̃θ̂/. Indeed, obtaining a better approximation to the
distribution of the test statistic motivated the use of the wild bootstrap (Härdle and Mammen,
1993; Kreiss et al., 1998; Hjellvik et al., 1998).
Rather than resort to the wild bootstrap, we propose to use the distribution of

∫
S N 2.s/ ds

to approximate that of ln.m̃θ̂/. This proposal, as well as the result contained in theorem 1, is
motivated by the observation that the distribution of N .x/ mimics that of

.nhd/1=2 V−1.x;h/ {m̂.x/ − m̃θ̂.x/}

at each x. In particular, let

Ω0.s, t/ = K.2/.0/−2 K.2/
(
s − t

h

)

which is the leading term of Ω.s, t/, the covariance of N , and let N0 be a Gaussian random
field with zero mean function and Ω0 as its covariance function. Since the law of N0 is com-
pletely known on given an h, the distribution of

∫
S N 2

0 .s/ ds can be obtained by simulating
{N0.s/|s ∈ S} over a lattice in S. We use an algorithm proposed byWood and Chan (1994). Our
numerical experience indicates that the best effect is achievedwhen the lattice used in discretizing∫
x∈S l{m̃θ̂.x/} dx is also used in simulating {N0.s/|s ∈ S}. Let wα be the simulated upper α-level
quantile of

∫
S N 2

0 .s/ ds. Then, the EL test proposed is to reject hypothesis H0 if ln.m̃θ̂/ � wα.
Fig. 1 contains the simulated null densities of ln.m̃θ̂/ and

∫
S N 2

0 .s/ ds as well as two nor-
mal densities: the full scale asymptotic normal N.1,hdσ20/ and N.1,σ21/ densities, where
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Fig. 1. Approximations to the density of ln.m̂
θ̂
/ ( ) by those of

∫
S N 2

0 .s/ ds ( . . . . . . .), N.1, hdσ2
0/

(- - - - - - - ) and N.1, σ2
1/ (– – –) under models (6.1) and (6.2) with n D 500: (a) h D 0:05, kn D 300;

(b) h D 0:05, kn D 600; (c) h D 0:06, kn D 300; (d) h D 0:06, kn D 600

σ21 = K.2/.0/−2
∫
S

∫
S

K.2/
(
s − t

h

)2
ds dt

is the quantity that hdσ20 approximates. Let kn be the number of lattice points used in discretizing
both

∫
x∈S l{m̃θ̂.x/} dx and

∫
S N 2

0 .s/ ds. Although Fig. 1 is for only two values of h and kn as
part of a comprehensive simulation study that is reported in Section 6, it shows typical results.
The simulation of

∫
S N 2

0 .s/ ds provides quite a satisfactory approximation to the distribution
of ln.m̃θ̂/. Of the two normal approximations, N.1,σ21/ is better than N.1,hdσ20/ owing to its
better approximation to the variance. The simulated distribution nicely reflects the skewness of
ln.m̃θ̂/, which the two normal proxies cannot pick up. It is also worth noting that the test based
on the normal densities will typically have a much larger size than the nominal level α. We see
that the distributions of ln.m̃θ̂/ and

∫
S N 2

0 .s/ ds are insensitive to the number of lattice points
used.

5. Testing the Cox–Ingersoll–Ross model for Standard and Poors 500 data

In mathematical finance, interest rates, stocks and other financial products are modelled by
diffusion processes with specific parametric assumptions on the drift and diffusion functions. A
well-known model for modelling the dynamic of interest rates is the Cox–Ingersoll–Ross model
(Cox et al., 1985) given in equation (5.2) below. Specification tests for diffusion models have
been considered by Aït-Sahalia (1996), Hong and Li (2001) and others.
In this section we apply the empirical likelihood test for a financial market model proposed by

Platen (1999) on the Standard and Poors 500 share index data which contain the daily closing
values of the index for 5479 trading days from December 31st, 1976, to December 31st, 1997.
In Fig. 2(a), the index series shows an exponential trend which is estimated by using the method
of Härdle et al. (2000). Fig. 2(a) also displays a residual process X.t/ at the bottom after
removing the exponential trend. In mathematical finance, we assume a specific dynamic form
for this X.t/ process. More precisely, Platen (1999) assumed the following model for an index
process:
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(c) cross-validation scores CV and (d) P -values of the EL test

S.t/ = S.0/ X.t/ exp
{∫ t

0
η.s/ ds

}
, .5:1/

with a diffusion component X.t/ solving a stochastic differential equation

dX.t/ = α{1− X.t/} dt + σ X1=2.t/ dW.t/, .5:2/

where W.t/ is a Brownian motion and α and σ are parameters. Discretizing this series with
sampling interval ∆ leads to observations .Xi,Yi/ shown in Fig. 2(b) with Yi = X.i+1/∆ − Xi∆
andXi = Xi∆, which is αmixing, and fulfil all the other conditions assumed on the basis of the
results of Genon-Catalot et al. (2000).
We applied the EL test to verify the parametric mean function m.x/ = a.1− x/ specified by

the Cox–Ingersoll–Ross model. The process X.t/ was restored from the observed residuals by
the approach that was introduced in Härdle et al. (2000). The estimate for the drift parameter
a was â = 0:00968 by using methods based on the marginal distribution and the autocorrela-
tion structure ofX. Cross-validation was used to find a suitable value of h. The cross-validation
score functionCVattained aminimumat h = 0:107 as shown inFig. 2(c). AsCV is known for its
slow convergence to the optimal bandwidth, the prescribed h served as a reference only. Further
investigation showed that an h-value larger than 0.06 oversmoothed the drift function whereas
an h-value smaller than 0.03 undersmoothed. Therefore, the EL test was carried out for a set of
h-values ranging from 0.02 to 0.13. The P-values plotted in Fig. 2(d) are all quite large. So, the
data conform with the conditional mean structure specified by the Cox–Ingersoll–Ross model.

6. Simulation

In this sectionwe report results from a simulation study that was designed to evaluate the perfor-
mance of the EL test proposed. The test based on the wild bootstrap given in Kreiss et al. (1998)
serves as a comparison. The simulation considers testing of time series models for d = 1, 2.
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For d = 1, the model was

Yi = θ1Xi + θ2X
2
i + cn cos.8Xi/ + σ0Xi"i, .6:1/

Xi = γXi−1 + ρηi, i = 1, 2, . . . ,n, .6:2/

where θ = .θ1, θ2/ = .0:3, 0:1/ and σ0 = 0:5; {"i}ni=1 and {ηi}ni=1 are mutually independent
and identically distributed innovations, which are all independent of Xi. We fixed "i ∼ N.0, 1/
and ηi ∼ Unif[−0:5, 0:5] with ρ = 1 and γ = 0. The choice of ρ was to make the density of Xi

bounded away from 0 within S = [−0:5, 0:5] which contains about 90% of observed Xi. Three
cn-values were used: cn = 0, corresponding to hypothesis H0, cn = 0:002 and cn = 0:004.
For d = 2, we considered an autoregressive conditional heteroscedastic ARCH (2) model

Yi = θ1Yi−1 + θ2Yi−2 + cn ∆n.Yi−1,Yi−2/ + σ0 σ.Yi−1,Yi−2/"i .6:3/

where θ = .θ1, θ2/ = −.0:3, 0:3/, "i∼IIDN.0, 1/, σ0 = 0:7 and σ.x,y/ = ∆n.x,y/ = √
.0:3x2+

0:2y2 + 0:2/. Three cn-values, 0, 0.04 and 0.06, were used, and S = [−0:5, 0:5]2.
In both models, the parameter θ was estimated by maximizing the conditional quasi-likeli-

hood given theXis.We fixed the nominal size of the tests atα = 5%, took n = 500 and n = 1000
and chose kn, the number of lattice points used in approximating the integral

∫
x∈S l{m̃θ̂.x/} dx,

to be 300 for d = 1 and 900 for d = 2. The increase in kn reflected the increase in the dimen-
sionality of Xi. In the simulation of

∫
S N 2

0 .s/ ds, the same lattice was used to ensure a better
approximation.
The simulated power of the EL and thewild bootstrap tests for a set of h-values is summarized

in Fig. 3 for d = 1 and in Fig. 4 for d = 2. Both Fig. 3 and Fig. 4 show that the power of the
EL test was consistently higher than that of the bootstrap test, whereas the size of the EL test
was in general the same as that of the bootstrap test. The performance of the bootstrap test for
the univariate model was disappointing especially when n = 500. The power was improved for
d = 2 with n = 1000, although the EL test was still noticeably better. The better power of the EL
test was probably because it could obtain contributions of lack of fit from areas of low density
where the wild bootstrap downweighted. For a given cn > 0, the higher power that is observed
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Fig. 3. Power of the EL test for (a) n D 500 and (b) n D 1000 and of the wild bootstrap test for (c) n D 500 and
(d) n D 1000 under models (6.1) and (6.2): . . . . . . ., cn D 0:0; - - - - - - - , cn D 0:02; – – –, cn D 0:04; ,
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5%

from n = 500 to n = 1000 was due to an increased distance between H1 and H0 although cn
was the same. One overall feature of the simulation was that the powers of both tests were not
very sensitive to the value of h. The simulation was also conducted with real parameter values,
giving the same pattern of results except that the sizes of both tests were closer to 5% and the
power was slightly smaller.
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Appendix A: Technical details

A.1. Assumptions
LetF l

k be the σ-algebra of events generated by {.Xi,Yi/, k � i � l} for l � k. The measure for dependence
between a α-mixing time series is

α.k/ = sup
A∈F i

1, B∈F∞
i+k

|P.AB/ − P.A/ P.B/|:

The assumptions that are required to establish the results given in the paper are the following:

(a) Λ is a univariate rth-order kernel which is compactly supported in [−1, 1] and is Lipschitz contin-
uous, d < 4; the smoothing bandwidth h = O.n−1=.d+2r//.

(b) f ,m and σ2 have continuous derivatives up to the second order in S and both f and σ2 are bounded
below in S.

(c) θ̂ is a parametric estimator of θ within the family of the parametric model, and

sup
x∈S

|mθ̂.x/ − mθ.x/| = Op.n
−1=2/:
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(d) ∆n.x/, the local shift in hypothesis H1, is uniformly bounded with respect to x and n, and
cn = n−1=2h−d=4, which is the order of the difference between H0 and H1.

(e) E[exp{a0|Y1 − m.X1/|}] < ∞ for some a0 > 0; E.|Yi|k|Xi/ < ∞ for some k > 1; for all i, E{Yi −
m.Xi/|Ωi−1} = 0 where Ωi−1 is the σ-field generated by {.Xj+1,Yj}i−1

j=1.
(f) The conditional density ofX given Y , fX|Y �A1<∞, the conditional joint density of .X1,Xl/ given

.Y1,Yl/ is bounded for all l > 1 and the joint density of .X1,Y1,Xs,Ys,Xt ,Yt/ for t > s > 1 is
continuous and bounded by a constant that is free of s and t.

(g) The process {.Xi,Yi/} is strictly stationary and α mixing, and α.k/ � aρk for some a > 0 and
ρ ∈ .0, 1/.

Assumptions (a) and (b) on the kernel and bandwidth are standard in nonparametric curve estimation.
The assumption of d < 4 is to make the bias in kernel variance estimation a smaller order of hd=2. The
kernel method will encounter the curse of dimension when d � 4 anyway. The bandwidth selected by
either cross-validation or the plug-in method satisfies the order specified in assumption (a). Assumptions
(c) and (d) are common in nonparametric goodness-of-fit tests, whereas assumptions (e), (f) and (g) are
standard assumptions for dependent processes. In particular, assumption (g) means that the data are geo-
metric αmixing. It can be seen from the proof that the geometric α-mixing condition can be weakened to
α.k/ � Ck−s.d/ where s.d/ > 2 and is a monotone function of d. It is convenient technically to assume geo-
metric α-mixing. For a univariate linear causal process Yt = Σ∞

s=0 gt−sξs with independent and identically
distributed innovation {ξs}∞

s=0, Gorodeskii (1977) showed that the linear process is αmixing under certain
conditions and established the rate for the α-mixing coefficient. Pham and Tran (1985) showed that, if
each coefficient gt of the process isO.γt /, 0 < γ < 1, then the process is geometric αmixing. For aMarkov
process Yi = m.Xi/+σ.Xi/"i whereXi = .Yi−1, . . . ,Yi−p/ are lagged values and the "i are independent and
identically distributed random variables, Masry and Tjøstheim (1995) provided conditions for geometric
ergodicity and geometric α-mixing of the process.
Throughout the proof we shall use C to denote positive constants which may take different values at

different places.

A.2. Proof of theorem 1
The proof of theorem 1 is carried out by proving that both ln.m̃θ̂/ and

∫
S
N 2.s/ ds have the same limiting

normal distribution. We first prove that ln.m̃θ̂/ is asymptotically normally distributed.
Let V.x/ = R.K/ σ2.x/=f.x/ such that V.x;h/ = V.x/ + O.h2/. From equation (3.1)

ln.m̃θ̂/ = Sn + o.hd=2/

where

Sn = nhd

∫
x∈S

V−1.x/{m̂.x/ − m̃θ.x/}2 dx:

Let Hn1.x/ = n−1 Σ Kh.x − Xi/"i and Hn2.x/ = cnn
−1 Σ Kh.x − Xi/ ∆n.x/. Then,

Sn = nhd

∫
x∈S

V−1.x/ f−2.x/{H2
n1.x/ + H2

n2.x/} dx + 2An

where

An = nhd

∫
x∈S

V−1.x/ f−2.x/ Hn1.x/ Hn2.x/ dx

= n−1=2h3d=4
∑

"i

∫
x∈S

V−1.x/ f−1.x/ ∆n.x/ Kh.x − Xi/ dx{1+ op.h
d=2/}

since Hn2.x/ = ∫
Kh.x − y/ ∆n.y/ f.y/ dy + op{.nhd/−1=2 log.n/} = ∆n.x/ f.x/ + op.h

d=2/.
Let s0.Xi/=

∫
x∈S Kh.x − Xi/ V

−1.x/ f−1.x/ ∆n.x/ dx and Wn0 = n−1 Σ "i s0.Xi/. Clearly, An =
n1=2h3d=4Wn0{1+ op.h

d=2/}. Since E.Wn0/ = 0 and var.Wn0/ = n−1 E{"2i s20.Xi/} � Cn−1, An = Op.h
3d=4/.

Therefore,

ln.m̃θ̂/ = Sn1 + Sn2 + Sn3 + op.h
d=2/ .A:1/
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where

Sn1 = n−1hd
∑
i
=j

"i"j

∫
x∈S

V−1.x/ f−2.x/ Kh.x − Xi/ Kh.x − Xj/ dx,

Sn2 = n−1hd
∑

"2i

∫
x∈S

V−1.x/ f−2.x/ K2
h.x − Xi/ dx,

Sn3 = hd=2
∫
x∈S

V−1.x/ f−2.x/{n−1 ∑
Kh.x − Xi/ ∆n.Xi/}2 dx:

As n−1 Σ Kh.x − Xi/ ∆n.Xi/ = ∆n.x/ f.x/ + õp{n−1=2h−d=2 log.n/ + hr},
Sn3 = hd=2

∫
x∈S

V−1.x/ ∆2
n.x/ dx + op.h

d=2/: .A:2/

Note that E.Sn2/ = 1+ O.h2/ and var.Sn2/ = O.n−1hd/. Hence

Sn2 = 1+ op.h
d=2/: .A:3/

Letφij = "i"j
∫
x∈S V

−1.x/ f−2.x/ Kh.x−Xi/ Kh.x−Xj/ dxandS0n1 = Σ1�i<j�nφij so thatSn1 = 2n−1hdS0n1.
Note that S0n1 is a degenerate U-statistic. A central limit theorem for degenerate U-statistics for absolutely
regular processes has been established in Hjellvik et al. (1996). By reading their proof closely, we find
that the assumption of the absolute regularity is only to use an inequality of Yoshihara (1976) which can
be replaced by the Davydov inequality (Bosq (1998), page 19) for α-mixing processes; see Gao and King
(2001) for an updated proof. This means that we can use the theorem in Hjellvik et al. (1996) for α-mixing
processes.
Let σ2ij = var.φij/ and σ2n = Σ1�i<j�nσ

2
ij . Let Ei be expectations with respect to ξi =: .Xi,Yi/. From

remark B to theorem A of Hjellvik et al. (1996), σ2n → n2σ2n0=2 as n → ∞ where

σ2n0 = EiEj

{
"2i "

2
j

∫ ∫
V−1.x/ f−2.x/ V−1.y/ f−2.y/

× Kh.x − Xi/ Kh.x − Xj/ Kh.y − Xi/ Kh.y − Xj/ dx dy
}

= h−d K.4/.0/ K.2/.0/−2{1+ o.1/}:
This means that

var.Sn1/ = 2hd K.4/.0/ K.2/.0/−2{1+ o.1/}: .A:4/

Let P.ξi/, P.ξi, ξj/, P.ξi, ξj , ξk/ and P.ξi, ξj , ξk, ξl/ be the probability measures of ξi, .ξi, ξj/, .ξi, ξj , ξk/
and .ξi, ξj , ξk, ξl/ for different i, j, k, l ∈ {1, . . . , n} respectively. Define, for some constant δ > 0,

Mn1 = max
1<i<j�n

max
{
E|φ1jφij|1+δ,

∫
|φ1jφij|1+δ dP.ξ1/ dP.ξi, ξj/

}
,

Mn2 = max
1<i<j�n

max
{
E|φ1jφij|2.1+δ/,

∫
|φ1jφij|2.1+δ/ dP.ξ1/ dP.ξi, ξj/,

∫
|φ1jφij|2.1+δ/ dP.ξ1, ξi/ dP.ξj/,

∫
|φ1jφij|2.1+δ/ dP.ξ1/ dP.ξi/ dP.ξj/

}
,

Mn3 = max
1<i<j�n

.E|φ1jφij|2/,

Mn4 = max
1<i, j, k�n

{
max

P

(∫
|φ1jφjk|2.1+δ/ dP

)}
,

Mn5 = max
1<i<j

max


E

∣∣∣∣∣
∫

φ1iφ1j dP.ξ1/

∣∣∣∣∣
2.1+δ/

,
∫ ∣∣∣∣∣

∫
φ1iφ1j dP.ξ1/

∣∣∣∣∣
2.1+δ/

dP.ξi/ dP.ξj/


,
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Mn6 = max
1<i<j


E

∣∣∣∣∣
∫

φ1iφ1j dP.ξ1/

∣∣∣∣∣
2

 ,

where, inMn4, i, j and k are mutually different and the maximization over P is taken over P.ξ1, ξi, ξj , ξk/,
P.ξ1/ P.ξi, ξj , ξk/, P.ξ1/ P.ξi/ P.ξj , ξk/ and P.ξ1/ P.ξi/ P.ξj/ P.ξk/.
According to theoremAofHjellvik et al. (1996), to show thatσ−1

n S0n1 is asymptotically standardnormally
distributed, it is sufficient to check that for some δ > 0 and as n → ∞

max[σ−2
n {n2.M1=.1+δ/

n1 + M
1=2.1+δ/
n5 + M

1=2
n6 /, n

3=2.M
1=2.1+δ/
n2 + M

1=2
n3 + M

1=2.1+δ/
n4 /}] → 0: .A:5/

Rather than evaluating all theMnl-terms, we present here only the order of magnitude ofMn1 andMn6 as
the other terms can be evaluated similarly. Let p, q > 1 such that p−1 + q−1 = 1. From condition (b)

A1 =: E|φ1jφij|1+δ � Ch−2d.1+δ/ E

∣∣∣∣"1"i"2j |K|.2/
(
X1 − Xj

h

)
|K|.2/

(
Xi − Xj

h

)∣∣∣∣
1+δ

� Ch−2d.1+δ/.E|"1"i"2j |.1+δ/p/1=p
[
E

{
|K|.2/

(
X1 − Xj

h

)
|K|.2/

(
Xi − Xj

h

)}.1+δ/q ]1=q
:

Condition (e) implies that E|"1"i"2j |.1+δ/p < C. Let f1,i,j be the joint density of .X1,Xi,Xj/. Condition (f )
means that

E

{
|K|.2/

(
X1 − Xj

h

)
|K|.2/

(
Xi − Xj

h

)}.1+δ/q

= h2d
∫ ∫ ∫

{|K|.2/.u/||K|.2/.v/|}.1+δ/q f1,i,j.z − hu, z − hv, z/ du dv dz

� Ch2d : .A:6/

Therefore, A1=.1+δ/
1 �Ch−2d{1−1=q.1+δ/} = o.h−d/ if we choose q such that 1<q< 2=.1+ δ/. To evaluate the

other term inMn1, let Ei,j be expectations with respect to .ξi, ξj/ and

B1 =: E1Ei,j|φ1jφij|1+δ

� Ch−2d.1+δ/ E1

(
|"1|1+δ

[
Ei, j

{
|K|.2/

(
X1 − Xj

h

)
|K|.2/

(
Xi − Xj

h

)}.1+δ/q ]1=q)

� Ch−2d.1+δ/+2d=q:

Hence B1=.1+δ/
1 �Ch−2d{1−1=q.1+δ/} = o.h−d/ if we choose q such that 1<q< 2=.1 + δ/. Combining the

results on A1 and B1, we have σ−2
n n2M

1=.1+δ/
n1 → 0 as n → ∞.

Now let us considerMn6. Let A6 = Ei,j.E1|φ1iφ1j|/2. Similar to inequality (A.6),

E1|φ1iφ1j| � C|"i"j|h−2d E1

{
"21|K|.2/

(
X1 − Xj

h

)
|K|.2/

(
Xi − Xj

h

)}

� C|"i"j|h−2d+d=q

∫ {
|K|.2/

(
w + Xi − Xj

h

)}q

f.w/ dw: .A:7/

Define another pair of p1, q1 > 1 such that p−1
1 + q−1

1 = 1. From inequality (A.7),

A6 � Ch−4d+2d=q Ei,j

(
"2i "

2
j

[∫ {
|K|.2/

(
w + Xi − Xj

h

)}q

f.w/ dw
]2=q )

� Ch−4d+2d=q+d=q1 : .A:8/

HenceM1=2
n6 �Ch−d.2−1=q−1=2q1/. By choosing q1 (after choosing p and q as above) such that 0< 2− 1=q −

1=2q1< 1, M
1=2
n6 = o.h−d/, so σ−2

n n2M
1=2
n6 = o.1/. Hence we establish expression (A.5) and the asymptotic

normality of S0n1.
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In summary of equations (A.1)–(A.4) and the asymptotic normality of S0n1, we have

h−d=2

{
ln.m̃θ̂/ − 1− hd=2

∫
x∈S

V−1.x/ ∆2.x/ dx
}

d→ N.0,σ20/ .A:9/

as n → ∞, where σ20 = 2 K.4/.0/ K.2/.0/−2.
In what follows we shall prove the asymptotic normality of T =: ∫

S
N 2.s/ ds. Let

N1.s/ = N .s/ − hd=4 ∆n.s/ f.s/=
√
V.s/:

ThenN1.s/ is a Gaussian process with zero mean and covariance Ω. Split T as T1 + T2 + T3 where

T1 =
∫
S

N 2
1 .s/ ds,

T2 = 2hd=4
∫
S

V−1=2.s/ ∆n.s/ N1.s/ ds,

T3 = hd=2
∫
S

V−1.s/ ∆2
n.s/ ds:

As Ω is bounded,
∫
S

Ω.t, t/ dt < ∞. From results on stochastic integrals and equation (3.2),

E.T1/ =
∫
S

Ω.s, s/ ds = 1,

var.T1/ = 2
∫
S

∫
S

Ω2.s, t/ ds dt

= 2 K.2/.0/−2
∫
S

∫
S

K.2/{.s − t/=h}2 ds dt{1+ o.1/} .A:10/

= hd K.4/.0/K.2/.0/−2 + o.hd/: .A:11/

Therefore, var.T1/ = 2hd K.4/.0/K.2/.0/−2 + o.h2d/. It is obvious that E.T2/ = 0 and

var.T2/ = 4hd=2
∫ ∫

V−1=2.s/ ∆n.s/ Ω.s, t/ V−1=2.t/ ∆n.t/ ds dt:

As ∆n and V−1 are bounded in S, there are constants C1 and C2 such that

var.T2/ � C1h
d=2

∫ ∫
Ω.s, t/ ds dt � C2h

3d=2:

Hence h−d=2T2 →p 0 as n → ∞. As T3 is non-random, we have

E.T / = 1+ hd=2
∫

V−1.s/ ∆2
n.s/ ds + o.hd=2/, .A:12/

var.T / = 2hd K.4/.0/ K.2/.0/−2 + o.hd/: .A:13/

It remains to prove the asymptotic normality of h−d=2
∫
S
{N2

0 .s/ − 1} ds. Let us first consider the case
of d = 1. Let δ1 and δ2 be sequences tending to 0 as n → ∞, δ = δ1 + δ2, and r = [1=δ]. In particular,
we assume that δ2 = o.δ1/, h = o.δ2/ and δ2 > 2h. For i = 1, . . . , r, let

Vi =
∫ .i−1/δ+δ1

.i−1/δ
{N 2

1 .s/ − 1} ds,

V
′
i =

∫ iδ

.i−1/δ+δ1

{N 2
1 .s/ − 1} ds:

Since δ2 > 2h, the covariance function and the strict stationarity of N1.s/ mean that {Vi}r
i=1 and {V ′

i }r
i=1

are independent and identically distributed.
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A standard derivation shows that var.Vi/ = σ20δ1h{1 + o.1/} and var.V ′
i / = σ20δ2h{1 + o.1/} where

σ20 = 2K.4/.0/ K.2/.0/−2. According to the central limit theorem, as n → ∞,
r∑

i=1
Vi=

√
.rδ1σ

2
0h/

d→N.0, 1/,

r∑
i=1

V
′
i =

√
.rδ2σ

2
0h/

d→N.0, 1/:
.A:14/

Note that

.σ20h/
−1=2

∫ 1

0
{N 2

0 .s/ − 1} ds = .σ20h/
−1=2 r∑

i=1
Vi + .σ20h/

−1=2 r∑
i=1

V
′
i

+ .σ20h/
−1=2

∫ 1

rδ

{N 2
0 .s/ − 1} ds: .A:15/

Since rδ1 → 1 and rδ2 → 0, results (A.14) mean that

.σ20h/
−1=2 r∑

i=1
Vi

d→N.0, 1/,

.σ20h/
−1=2 r∑

i=1
V

′
i

p→ 0:

It can be easily shown that .σ20h/
−1=2 ∫ 1

rδ
{N 2

0 .s/−1} ds →p 0 as n → ∞. Thus, we establish the asymptotic
normality for d = 1.
For the case of d > 1, let Sd−1 = [0, 1]d−1 and T.s/ = ∫

Sd−1{N 2
1 .s, t/ − 1} dt where s ∈ [0, 1]. For

i = 1, . . . , r, define

Vi =
∫ .i−1/δ+δ1

.i−1/δ
T.s/ ds,

V
′
i =

∫ iδ

.i−1/δ+δ1

T.s/ ds:

where δ1, δ2 and r are the same quantities defined earlier for d = 1. Because of the use of a product kernel
and strict stationarity, {Vi}r

i=1 and {V ′
i }r

i=1 are independent and identically distributed random variables.
The asymptotic normality can be proved in a similar fashion.
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