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Comparing Empirical Likelihood
and Bootstrap Hypothesis Tests

SoNG X1 CHEN*
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A comparison between empirical likelihood and bootstrap tests for a mean
parameter against a series of local alternative hypotheses is made by developing
Edgeworth expansions for the power functions of the two tests. For univariate and
bivariate cases, practical rules are proposed for choosing the more powerful test.

. 1994 Academic Press, Inc.

1. INTRODUCTION

Empirical likelihood, introduced by Owen [13, 14], is a nonparametric
method of inference with sampling properties similar to those of the
bootstrap. However, instead of assigning equal probabilities #n~ ' to all data
values, empirical likelihood places arbitrary probabilities on the data
points, say p, on the ith data value. The weights p; are chosen by profiling
a multinomial likelihood supported on the sample, and empirical
likelihood confidence regions are constructed by contouring this multi-
nomial likelihood. An attractive feature of empirical likelihood is that it
produces confidence regions whose shapes and orientations are determined
entirely by the data, and which have coverage accuracy at least comparable
with those of bootstrap confidence regions. Its coverage properties have
been examined by Hall and La Scala [10] and DiCiccio et al. {8] for
the case of smooth function of a mean of independent and identically
distributed random variables; by Chen and Hall [4] for the case of
quantiles; by Owen [15] and Chen [5, 6] for the regression case, and by
Kolaczyk [12] for the case of generalized linear models.

Let X,,.., X, be an independent and identically distributed (i.i.d.)
random sample of p dimension from unknown distribution with mean
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278 SONG X1 CHEN

parameter 4 and covariance matrix 2. We consider using empirical
likelihood and bootstrap methods to test the null hypothesis H,: u= uq
against a series of local alternatives H,: u= puq+n~2X"?7, where both g,
and t are constant p dimensional vectors. Empirical likelihood and
bootstrap hypothesis tests for H, can be formulated from the well known
duality between a confidence region and a hypothesis test.

Owen [147] showed in the ii.d. sample mean case that the power of an
a-level empirical log likelihood ratio test is asymptotically P{xf,(llrﬂz)>
Y21 «)» Where z2(llz]?) is the noncentral chi-squared random variable
with p degrees of freedom and noncentral term |z}|° and x>, _,is the | —«
upper percentile of the central chi-squared distribution x,. However, it is
not difficult to show that the corresponding bootstrap test also achieves the
same asymptotic power. Thus, to really compare the powers of the
empirical likelihood and bootstrap tests, we have to develop higher order
expansions for the powers of these two tests, which will give us some
insight into the problem. Surprisingly, so far nobody has given a higher
order expansion for the power function of bootstrap test neither.

The aim of this paper is to compare the powers of empirical likelihood
and bootstrap tests by developing expansions for their powers. In Section 2
we give definitions for empirical likelihood and bootstrap tests. After
developing higher order expansions for the power functions in Section 3,
we propose in Section4 two rules for practically choosing between
empirical likelihood and bootstrap tests for univariate and bivariate cases.
In the univariate case, the rule says that the empirical likelihood test is
more powerful than the corresponding bootstrap test when to; >0, and
vice versa when 7a, <0, where x5 is the population skewness parameter.
For higher dimensional cases, similar rules may be developed. In Section 5
we present simulation studies.

2. EMPIRICAL LIKELIHOOD AND BOOTSTRAP HYPOTHESIS TESTS

Let X,,.., X, be a p dimension iid. sample from unknown distribu-
tion F with mean x4 and covariance matrix 2. We want to test null
hypothesis H,: p=p, against a series of local alternatives H,: pu=p,+
n~ 2321 where u, and 1 are p dimension constant vectors.

Put Z,=2X "?(x,—pu) and Z7 as the jth component of Z,. We define

Nz gk it Ik
% = E(Z} - ZH),
A2k = n -1 Z Z{‘ o Z{k _ alu’zm,ik,

as the standarized multivariate moments of X, .., X,. Note that o/ =0 and
a’* = §* where 6/ is the Kronecker delta.
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2.1. Empirical Likelihood Tests

Write p,, p,, ..., p, for nonnegative numbers adding to unity. Then, the
empirical log likelihood ratio for p is defined to be

{p)=—2 min Y log(np,).
Tpixi=4
Based on the nonparametric version of Wilks'" Theorem given by
Owen [14], a 1 — o level confidence region for p 1s defined as I,_,=
{u) l(p)<c,}, where ¢, is chosen from y} tables such that P(32>c¢,)=oa.
According to the duality between confidence regions and hypothesis tests,
we define an a-level empirical likelihood test for the null hypothesis H, to be

¢ _ 17 lr l(u0)>ca;
10, otherwise.

By Wilks’ Theorem the asymptotic significant level of ¢, is «. Let us define
“the first type accuracy” as the difference between the actual and nominal
significant levels of a test. Using the results given by Hall and La
Scala [10], we may show that P(¢,=1] H,)=a+ O(n~"'), which means
the first type accuracy of the empirical likelihood test ¢, is of order n ~'.
Since the empirical likelihood confidence regions are Bartlett correctable in
this case, as shown by DiCiccio et al. [8], we may define Bartlett-corrected

empirical likelihood test to be

’ ={1, it Ko) > o1+ fim);

0, otherwise,

where f= p~'(47%/2 — 4*/4/*//3) is the empirical Bartlett factor, and d#**
and ¢ are the usual moment estimates of a** and o/’ respectively. Let
B=p '(a?*/2—a™a’*/3) be the theoretical Bartlett factor. Clearly we
have f=g+0,(n"'?). Since P(§,.=1|Hy)=a+O(n"?), the first type
accuracy of the corrected empirical likelihood test ¢, is of order n~?

which is of the same order with that of bootstrap test as will be shown shortly.

2.2 Bootstrap Test

Let define x=n"'Y x, and Z=n""'Y (x,~ %)(x;,— %)7 be the sample
mean and sample covariance matrix respectively. To give an o-level
bootstrap test of Hy, let ¥* and Z* be the bootstrap version of x and )
respectively, computed from a resample y* instead of the entire sample
1=1{X\, 0 X,}. Put S(1)=n"?L2(x—pu+n"122V%). We define a
bootstrap test of H, to be

1, it S7(7) S(r) > cX;
9= {0, otherwise,

683/51/2-6
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where ¢* is determined by P{n(x* —x)" Z* " (¥* - %)>c* |y} =0, and
¢,¥ can be determined by Monte Carlo simulations. It has been pointed out
by Hall [9] that P(¢,=1| H,)=ua+ O(n~?), which means the first type
accuracy of the bootstrap test ¢, is of order n ™2

Owen [ 14] showed that for our current null and alternative hypothesis
setting, the power of the uncorrected empirical likelihood test ¢, (also the
corrected empirical likelihood test ¢,.. as shown in Section 3) converges
to P{z2(Itl*)>yx. _,}, where x2(lz|?) is the noncentral chi-squared
random variable with noncentral term |t]|> Tt is not difficult to show that
the bootstrap test achieves the same asymptotic power as well. In order to
compare the power performances of these tests we have to find higher
order expansions for the power functions of the empirical likelihood and
bootstrap tests. To make the comparison fairly, we should only compare
the corrected empirical likelihood test ¢, with the bootstrap test ¢,, since
both have the same first type accuracy of order n 2 In theory we could
adjust the test’s level so that they are exactly equal. However, from a prac-
tical point of view a difference of order n~? between the levels of the tests
is fair enough to make our comparison. In the rest of this paper, when we
say the empirical likelihood test we mean the Bartlett-corrected test ¢,

Before we finish this section, we should mention that the shape of the
rejection region of the empirical likelihood test is determined automatically
by the sample itself, whereas that of the bootstrap test is subjectively given
by us as the complement of an elliptical region. This is an advantage of
empirical likelihood over the bootstrap.

3. PowER EXPANSIONS

In this section we calculate the powers of the empirical likelihood and
bootstrap tests of null hypothesis Hy:u=pu, against H,:u=u,+
n~ 12227 Since analytic expressions for these power functions are difficult
to attain, we have to develop expansions for them.

Let pow(¢,..;t) and pow(é,,t) denote the powers of the o-level
empirical likelihood tests ¢, and the bootstrap test ¢, respectively, under
the alternative hypothesis H,. We shall calculate them one by one.

3.1. Power of ¢..

According to the definition of power of a test, we have
pow(¢,.;t)=P(¢,.=1|H,)
= P{lo) > 2 = ot V2EV21)
=P{l(u—n""22"20)> ¢},
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where ¢, =c,(1 +/§/n). To calculate pow(¢,,; 1) we first set up a Taylor
expansion for /(u—n"'2X2'21), from which an Edgeworth expansion of
pow(¢,.: 7) will be derived. By the definition of empirical likelihood,

{u—n='2"1)= =2 min,, . 2 log(p)

T pixi=n—n

=-2 min ” Y log(np)),

X pZi=—~n"N

where Z,=3"?(x;— p). Using (3.7) of DiCiccio et al. [7], we have

n " pu—n" "2y = (A4 n )Y (A+n Py
—{A* 0124 (2] 40 )
X{(A+n"V2) (A+n"120)
+ 3K b A VR [3] = 2y g
X(A+n" 120 (A+n" 20 (A +n" "1y
+ (e — Lo My A +n ) (A + 0 Pt
x(A+n ") (A+n o)
+A4"A (A +n Py (A+n "0+ 0, (007,

(3.1}

with /4*[2] = 1/4* + 1A’ and the same rule applies for t/6*/[3]. Here we
use the summation convention according to which if an index occurs more
than once in an expression then summation over that index is understood.

From (3.1) we can derive the following signed root decomposition for
f(p—n—12X12):

(p—n- ”22”%) =n(R,+ R, + R3)T(Rl + R, + Ry)+ 0,,(’175"2),
where R,=0,(n""?) for I=1,2, 3, and
R|=(A+n "),
Ri= —1a4%(A+n o) + 1A +n "0 (A+ 0" 0),
Ri=(—ivthn ' 4+ 2474 — Lo/ 4*[2]n " 12) (A + n V1) (3.2)
+ {3(AM + 0 PR3] — 20 A M (A + V) (A4 M)k

+ (gajknalmn_ ‘_I‘a/'klm)(A +n 1/21.)1\' (A +n 10/21_)1 (A +n 13"21.)m'
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Put R=R,+ R, + R,. Let k4" denote the joint /th order cumulant of
n'?R. Calculations show that

ki=t/+kiin V2+ki,n"+0((n 72,
kf=6*+kfin P +kifn '+ 0(n ¥,

k/kl k/kl 7'+O(n'3”2) k/k[m O(n’“) (3.3)
k, sl = O(n 3?), for =5,
where
7 1 Am l.m 1 Jkk Jk l Jki 1
ki, = FrTT =), k’21:§°‘ 7',
o1 7 . 4 1
J o —=_ 4/ k. k Lk gkl _ ikngdmn L jkim ko dl.m
ki, 2zrr +24TOt +(9a o 7 )rrr
5 T 1
+ <_§—_ﬁ> o -7 Kyl k +_1_§ o fkmgkime ! (3.4)
8 1 . 7 .
4 <§ a»/kmalmn . § a»/mnaklm _ 1_2_ a)k/n) TIT",
kjkI: _lajklm,[m _’_iz.na_/mnaklm[:;]
32 2 36 '

Note that the last formula in (3.3) is obtained from the general results
given by James and Mayne [11].

Let ¢ be the density of N(0,1,), H,(v,, .., v,) be the /th order multi-
variate Chebyshev-Hermite polynomlals defined by Barndorff-Nielson and
Cox [1] and Z,(x)= {v ||lv+ || > x}. Then, we define

E,(x,1)= {k{ v+ 3k2 (00, — ™)} $(v) dv
Yy(x) (3.5)

Es(x,1)= _L( ) {k‘{zvj + liklzg + k4, klfl)(vjvk —8%)} $(v) dv,
+ f_@( ) (ékj;;[-i- %kjllkgll) H3(vj’ Vg, UI) ¢(U) dU,

+J‘ %k'lzklk H4(U}’ Uk,vl’ m)¢(U
L {(x)

Put U=(A4", .., 47, A", ., 477 A, . AP"YT=n~ '3 U, where
U,=(2),.., 20, 22}, ., 2020, Z\ 2}, .., ZZ72Z0).

pepy o SpLpy “pLpo



EMPIRICAL LIKELIHOOD TEST 283

Note that only 4* and A% with j <k <[ appear in U. With above prepara-
tions we are able to prove the following which lead to an Edgeworth
expansion for pow(é,,, 7).

THEOREM 3.1. Assume that U, has finite fifth moments and the
characteristic function g, of U, satisfies the Cramér’s condition, that is,
sup -4 181 (1) < 1. Then, for any x>0,

P{l(p—~n""221%0)> x} = P{y;(Iel)>x} + Ex(x, t)n 12
+ Ej(x, t)n T+ 0(n ).
Proof. Define
() =1+n""2{k{ v+ 3k (v,0,— %)} +n k{3,
+ 3 (k5 + k] K (0,00 — 87) + (6h5 + 5K{,k31) Ha(v, 06, 0)
+ ek kST Hy(v), vey 04, v,) s

where the k’s are given by (3.4). From (3.3) and (3.4), a formal Edgeworth
expansion for the distribution function of n'?R can be constructed as
follows,

P(nl’/2R<X)=jx ”(U)¢(U) dv + 0(’173/2)' (36)

Accepting that expansion (3.6) may be justified, we establish an Edgeworth
expansion for the distribution of I(u —n~2Z"21) as follows,

P{l(p—n""?2"1)> x} = P(nRTR > x) + O(n—?)
:J H(U)¢(U)dv+0(n—3/2)
Z(x)
= P{X,z,(“T|l)> x} 4+ Ey(x,T)n 1?2
+E(x,)n" 1+ 0O(n3?),

where E,(x, t) and E;(x, t) are given in (3.5).
It remains to check that expansion (3.6) is valid. Since

U= (A, .., A7, AN, ., AP A . Aree)T,

We see that U is the mean of i.i.d. random vectors with mean 0, and there
exists a smooth functions 4 such that R=h(U). Thus, we can justify the
expansion (3.6) by using the result given by Bhattacharya and Ghosh [2].
Therefore the theorem is valid. |
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From Theorem 3.1 and using the delta method, we have

POW(.c; 1) = PUk—n 22" P) > ¢ (1 + Bjm)}
= P{l(p—n "Z't)> (14 fjn)} + O(n~?)
=P{2(tl)> ¢} + Esle,, thn 72
+{Es(css 1) = BEpelc) ) n '+ 0(n 27, (3.7)

where g, is the density of xi(flr“) distribution. Substituting &/, and k%, in
(3.4) into the expression for F,, we obtain

E (¢, 1) =J (T’ — g™ ) v, + g (vu, — 67) ) (o) db. (3.8)

L (ey)

Thus the second order term of the power of the empirical likelihood test
depends on population skewness parameter 2/, on t and on sample size n.

Remark. 1f X, .., X, are independent but not identically distributed
with same mean parameter p, we can modify the definitions of X and
a/V2 ik by Y=n 'Y Cov(x;) and a/? F=p ' E(Z].--Z%), and define
A% and U, .., U, in the same way of the iid. case. To obtain the
expansion for the power function in Theorem 3.1, we have to replace the
conditions of the theorem with the following one:

(i) The smallest eigenvalue of n 'Y Cov(U,) is bounded away from
zero

(ii) sup,n '327_ | E|U,)° <.

(i) im, "2 §uy e IU1° =0, for every positive .

(iv) The characteristic function g; of U, satisfies the Cramér’s condi-
tion, lim sup, , , sup,, ., |g;(1)] <1, for every positive b.

Then, we may get Theorem 3.1 and (3.7) for this non-i.r.d. case by using
Theorem 20.6 of Bhattacharya and Rao [3] and Skovgaard [16]. For
details see the proof of Theorem 2.1 of Chen [5].

3.2. Power of ¢,

In this subsection we give an expansion for the power of the bootstrap
test ¢, as we have done for the empirical likelihood test in subsection 3.1.
According to definition,

pow(¢,;t)=P(¢,=1| H,)
= P{S7(1) S(t)>c*}, (3.9)
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where ¢ is determined by equation P{n(x* —%)" Z* '(x*—x%)>

285

ey}

=a. Let £/ denote the joint /th order cumulant of S(t). Calculations

reveal that
=+ n 4 2hn 4 0(n?)
Ef =04 kn =12 1 8 n ' 1 O(n Y7,
'fjk! ijk[ —1/2_‘_5_;&;/”—1 +0(n »3@’2)’
f{‘klm = fi’;’"‘n71 + O(n -73/‘2),
gt = O(n =), for /=5

where
= =3k gy = Jel 4 Rl — 57,
$a = —a*me,
ES = (p +2) 8% okt 4 dqkmglm 4 Ly skim _ gkl
‘J:jkl a]k[ éjkl_115k1[3]+5 ngyikmyy Imn[3]
éjklm ajk[m + 4a1mn kln[3] +4é’m6k{

(3.10)

(3.11)

Let g, be the density function of the x,, distributions, & = {v | ||v | =c,}
where v=(v,, .., v,), and K, =c, 'g, '(c,). Moreover we define £ (0) to
be the value of &4 when 7 =0. It {urns out that we have the followmg

Cornish-Fisher expansion for c?*:
ct=c,(1+Bn"")+0,(n 72,

where
B =K (3RO + 68 [ Hat) glv) o
S | Hw) $l0) do
FGEUT R [ ) Koo 40 do

+ 558484 o He(v)) ¢(v) dv

US| () Haton) 8(0) o)
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To develop an Edgeworth expansion for the power of the bootstrap test,
we define

Fy(x, 1) =_‘. { '{l v;+ %512}; (v;v, — &%)+ éééﬁ[H.%(U/a Ugs U/)} é(v) dv,

D(x)

Rt =] (& HEh+ 8L w0 — 0} 40) do
Delx
H] G LR By, 0 v0) 9(0) di (3.12)
Pelx

B Gk AR 3
@elx)
X H4(Uj’ Up, Uy Um) ¢(U) dU,

F[ B HE 0, vy, v v, 0,) B(0) do
2:{x)

+j ( FHERETPIH ™ (0, v, Uy Vs 0, 0,) $(0) d.
&, (x)

Now we are able to give an Edgeworth expansion for the distributions of
S7(1) S(1) in the following theorem.

THEOREM 3.2. Assume that X, has finite fifth moments and the
characteristic function h, of X, satisfies the Cramér's condition, that is
Supy 5 1A (O < 1. Then, for any real x

P{ST(t) S(r)>x} =P{zl(lit])>x} + Fy(x, 1) n "7

+ Fy(x, 1) n~ ' + O(n %)

We would not give the proof of Theorem 3.2 here, since it may be derived
straight forward from (3.10), (3.11), and Theorem 20.1 of Bhattacharya and
Rao [3].

From Theorem 3.2 and using the delta method, we obtain the following
expansion for the power of the bootstrap test ¢,,:

pow(g,;t)=P(STS>c¥)
=P{ (It > e} + Folc,, t)n 17

+ {F3(Cms T)_ﬁlgpr(cq)} niil + O(n‘m),
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From (3.11) and (3.12)

FZ(Ca; I) = _j {%ajkkvj+ %ajkltl(vjvk_ 5_/k)
Zeleq)

+ 3™ Hy (v, vy, v))} $(v) db. (3.14)

From the above formula and (3.8) we see that the powers of the empirical
likelihood and bootstrap tests have different second-order terms.

4. PowteR COMPARISONS

In this section we use the expansions for the powers of the empirical
likelihood and bootstrap tests, developed in the previous section, to
compare the powers of these two tests. Two rules are proposed for
choosing practically the more powerful test, for the univariate case and the
bivariate case.

From (3.7) and (3.13) we know that both ¢,. and ¢, have the same first
order term P{x;(||t||)>ca} in their power functions. Thus, a comparison
should be made of higher order terms. However, we shall only compare the
second order terms. The reason is that when the sample size n is large
enough, the difference in the power of the two tests would be dominated
by the difference between the second order terms F,(c,; 1) and F,(c,; 7).
From (3.8) and (3.14) we have

E,{cy; 1) =j {1t — ™) v, + taM Tl (00, — 67) ) $lv) db,
De(cq)

Fyc;t)= —J {30 v, + Ja/* ! (v,0, — 67%)
G (cq)

+ %ajle3 (vjv Vs l’,‘)} ¢(U) dD.

4.1. The Univariate Case

For the univariate case (1.e. p=1), put w, = \/Z:— T, Wy = \/Z: + 1 and
ay=o'". Then, we have from (4.1) that

Ey(cy; 1) =43 [20% = D{g(w)) — d(w2)} + t{wid(w,) + waé(wa) } 1,
Fyeast)=gas [ —{(w) —d(wy)} — 3t {w,8(w,) + wyd(w,)}
—2{wig(w,) —wig(w,)} 1.
Thus, we obtain that

Ey(c,; 1) = Fyle,; 1) = 350, {#(w)) — d(w1) }.
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Since @(w,;) — @(w,) is positive when 7 >0, and negative when 7 <0,

>0, if a;t>0;

1
<0, otherwise. (4.1)

Ez(cz;f)—Fz(Ca;f){

From (4.1) we see that in the univariate case the relative powerfulness of
the two tests depends on if the skewness parameter a; and 7t have same
sign. Since a5 is usually unknown, we estimate it by its sample version d;.
Now we establish the following rule for the univariate case, which gives
suggestions as to when to use the empirical likelihood test and when to use
the bootstrap test.

THE UNIVARIATE RULE. When the sample size is reasonably large, we
may choose the more powerful test between the empirical likelihood and
bootstrap tests by the following rule:

use the empirical likelihood test, if d;1>0;

use any of the two tests, if d;t=0;

use the bootstrap test, if dyt<0.

4.2. The Bivariate Case

For bivariate case of (1e. p=2) write = (1, 7,) and define

00 do L = v,

e lx)

L=

Zlx)

L@ =] vieag)de L) =] @i=1)d(0)de,

Y (x) Y a(x)

(@)= (@3- 1)@ de Ly ()= (0130, g(0) o,
“i(x) @(x)

ha=] 0= Dep@)d In@ =] n6i-Déwad,
G(x Yi{x

L= (03=302) $l0) db.

Pl x}
We have from (3.8) and (3.14) that

Ey(cyit)— Faleys 1) =o' (1) + o' 25 (1) + @' 155 (1) + a* P50, (7)),
(4.2)
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where
Jul(f)=%(7~'?+ DI {t)+ %T1111(7)+%1111(1)’

o (D) =515+ 1) L(1) + 31215 (1) + $1a0 (1), 43)

Jin(my=53u10L )+ 3+ D) L) + 31,1, (1)
+ %71112(1)‘*'1112(‘5)»
Jin(t)= %(Tg'*‘ 1)1, (0)+ %717212'*‘ %71122(7)

+31,05(0) + 11 (7).

Notice from (4.3) that J,,, (1), J,,2(1), J122(7) and J,o, (1) are all only
dependent on 1 and irrelevent to the underlined distributions. All of them
can be calculated numerically for each given 7.

To find out the sign of E,(c,; 1) — F;(c,; t) given in (4.2), we also need
to estimate «''', a''?, «'2 and «*** by their sample estimators &', "',
@'?* and &**2, respectively. Then we define an estimate of E,(c,;1)—

F,(c,; 1), which is

{Ez(ca;‘t)“Fz(CaQT)}t:ﬁm-]m(f)+d“2-11|2('f)+02122-/122(f)

+ 82220, (1).

Now we are able to give the following rule for choosing a test for the
bivariate case.

THE BIVARIATE RULE.  When the sample size is reasonably large, we may
choose the more powerful test between the empirical likelihood and bootstrap
tests by the following rule:

use the empirical likelihood test, iff {Ey(c;t1)—Fyle,; 1)} >0;
use any of the two tests, if {Ey(c,;T)—F,y(c,;1)T=0;
use the bootstrap test, if {E)(c.;t)— Fslc,;1)} <0

Remark. 1. For the sake of conciseness, we shall not develop rules for
cases where p >3 in this paper. However, one may develop some rules in
the same way as for the case p=2 by employing general formulae for
E,5(c,;t) and F,(c,; 1) given in (3.8) and (3.14).
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5. SIMULATION STUDIES

In this section we show some simulation results to see if the theoretical
rules developed in Section 4 are consistent with empirical outcomes. We
considered two univariate cases and one bivariate case. The first univariate
case was that where the samples were drawn from N(0, 1), the standard
normal distribution; we want to test H,: =0 against H,: u=n""?1. In
the second univariate case we drew samples from Exp(1.0), the exponential
distribution with unit mean, and we tested the hypotheses H,: =1 against
H, p=14n"17 In the bivariate case, we took random vectors x,=
(x/,x}) fori=1,.,n

{x} =yl + i
xi=yi+yi

where 9, y!, y? were drawn independently from the exponential distribu-
tion Exp(1.0). We chose sample sizen=15 and 30 for each of the

(a) N(0,1), n=15 {b) N(0,1), n=30
ﬁ g w
3 g °
2 [ -
-4 2 0 2 4 4 2 o 2 4
T T
(c) Exp(1.00), n=15 (d) Exp(1.00), n=30
83 ¢ 3
2 - 9 -
s s |
-4 2 ] 2 4 4 2 0 2 4

Fi1G. 1. The graphs depict powers curves of empirical likelihood test (solid curves) and
Bootstrap test (dashed curves) as functions of 7. In cases (a) and (b) the samples were
generated from N(0, 1), we tested Hy: u=0; against H,: u=n"?t. In cases (c) and (d) the
sample were generated from Exp(1.00), we tested H,: u=1; against H,: u=1+n""2r, The
level of the test was 0.90 and the sample size n= 1S in (a), (c) and r=30 in (b), (d).
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univariate case, and n = 30 for the bivariate case. We fixed the level of the
tests to be 0.90 in all the cases considered. The normal and exponential
random variables were generated by the routines of Press et al. [6].

The power curves of the empirical likelihood and bootstrap test
appearing in Fig. 1 were obtained by 5000 simulation at each of 19 values
of 7, equally spaced within the interval (—4.5,4.5). When calculating
the power of the bootstrap test, we regenerated 499 resamples for each
of the 5000 simulated samples. For the bivariate case, we calculated
the powers of the two tests at 225 points of 1= (1, 1,) within the rectan-
gular area (—3.5,3.5)x(—3.5,3.5), based on 5000 simulations and 999
resamples for each simulated sample, where a contour plot of the
difference between power functions of the empirical likelihood and the
bootstrap tests is shown in Fig. 2.

In the first univariate case we have «; =0 since the random variables
were drawn from N(0, 1). According to the Univariate Rule, we can use
anyone of the two tests since the powers of the tests should be very same
regardless the value of 1. This is just what we see from Figs. 1(a) and 1(b).
The underlying reason for this similarity is that o; =0 makes both E, and

A
F1G. 2. Contour plot of the difference between the powers of empirical likelihood and
bootstrap tests from 5,000 simulation. The random samples were (¥ + y!, y?+ »?) where y’
1</<3 were drawn independently from Exp(1.0). We tested Hy: p=(22)7 against
H,p=(22)" + 0125121, 1,)7, where Z(1,1)=2(2,2)=2 and 2(1,2)=2(2,1)=1. The
level of the test was 0.90 and the sample size n = 30.
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F, vanish. Consequently, the difference between the powers of the empirical
likelihood and the bootstrap tests is of order n !, rather than »~ ' For
the second univariate case we know that a,=2. So the Univariate Rule
predicts that the empirical likelihood test is more (less) powerful than the
bootstrap test if 1 >0 (7 <0). This is again just what Figs. 1(c) and 1(d) try
to tell us. Notice that when 7€ (0.5, 3.5), the empirical likelihood test is
about 20% more powerful than the bootstrap test. However, when sample
size n =15 which is small, we observe in the normal case that the empirical
likelihood test is marginally more powerful than the bootstrap test over all
range of t. At meanwhile, in the exponential case the empirical likelihood
performs similarly with the bootstrap test in the range of 1 <0, where the
bootstrap tests should perform better. These maybe due to the fact that the
bootstrap test has to use to an explicit variance estimate, which can be very
unreliable when the sample size is small. Whereas the empirical likelihood
test implicity uses the true variance.

For the bivariate case, it can be shown that «!''=4?2=2(a+5)*+
2a®+b°) and 2! =a'?=2ab(a+b)+2(a+b)’, where a=0.5(1 + 1/\/3)
and =0.5(—~1+ 1/\/3). After numerically calculating J,,,, J,15. /22 and
J352, 1t can be shown that

=0 if 7,41,20;
EZ(C”T)_Fz((“’T){<O if 7, +7,<0.
So the Bivariate Rule would suggest using the empirical likelihood test
when t,+1,>0, using the bootstrap test when 1,+1,<0, and using
anyone of the two tests if 1, +7,=0. In Fig. 2, we give a contour plot of
pow(¢p..)— pow(¢,), which is very consistent with the prediction made
from the Bivariate Rule.
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