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SUMMARY

Motivated by line transect aerial surveys of Southern BluefinTuna in the sea, a nonparametric kemel method is
explored for estimating the density D = N/A of a biological population where N is the unknown population
size and A is the area occupied by the population. The kernel estimator is based on explicitly modelling the
probability density function of the perpendicular sighting distances without any assumptions on the form of a
detection function. The kernel estimates are shown to be asymptotically unbiased and robust estimates for D,
satisfying the robustness criteria suggested by Burnham and co-workers. A new kemel-type confidence
interval for D is also proposed. A simulation study shows that the kemel confidence intervals have better
coverage than those of the Fourier series method. A tuna data set is analysed; the kerel method yields
reasonable estimates of abundance and is robust against the changing detection function during a line
transect survey.

Keywords: Aerial survey; Confidence intervals; Density estimate; Fourier series estimate; Kemel smoothing;
Line transect sampling

1. Introduction

This paper was motivated by the need to develop a relative abundance index for a
commercially valuable fishery species—Southern Bluefin Tuna. Aerial surveys using
line transect sampling were conducted over the Great Australian Bight in summer to
detect the tuna schools on the sea surface. Two experienced tuna spotters, one of
whom was also the pilot, sat in the front of a light plane; this, together with the
special structure of the plane, largely eliminated the ‘blind strip’ problem experienced
in other aerial surveys (Pollock and Kendall, 1987). The survey plane had an auto-
pilot to allow the pilot—spotter to concentrate on spotting during the survey. The
plane was also equipped with a satellite-based global position system (GPS). The
GPS records the position (latitude and longitude) of the aircraft when a school is first
detected, the position where the plane breaks the transect to close the school and the
exact position of the school. These gave us fairly accurate measurements of the
sighting distance needed for using the line transect method. The use of the GPS also
avoids the rounding error associated with measuring the sighting angles. Since
only surface schools can be detected from the air, acoustic tracking and archival
tagging were incorporated to investigate the surfacing behaviour of the tuna; these
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techniques gave the proportion of the time that the tuna stay on the surface. This
paper considers only using the line transect method to estimate the surface density of
the tuna. Nevertheless, the results in this paper are applicable to similar line transect
surveys.

Line transect sampling has been used for many decades to estimate wildlife
abundance. Comprehensive reviews of the method can be found in Seber (1982) and
Buckland et al. (1993). Let D = N/ A be the density of a population, where N is the
unknown population size and A is the area occupied by the population. For the tuna
aerial survey, N is the total number and D the density of tuna schools on the sea
surface. Dividing D by the surfacing probability obtained from related acoustic and
archival tagging will give the total abundance in the entire survey ocean. To estimate
D, randomly allocated non-overlapping transect lines within the area are traversed
by observers for a distance L. Each object sighted from the transect is counted and its
perpendicular distance to the transect is measured by various means. Let w be the
maximum posible perpendicular distance from a detected school to the transect lines.
Assume that n objects are detected independently, with perpendicular distances
X1, X2, . . ., Xn. Let f be the probability density function from which the sample
X1, X2, . - ., X, is drawn and g be the conditional probability function of detecting an
object given that the object is at a perpendicular distance x from the transect line; g is
commonly called the detection function.

Suppose that g(0) = 1, which means certain detection of an object on the transect
line. This was a reasonable assumption for the aerial survey as the two spotters at the
front of the plane could cover the area immediately ahead of them. This is also
reasonably supported by the real data, which show a monotonic declining histogram
of the perpendicular sighting distance from 0 to w. Since the transect lines are
allocated randomly, the expected number of objects seen is E(n) = Np, where p is the
probability of sighting an object from the transect lines. From Seber (1982), p. 29 and
following feature,

_Em 0
D= A
Let f"(O) be an estimate for f(0); then a general estimate for D is
5 _nj©
D= TR (1.1)

Various parametric estimates f(0) have been proposed by assuming parametric
models for the detection function g(x) (see Seber (1982) and Buckland et al. (1993)).
A nonparametric Fourier series estimate for f(x) was given by Burnham ez al. (1980),
and a Hermite polynomial model was proposed by Buckland (1985).

In the aerial survey, the plane flew about 800 km each survey day between inshore
and the edge of the continental shelf. The weather conditions differed in terms of
wind speed, cloud cover, glare etc. Obviously, the sighting function g(x) can change
from one time to another. Also, parametric forms for g(x) can be difficult to as-
sign. So, nonparametric estimates, which are robust against changing g(x}, were
more appropriate to the survey. The nonparametric (or ‘semiparametric’) methods
of both Burnham et al. (1980) and Buckland (1992) provide robust estimates for
f(0). However, the estimates of f(x) given by the two methods are not necessarily
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probability density function themselves, and severe undercoverage of confidence
intervals for D using the Fourier series method was reported by Burnham et al.
(1980) and Quang (1990). This motivated the author to look at another non-
parametric method—the kernel method.

The kernel method was introduced by Fix and Hodges (1951) as a way of freeing
discriminant analysis from rigid distributional assumptions. Since then it has been
developed and used in many areas of statistical applications. A full description of the
kernel method can be found in Silverman (1986). The kernel method was first used in
line transect sampling by Buckland (1992) in a comparison with the Hermite poly-
nomial model. He reported that

‘the Hermite polynomial and the kernel estimates are very similar, raising the question of
whether the computationally more expensive polynomial method is worthwhile’

(Buckland (1992), p. 69). However, as he noted, the kernel method could be sensitive
to the choice of window width and

‘a narrow window is adversely affected by rounding in the data . . . leading to higher values

for £(0).

Rounding was not a problem in the aerial survey, as the use of the GPS eliminated
the need for measuring sighting angles. Quang (1993) developed kernel estimators for
variable circular plot surveys. He used the kernel method to estimate the derivative of
a probability density function. Although there are technical similarities between
Quang’s approach and ours, the differences are also large because of the differences
between variable circular plot surveys and line transect surveys in terms of survey
design, detection pattern and the form of estimate. Also, using the kernel method to
estimate the density derivative is different from estimating the density itself: the
former requires a larger smoothing window width as it is much noisier than smooth-
ing the density itself: see Hardle et al. (1990). Therefore, a study of the kernel method
for line transect surveys is very much needed.

This paper shows that the kernel method provides a sensible estimate for D, and
that the kernel estimate is asymptotically unbiased, and both ‘model’ and ‘pooling’
robust under the criteria defined by Burnham et al. (1980). A kernel-type confidence
interval for D is proposed to improve the coverage of the confidence interval con-
structed by the Fourier series method. A simulation study shows that the kernel
confidence interval has better coverage.

Section 2 gives the kernel estimates for D. Section 3 describes two methods of
choosing the smoothing window width. Section 4 calculates the mean and variance of
the kernel estimate. Section S introduces a kernel-type confidence interval for D.
Section 6 presents an analysis for a data set from the tuna aerial survey. Section 7
shows some results from a simulation study. Section 8 gives a general discussion of
the kernel and some related methods.

2. Kernel Estimates of f(0) and D

The kernel estimate of a probability density function can be viewed as a smoothed
version of a histogram. The difference is that, instead of counting the number of
data values falling into bins, we weight each data point by a smooth function X
centred at the data point. Precisely, we assume a sample x;, x,, . . ., x, drawn from a
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distribution with probability density function f(x). Then, a kernel estimate of f(x) is
defined as

i = > k(252), @)
i=1

where K is the kernel that determines the shape of the bumps centred at each data
point and 4 is the window width that controls the smoothness of the bumps. It can be
shown that f,(x) is a probability density function if the kernel K is itself a probability
density function. Furthermore, f,(x) preserves all the continuity and differentiability
properties of the kernel K. The most widely used kernel is the Gaussian kernel

1 x?
K= 7 oe ()

which is both symmetric and differentiable.

Some modifications have to be made before we can apply equation (2.1) to line
transect data. Usually all the distances x; are non-negative, with no record of the side
of the transect on which a detection is made. This implies that

fx)=0 ifx<O0orxz=w. 2.2)

However, the kernel density estimate f,(x) given by equation (2.1) does not neces-
sarily satisfy condition (2.2). As suggested by Buckland (1992), to make it satisfy
condition (2.2), we replace each data value x; with x; and its reflection —x;. Applying
equation (2.1) on the extended sample x;, — xy, . . ., X,, — X,, a kernel estimate for
f(x) is obtained as

o= %Z{K(";x‘)+K(":x’)} if0<x<w 03

0 otherwise.

Even the Gaussian kernel K has support on (—oo, 00); however, when |x £ x;| > 4h
K{(x % x;)/h} are negligibly small. Therefore, by choosing w sufficiently large that
w = max(x;) + 4h the above f,(x) decays to 0 for x > w. Therefore, condition (2.2)
is satisfied by the kernel estimate (2.3). Correspondingly, a kernel estimate for
population density D can be defined as

s _nf0)
D, = T 2.9
By condition (2.3) and assuming that K is a symmetric kernel,
n 2 & X
— < ). 2.
io=-5 (%) @)

The kernel estimate (2.4) satisfies the ‘model’ and ‘pooling robust’ criteria given by
Burnham et al. (1980), p.44 and following feature. It is ‘model robust’ because a
general and flexible model for f(x) is assumed without specifying a particular form
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for it. Some simple algebra shows that it is also pooling robust. If the kernel X is
symmetric and differentiable, e.g. the Gaussian kernel, then f;(x) in condition (2.3)
satisfies ﬁfl)(O) = 0, which resembles the ‘shoulder condition’ suggested by Burnham
et al. (1980). (We denote ¢(x) as the /th derivative of a function g(x).) The shoulder
condition implies 100% detection in some region near the track lines, which is
reasonable for most line transect surveys, including the aerial survey. From equation
(2.5) we see that the sighting width w does not appear in the kernel estimate f;(0).
This implies that the kernel method automatically chooses a suitable truncation
width w from the data and the value of f;(0) does not explicitly depend on w. By
contrast, w is directly used in the Fourier series method.

To investigate the performance of the proposed kernel estimate, we assume the
following conditions:

(@) f(x) has the second-order derivative and f(V(0) = 0;

(b) g0) =1, ’ . o .

() E(n) = Np and var(n) = v E(n), where p is the probability of sighting an object
from the transect lines and v is some constant.

Condition (a) implies that the shoulder condition g{V(0) = 0 as g is proportional to
f. The requirement of the second derivative is used to develop a bias correction for Dy
in Section 4. Condition (b) assumes that 100% detection can be achieved on the
transect lines. In condition (c), if v < 1 then the sample size »n is distributed very
much like the binomial distribution where var(n) = (1 — p) E(n), or the Poisson
distribution where var(n) = E(n). In practice « is commonly larger than 1.

From Seber (1982), the sighting probability p has the form

p=w! J: g(x)dx = {w f(0)} .

By the definition of D, N = AD =2LwD. So we have
N— oo if and only if L — oo.

Also, from condition (b), E(n) = Np = 2wLD{w f(0)}' = 2LD f~'(0). We shall use
these formulae repeatedly throughout this paper.

3. Choosing K and A

To construct the kernel estimate, we must choose kernel K and window width 4. A

widely used criterion is to choose K and A to minimize the mean integrated squared
error (MISE) of f, defined as

MISE(f;) = f B9 —fP dx. 3.1)

There is not much to choose between the various kernels as they all contribute very
similar amounts to the MISE (see Silverman (1986)). We use the Gaussian kernel in
this paper as it is a density function, has enough derivatives and allows the estimate
_to meet the shoulder condition. Hence, we concentrate on choosing 4. The window
width A controls the smoothness of the fitted density curve. A larger h gives a
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smoother estimate with smaller variance and larger bias. A smaller # produces a
rougher estimate with larger variance but, in the absence of rounding errors, smaller
bias. The optimal window width defined by minimizing MISE (3.1) is a compromise
between the variance and bias of the estimate.

According to Silverman (1986), p. 40, the optimal /4 has the form

00 1/5 00 -1/5
h,,=k2'2/5{ J_ K(t)zdt} {%L FO@)? dt} n s, (3.2)

where k, = [ t2 K*(f)dt. As the Gaussian kernel is used, then ky=1and h, =

—00

Con~'/* where

00 -1/5
Co = (411')_1/10{% L FP@)? dt} . (3.3)

The subscript 7 in 4, emphasizes that the above optimal 4 is obtained by conditioning
on the sample size n, Thus, 4, is a random variable itself. It must be estimated from
the data because of its dependence on an unknown derivative of f(x).

Silverman (1986) suggested a reference to a standard distribution method to esti-
mate the optimal 4,. The idea is to assign a standard family of distributions for fto
obtain a value for the term ﬂ:" F@(#)* dt in equation (3.2) or (3.3). For instance, we
may assume a normal detection function g(x) = exp(—x2/20?). This implies

f&) =2{o/2m)}" exp(—x*/25%),

which gives us
! L fO@ dt =3n'2075,

Substituting it into equation (3.3) we have
hn = 1.060n~1/5, (3.49)

To use equation (3.4) in practice, we replace o with the sample standard deviation.
This reference to a standard distribution method is easy to calculate and performs
quite well when the true underlying distribution is close to the distribution assumed.
Buckland (1992) used equation (3.4) for the deer data and reported very similar
results to those obtained by the Hermite polynomial method. However, when the
true f(x) is not close to the assumed reference distribution, the result can be mis-
leading.

Another approach for estimating the optimal h, is the least-squares cross-
validation (LSCV) method. From equation (3.1) we see that

MISE(f,; #) = E{ J Fe()? dx —2 J F(®) f(x) dx} +J (%) dx.

Since the last term in this equation does not depend on 4, A, actually minimizes the
first term on the right-hand side, say R(f;; k). The idea of LSCV is to calculate an
unbiased estimate
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n
Mo(h) = J Floax—2Y fatx)
i=1

of R( f’k; h) for each A, where f_,-k is the kernel estimate for f constructed from all the
data values except x; and —x;, i.e.

Fra) =@y {K(";x’) +K(’”’;xf>}.

i

Then we find the 4 that minimizes M, (k) over a grid of A-values.

A strong justification for using LSCV comes from Stone (1984), who showed that
the window width obtained from LSCV converges to its optimal counterpart with
probability 1 as the sample size n — oo under some mild conditions on the kernel K
and f. LSCV is a purely data-driven method that makes no assumption on the form
of f(x). Compared with the reference to a standard distribution method, LSCV
generally provides more robust estimates of the optimal window width. However, it
is computationally more involved. Computer software developed by the author is
available to assist applied practitioners using LSCV in line transect sampling.

Silverman (1986) warned of a potential problem with LSCV when the data are
discretized. However, in the aerial survey the perpendicular distance can be measured
continuously, as the GPS records the positions of detection and schools fairly
accurately. LSCV can, therefore, produce a meaningful window width for the survey
and for similar surveys.

4. Mean and Variance of ﬁk

After choosing the window width 4, we derive the mean and variance for D, in this
section. For simple notation and without affecting the results, our calculations are
carried out only for A = h, = Con~'/%, with C, given theoretically by equation (3.3).
In practice, after determining 4 by either the reference or LSCV method, C, can be
approximated by in'/5. We use notations O(v) and o(v) to represent terms at the same
and smaller order of magnitudes of v respectively, as explained by Serfling (1980),
p. 1. .

We start by computing the mean of D,. As the Gaussian kernel has been used,
from Silverman (1986), p. 39,

E(/i(0)In} = £(0) +1 FO©O)R + O(RY). (4.1)
Thus,
BBy - =B E{ﬁc(on;i] —EWS/O _, Lo { E(rzhi) }
where

b =1 f@0) EmA2)/L =1 f®(0) C} Em*/)/L.

It may be shown from Serfling (1980), p. 14 and following feature, that E(n/N)** —
** on the basis of the fact that n/N — p in probability. Also, since N = 2wDL and
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p={wf(0)}}, then

b = 1 £O(0) C22D/fO)L7/5 + o(L7F5).
We may similarly show that E(n#z)/L = O(L~*7). Therefore,
E(DJ) = D+ b + oL, @2)

which indicates that, like all other nonparametric estimates, D, is also subject to
some bias, the bias here being of the order L=*5. However, it can be reduced by
increasing the survey effort L. Thus, D, is an asymptotically unbiased estimate of D.
We can also reduce the bias by explicitly correcting D,. From equation (4.2), by
estimating the dominant bias term b, a bias-corrected estimate

Die = Dy — if f(0) KnL™!

can be proposed where f 52)(0) is an estimate of f®(0). To estimate f (22)(0), we could
simply take the second derivative of f;(x) given by equation (2.3). However, as the
kernel estimates for the density derivative are usually much noisier than that for £(0),
a larger window width should be used. Hérdle et al. (1989) suggested the use of
LSCYV to choose the window width for estimating density derivatives. They showed
that the bandwidth for estimating the kth derivative under the MISE criterion is of
order n~'/@+3 which is a larger order than that of estimating f(x) to reduce the noise
in the derivative estimation. A simple rule of thumb for choosing the window width
to estimate f@(0) is

hy = hyn/5-109,
where A, is the bandwidth for estimating f(x). Accordingly,
FRO) =201 Y KO (xi/hy),

where K@ is the second derivative of K. It can be readily shown that E(Dy) =
D + o(L~%/5), which means that the bias of Dy, is smaller than that of D,.
Next we look at the variance of Dy. By the argument of conditional expectation,

var(Dy) = (L) E[n var{ fu(0)In}] + (2L) > varln E{ /(0)In}].

Again from Silverman (1986), p. 39 and following feature,
var{f(0)ln} = 4(nh,)™" £(0) J K@’ dt+ O(n™). 4.3)

Thus, we have from equation (4.1) and the condition var(n) = v E(n) = O(L) in
condition (c) at the end of Section 2 that
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var(Dy) = L2 { £(0) r K(t)’ dt E(h;'n) +1 £(0) var(n)} + 0™
0

= L™ f(0)Cy'p** NS/ r) K(ty* dt + O(L™)
0
=3 @m)~2@D)’ f0)PCy L + o™, (4.4)

This implies that var(D,) is of order L~#/5 and can be reduced by increasing the
survey effort L.

To estimate the variance of Dy practically, the following analogue of equation (3.3)
of Buckland et al. (1993), p. 53, should be used:

var(Dy) = D2 &P (n) + &P fu(O))], 4.5

where ¢v(n) and ¢v{ f,(0)} are the estimates for the coefficient of variation of n and
f(0) respectively. If the target population is not aggregated and # is basically Poisson
distributed, then ¢v?(n) = 1/n. When the target population is aggregated, # is no
longer Poisson distributed. Usually data show that var(n) = v E(n) for some vy > 1.
In this case, the variation of » is better assessed by replication of the random
transects and recording the number of sightings made in each transect and the trans-
ect length. Interested readers should consult Buckland et al. (1993) for more detail.

After obtaining the mean and variance in equations (4.2) and (4.4), the coefficient
of variation of Dy is

ovi(Dy) = (4m)~12C 2Dy [ fil( O} /SDF L5 + O(L™).
The cv(D,) can be approximated by
ovA(Dy) ~ (4m) 2 C5 M 2D/ fu O /P Dt L, (4.6)

where C, = h,n'/5, since h, = Cyn~'/5. Formula (4.6) can be used to determine the
length of the transect line L to achieve a certain level of coefficient of variation.

5. Confidence Intervals

In this section we construct confidence intervals for D based on a result on the
limiting distribution of Dy. We show in theorem 1 that L 5(D,c — D) is asymptotically
normally distributed, which allows us to construct confidence intervals for D. The
proof of theorem 1 is deferred until Appendix A.

Theorem 1. Assume conditions (a) and (b) at the end of Section 2 and that 7 is
either Poisson or binomially distributed, and & = BL~'/* for some constant 8. Then,

LDy — D) — N(u, v*)  in distribution as L — oo

where pu =f@®(0) £f(0)"' DA and v* = (8/7)"'D.

Theorem 1 1mp11es that Dy is asymptotically normally distributed with mean
D + pL~%5 and variance v L~%3. The limiting normal distribution takes account of
the bias of Dk, which is reflected in the secondary term pL~?/5 for the mean. The
theorem is proved for a non-random A-value 4 = SL~'/5. When h is a random value,
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e.g. h = h, = Con'/3, as recommended in Section 3, similar results can be attained by
using a Lindeberg—Feller type of central limit theorem for a triangular array of
random variables. However, to save space, the proof is not supplied here, but a very
similar proof was given by Quang (1993) for circular plot surveys. Notice that
n = 2DL/f(0) + 0,(L). Therefore, when h = h, = Con~'/°, we have

h= Co{2D/f(0)}—1/5L—1/5 + op(L“/S),

implying 8 = C,(2D/f(0)}""/*, u = b L*/3 and v? = var(D,)L*/*® where b, is the domin-
ant bias term of D,. In practice we need not evaluate C, as only S is directly involved
in the expressions for y and v?, and 3 can be approximated as 4,L!/>,

From theorem 1 a confidence interval I, with nominal coverage o for D may be
constructed:

I, = (D — L™3(f + 520140)/2)» Dk — L™*(fi — D2(140y2))s (5.1)

where z(;,4); is the (14 )/2 upper percentile of the standard normal distribution
and j is the estimate of u and 23 of v* by replacing D, f(0) and f@(0) with D, £,(0)
and f f)(O) respectively. Theorem 1 assures that

PrDel,) > o, asL— oo.

6. Analysing Tuna Data

The annual aerial surveys for Southern Bluefin Tuna since 1991 have been con-
ducted from January to March, when the tuna tend to stay on the sea surface and the
weather conditions are generally good. The survey area is from longitude 128°E to
135°E and from inshore to the 800 m contour of the sea-floor. It is divided into five
parallel north-south blocks such that one block can be surveyed in a survey day
(from 10a.m. to about 6 p.m.). The data obtained from the two preliminary surveys
in 1991 and 1992 revealed that most of the tuna sightings were made inshore and on
the edge of the continental shelf. Subsequent surveys therefore used a transect design
of random long (200-400km) north-south lines connected by zigzags inshore
and at the shelf edge. These zigzags increased the survey effort in the two strata.
Fig. 1 shows the transects of one replicate of the five blocks in the 1993 survey.
The rectangular transects in the most eastern block were across the hot spots in the
region.

Two types of abundance measure are required for the survey. One is the value of D
(the number of the tuna schools per unit area); the other is the so-called biomass
density D; (tons of the tuna per unit area on the surface). We consider estimating
only D in this paper. Estimating D; is related to the problem of correcting school size
bias as discussed by Drummer and McDonald (1987). Use of the kernel method to
correct the school size bias is discussed in Chen (1994). The aim of the survey is to
accumulate time series of (D, D,) such that a real abundance trend can be identified
and a relative index of the tuna abundance can be developed.

We applied the kernel method to a data set from the 1993 survey. The data set
consists of pooled perpendicular distances from all transects for schools whose size is
less than 50 tons to eliminate the size effect on detection. The sample size n = 162 and
survey effort L = 10361 miles.
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Fig. 1. Transect lines of the tuna aerial survey

We used both the reference and the LSCV methods to determine the window width
h and to compute the kernel estimate D, and the bias-corrected kernel estimate Dy,
and confidence interval for D. The reference method gave 2 = 1.37 and the LSCV
method & = 1.66. The larger window width from LSCV was because the data were
more spread out and had a wider shoulder than in a normal distribution. For
comparison, Fourier series estimates with truncation width w = 16 and w = 9.6 were
also calculated. No data are truncated for w = 16. By choosing w = 9.6 the largest 5%
of the data were truncated. The estimated curves of f(x) by using the kernel method
and the Fourier series method for the complete and truncated data set are given in Fig.
2. The kernel and Fourier series estimates for f(0) and D together with the standard
error of D are summarized in Table 1. The standard errors for the kernel estimates
were calculated according to equation 4. 5) with &V2(n) = 1/n under a Poisson
assumption. Those for the two Fourier series estimates were obtained similarly.

Fig. 2 shows that the kernel curves fitted both the untruncated and the truncated

TABLE 1
Kernel and Fourier series estimates for f(0) and D for the tuna data
h ﬁ (0) fkc (0) Dy Die Standard error
of Dy

Reference ) 1.37 0.182 0.186 0.000143 0.000147 0.000047
LSCV 1.65 0.176 0.181 0.000139 0.000143 0.000042
Fourier series with w = 16 3t 0.186 NA} 0.000147 NA 0.000030
Fourier series with w = 9.6 1t 0.179 NA}L 0.000141 NA 0.000021

+The number of terms used in the Fourier series.
{NA —the bias-corrected estimates were not available for the Fourier method.
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Fig. 2. Histograms of the tuna data set and the kernel (
f(x) with truncation widths (a) w = 16 and (b) w = 9.6

) and Fourier series (- - - -) estimates for

data quite well. The Fourier series curve for untruncated data (w = 16) tended to
overestimate f(x) near the origin. After data truncation with w = 9.6 the Fourier
series curve seemed to give a good fit near 0. In contrast, different truncation widths
had little effect on the kernel estimates for f(0), as the kernel method need not be
assigned an explicit truncation width in its calculation. In Fig. 2(b), the kernel curve
split beyond the truncation width w = 9.6 to make it integrate to 1. The purpose of
choosing w = 9.6 was only to improve the Fourier series estimate for f(0). Plotting
the kernel curve in Fig. 2(b) was for demonstration only as the kernel curve for
untruncated data is the curve that the inference should use. One referee has
suggested, alternatively, a kernel curve for w = 9.6 by truncating the kernel curve for
untruncated data and then rescaling it so that it integrates to 1.

Table 1 shows that the reference method gives a larger point estimate and standard
error than its LSCV counterparts, owing to a smaller A-value used. For the Fourier
series method, as the truncation width w decreased the number of terms used in the
Fourier series also decreased. This, in turn, reduced the standard error of the Fourier
abundance estimates as fewer terms were used in the series. This relationship was
consistent with the findings in Buckland (1982, 1985). Consistent with Fig. 2, the
Fourier method produced larger estimates for f(0) and D than did their kernel
counterparts, but with smaller variance. The latter resulted in narrower confidence
intervals for D by the Fourier method. This may be why the Fourier confidence
intervals have an undercoverage problem as reported by Burnham et al. (1980) and
Quang (1990). The 95% confidence intervals for D were (0.0001, 0.000 194) for the
reference method, (0.000101, 0.000 185) for LSCV and (0.000117, 0.000177) and
(0.000 120, 0.000 163) for the Fourier method with w = 16 and w = 9.6 respectively.
An advantage of the kernel method is that it automatically chooses a truncation
width from the data, and its estimate for f(0) does not depend on the truncation
width as much as the Fourier series method does.

7. Simulation Results

We now present some simulation results designed to provide empirical outcomes
to the theory developed in the early sections of this paper. The aims of the simulation
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study were to investigate the bias and variance of the kernel estimates for D and
coverages of the confidence intervals given in equation (5.1). The results were based
on 5000 simulations using the random number generator supplied by Press et al.
(1989). In each simulation, we generated N uniform random points, which simulated
the positions of a biological population, within a rectangular area with length L and
width 2w. Hence the density D = N/2Lw was known. The exponential power series
detection function

g(x) = exp{—(bx)“}

was used to detect the simulated populations, where a and b are the shape and scale
parameters respectively. We fixed D = 0.15, 5 = 0.5 and w = 10, and chose the shape
parameter a = 1.5, 2.0 and 2.5 and the population size N =200 and N = 300. The
window width 4, was determined by the LSCV method. The nominal coverage level
considered was o = 0.95. The Fourier series estimates and confidence intervals were
also calculated for comparison.

Each entry in Tables 2 and 3 was based on the average of the 5000 simulations.
Table 2 shows point estimates for D. The estimators considered are the kernel
estimate Dy, the bias-corrected kernel estimate Dy, and the Fourier series estimate
Dgg of Burnham et al. (1980). The average window width and the number of terms
used in the Fourier series estimates are also supplied, together with average sample
sizes. We observe that first the bias-corrected estimate Dy substantially reduced the
bias associated with their uncorrected counterparts. Secondly, ch performed well for
the case where f(x) had a very smooth shoulder near the origin when a =2 and
a = 2.5, and were biased downwards when f(x) was less smoothed at the origin when
a = 1.5. The latter was not surprising as the requirement of f = 0 was violated.
Third the performance of the Fourier series estimates was just the opposite of those
of the kernel method, which was less biased when f(x) was less smoothed and
overestimated when f(x) was smooth at 0. Finally, from N =200 to N = 300 with
increasing sample size the standard error of each estimate was reduced; the window
width became smaller and the truncation terms of the Fourier series were increased.

TABLE 2
Point estimates and their standard errors (in parentheses) for D =0.15t

Estimates when a = 1.5 Estimates when a = 2 Estimates when a = 2.5

N =200 N =300 N =200 N =300 N =200 N =300

Dy 0.123 0.126 0.131 0.133 0.136 0.138
. (0.033) (0.028) (0.033) (0.027) (0.032) (0.027)
Dy 0.135 0.136 0.143 0.144 0.147 0.148
. (0.037) (0.031) (0.036) (0.030) (0.036) (0.030)
Dgs ) 0.145 0.146 0.154 0.153 0.159 0.158
(0.041) (0.034) (0.039) (0.033) (0.037) (0.031)
Average h 0.933 0.832 0.852 0.773 0.804 0.733
Average Fourier series terms ~ 3.89 4.24 3.83 5.06 3.69 3.85
Average n 36.2 54.1 355 53.1 355 53.1

1The exponential series detection function g(x) = exp{—(bx)?} was used with b = 0.5 and w = 10. The subscripts k,
kc and FS imply the kernel, bias-corrected kernel and the Fourier series estimates respectively.
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TABLE 3
Coverages and lengths of 95% kernel and Fourier series confidence intervals for D = 0.15

Estimates when a = 1.5 Estimates when a = 2 Estimates when a = 2.5

N =200 N =300 N =200 N =300 N =200 N =300

Kernel length 0.907 0.925 0.942 0.957 0.957 0.965
0.143 0.123 0.147 0.126 0.153 0.135
Fourier series length 0.815 0.818 0.887 0.894 0.919 0.921
0.115 0.098 0.117 0.098 0.117 0.097

Table 3 gives the coverages of the kernel and Fourier series confidence intervals. It
shows that the kernel confidence intervals had better coverage than their Fourier
series counterparts for almost every case considered, where the latter suffered severe
undercoverage, as previously reported by others. The lengths of the Fourier series
confidence intervals were too narrow. This is due to an underestimate of the standard
error by the Fourier method, which is also revealed by comparing a quarter-length of
the 95% Fourier-type confidence intervals with the standard error of the point
estimates shown in Table 2. It should be noted that the bootstrap has been proposed
by Buckland et al. (1993) in conjunction with the Fourier series method to improve
its standard error estimate and coverage. The advantages of the kernel method is that
it can achieve reasonably good coverage without resorting to the bootstrap.

8. Discussion

We have shown in the previous sections that the kernel method is a useful
technique in analysing data from line transect sampling. Unlike the parametric line
transect method, it need not assume a parametric form for the detection function.
Therefore, it is very much a data-oriented modelling approach and is robust against a
changing detection function during a line transect survey. The price paid for this
simplicity and robustness is that we must choose the smoothing window width A.
Two ways of choosing /4 have been described. In fact, the window width 4 plays the
same role as the number of terms used in the Fourier series: both control the
smoothness of the curves fitted. Compared with the Fourier method, the estimate of
f(x) by the kernel method is a real probability density function. It does not require an
explicit truncation width in calculation. Furthermore, the simulation study reported
in the previous section showed that the kernel-based confidence interval (5.1) had
better coverage than its Fourier series counterpart.

As Buckland (1992) pointed out, the kernel method cannot be applied to data
subjected to severe rounding error. This usually occurs when the perpendicular
sighting distance is derived from the sighting angle, which is frequently rounded to
the nearest 5° or 10°. Consequently, more zero perpendicular distances are recorded.
This results in a smaller window width 4 and an inflated estimate for f(0). The kernel
method discussed in this paper cannot be used directly on grouped data. However, a
‘binned’ kernel method (Silverman, 1982) has been developed to reduce the compu-
tational burden by binning the data into bins or groups. It will be interesting to
see how the idea leads to kernel density estimations for grouped data and how they
perform in the line transect sampling. If the binned kernel method works well for the
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grouped data, the problem of rounding error at the origin can be tackled by grouping
the data. More research is certainly needed in these areas.
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Appendix A: Proof of Theorem 1

We give the proof of theorem 1 only for where 7 is Poisson distributed with mean Np, since
the case of n being binomial can be handled similarly.

Let ¢,(?) denote the common characteristic function of y; = h~ TK(x; /B fori=1,...,n
By the Taylor series expansion of ¢x(%),
du(t/ L") = 1 + E(yy)L-0-(if) — L EGHL-X-9¢2 4 O(L71-97) (A.1)

for any 0 < a < 1. From Silverman (1986), p. 39, it may be shown that
E(1) = £(0) +3 fPO) + O(K),
E(Y) = f(O)n~! J K( dt+ O(h) = (4m) ' f(O)h™" + O(h),

—00

by using the Gaussian kernel. Substitute the above equations into equation (A.1); as h =
BL™'/°, we end up with

i(t/L') = 1+ (f(0) +1 fRO)R)L-0-9(ir) — L(4m) ™2 fO) I L2102 + O(8),  (A2)

where A = L-3/5-(1-0)y _ [-1/5-21-e)g2 4 J-31-9¢3 Since n is Poisson distributed, from Feller
(1957), p.269, the characteristic function of 7, y; has the form exp{—Np + Np ¢u(9)}.
Moreover, let TI(¢) be the characteristic function of

LD - D) = L= Y yi— En) fO) }-
Then
T1(¢) = exp{—L~"~ E(n) f(0)it — Np + Np ¢(t/L'~)}.
From equation (A.2) and E(n) = Np,
log TI(8) = L Np{ f@0) P L~0=(if) — (4m)~' f(O)A~' L=} + O(A)
= Df(O){fPO)BL(if) — (4m) ™ f(O)B L**° P} + O(A).
Put p = f@(0) £(0)"' DB and v? = (8/m)"' D. Then,
log TI(7) = pL*~5(it) — *L¥*452 /2 + O(A).
Ifa= 2/57 and L — oo, then
log T1(?) — u(it) — v*2/2.

This implies that L*(Dy — D) converges in distribution to a normal random variable with
‘mean p and variance v? if o = 2/5. Thus, theorem 1 is proved.
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