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ABSTRACT. Point-wise con®dence intervals for a non-parametric regression function in

conjunction with the popular local linear smoother are considered. The con®dence intervals are

based on the asymptotic normal distribution of the local linear smoother. Their coverage accuracy

is evaluated by developing Edgeworth expansion for the coverage probability. It is found that the

coverage error near the boundary of the support of the regression function is of a larger order than

that in the interior, which implies that the local linear smoother is not adaptive to the boundary in

terms of coverage. This is quite unexpected as the local linear smoother is adaptive to the boundary

in terms of the mean squared error.
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1. Introduction

Local polynomial smoothing (Stone, 1977; Cleveland, 1979; Cleveland & Devlin, 1988) has

become a popular tool for smoothing curves. It has been shown by Fan (1993), Fan & Gijbels

(1992), Hastie & Loader (1993), Ruppert & Wand (1994) and others that local polynomial

smoothing is an e�ective smoothing method in non-parametric regression. It has the

advantages of achieving full asymptotic minimax e�ciency and automatically correcting for

boundary bias. An excellent review of local polynomial smoothing is given in Fan & Gijbels

(1996). While local polynomial smoothing is being used in a wide range of applications, the

important issues of constructing con®dence intervals and the coverage evaluation have not

received much attention.

In this paper we consider con®dence intervals for an unknown regression function with a

bounded support at a ®xed point based on the asymptotic normal distribution of the local

linear smoother. The coverage accuracy is studied by developing Edgeworth expansions for

the coverage probability. It is known in constructing con®dence intervals associated with

non-parametric curve estimation that the bias associated with the curve estimation has to

be corrected in order to make the con®dence intervals into ones for the curve function.

There are two methods to correct for the bias. One is to estimate the bias and then carry

out an explicit bias correction (HaÈ rdle, 1990; Fan & Gijbels, 1996; RodrõÂ guez-Campos,

1999). The other is to reduce the bias via undersmoothing (Hall, 1992a; Neumann, 1995;

Chen, 1996). Hall (1992a) in the context of the Nadaraya±Watson smoother and Neumann

(1997) in the context of the Gasser±MuÈ ller smoother showed that better coverage accuracy

is achieved by the undersmoothing method. We consider the latter approach in this paper.

A property of the local linear smoother is its adaptivity to the boundary in terms of the mean

square error as both the bias and variance are of the same order throughout the support of the

regression function. One would expect the same to be true for the coverage probability of

con®dence intervals based on the local linear estimators; that is, the coverage error is of the
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same order throughout the curve support. However, our study shows that the coverage error

near the boundary is of a larger order of magnitude than that in the interior of the support,

which implies that the local linear smoother is not automatically adaptive to the boundary in

terms of coverage.

The paper is structured as follows. In section 2 we introduce some notation and the

con®dence intervals based on the local linear smoother. Their coverage accuracy in the interior

and in the boundary are evaluated separately by developing Edgeworth expansions in

section 3. The proofs are given in section 4.

2. Con®dence intervals

Let f�Xi; Yi�gn
i�1 be n independent pairs of observations where Yi are the responses of design

points Xi for i � 1,¼, n according to the following regression model:

Yi � m�Xi� � �i �1�
where m is an unknown regression function withS being its support, �i are independent errors

with zero mean and a variance function V(Xi), and the design points Xi 2 R have a density f.

Let K be a kernel function which is a probability density itself and h be the smoothing

bandwidth. Also de®ne V �x� � E�fY ÿ m�x�g2jX � x�: Without loss of generality we assume

S � �0;1� in our theoretical analysis as it can be easily generalized to the cases of

S � �ÿ1;1� and S � �0; 1�.
The local linear regression estimator for m(x) at any given x 2S is

m̂�x� �
Pn
1

WiYiPn
1

Wi

�2�

where Wi � Kh�xÿ Xi�fsn;2 ÿ �xÿ Xi�sn;1g; sn;1 �
Pn

1 Kh�xÿ Xi��xÿ Xi�l for l � 0, 1 and 2,

and Kh��� � hÿ1K��=h�.
We assume the following regularity conditions:

(i) K is a symmetric density function, bounded and strictly positive on, [)1, 1];
(ii) h! 0; nh!1 as n!1;

(iii) f, m and V have continuous second derivatives in a neighbourhood of x; f(x) > 0 and

V(x) > 0

For non-negative integers i, j, k, de®ne

�xijk � nÿ1hjÿiÿ1Xn

l�1
�xÿ Xl�iKj

h�xÿ Xl�fYl ÿ m�x�gk and lijk � E �xijk : �3�

It is noted that lij1 � O�h�, and for k > 1

lijk � f �x�Vk�x�
�

tiKj�t� dt � o�h�:

It may be shown after some algebra that

m̂�x� ÿ m�x� � �x210 �x110 ÿ �x110 �x111

�x210 �x010 ÿ �x2
110

�:
U1

U21

: �4�

Let al�x=h� � � x=h
ÿ1 ulK�u� du for l � 0, 1, 2 and 3. De®ne

90 S. X. Chen and Y. S. Qin Scand J Statist 29

Ó Board of the Foundation of the Scandinavian Journal of Statistics 2002.



b�x=h� � a2
2�x=h� ÿ a1�x=h�a3�x=h�

a0�x=h�a2�x=h� ÿ a2
1�x=h�

and

v�x=h� �
R x=h
ÿ1 fa2�x=h� ÿ ua1�x=h�g2K2�u� du

fa0�x=h�a2�x=h� ÿ a2
1�x=h�g2

which are respectively the coe�cients of the asymptotic bias and variance of m̂�x�. Put

r2
k �

R
u2 K�u� du and R�K� � R K2�u� du. Then, clearly b�x=h� � r2

k and v�x=h� � R�K� for
xP h as a0�x=h� � 1; a1�x=h� � a3�x=h� � 0 and a2�x=h� � r2

k .

In may be shown, by noting the bias and the variance properties of m̂�x�, that under the

conditions in (3), if m00�x� 6� 0 then

T �0�n �
�������������

nh
v�x=h�

s
fm̂�x� ÿ m�x�g���������������������

V �x�=f �x�p ! N�0; 1� in distribution �5�

if and only if nh5 ! 0.

This implies that undersmoothing is required in order to make the e�ect of the bias

negligible. Let V̂ �x� and f̂ �x� be some consistent estimators of V(x) and f (x), and za be the

�1� a�=2-quantile of N(0, 1). Then, a normal approximation based con®dence interval for

m(x), with nominal coverage a, is

Ia � m̂�x� � za

�������������������������������������������
v�x=h�V̂ �x�=fnhf̂ �x�g

q
: �6�

To ensure non-negativity under the square root, V̂ �x� and f̂ �x� should be non-negative. Let

f̂0�x� � nÿ1
P

Kh�xÿ Xi� be the standard kernel estimator for f (x). It is known that f̂0�x� is not
a consistent estimator of f (x) if x/h < 1, but f̂ �x� � f̂0�x�=a0�x=h�, the re-normalizing density

estimator, is. An estimator for V(x) is

V̂ �x� � nÿ1
Xn

1

Kh�xÿ Xi�fYi ÿ m̂�x�g2=f̂0�x�: �7�

Then, (5) implies that the above con®dence interval has correct asymptotic coverage as long as

h � o�nÿ1=5�, which is of a smaller order than the usual bandwidth prescribed for standard

curve estimation.

One may wonder why we do not use existing boundary kernels (MuÈ ller & Wang, 1994) or

local linear kernels (Jones, 1993) instead of the re-normalizing kernel in estimating f (x) near

the boundary. The boundary/local linear kernel density estimators have a bias of O�h2�
everywhere in [0, 1) and the re-normalizing kernel estimator has a bias of O(h) near the

boundary. The reasons are (a) the boundary/local linear kernels may produce negative

estimates for V(x)/f (x) which are not suitable for constructing the con®dence interval; (b)

using the boundary/local linear kernels does not lead to improvement of coverage error near

the boundary area, as shown in the next section.

Let

Tn �
�������������

nh
v�x=h�

s
m̂�x� ÿ m�x����������������������

V̂ �x�=f̂ �x�
q :

As the con®dence interval Ia is based on Tn, we are going to develop Edgeworth expansions for

the distribution of Tn to assess the coverage accuracy of Ia.
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3. Coverage accuracy

In studying the coverage accuracy of above con®dence interval, we assume three extra

conditions

(iv) h � ofn1=5g,
(v) nh�log n�ÿ1 !1 and EjYj15 >1, and (8)

(vi) K(u) is continuous di�erentiable, and f1;K�u�; uK�u�; u2K�u�g are linearly independent in

C[)1, 1]

where C[)1, 1] is the space of all continuous functions in [)1, 1]. The condition (iv) implies

undersmoothing as required in (5), and (v) and (vi) are needed in developing Edgeworth

expansions for the coverage probability. Condition (vi) basically rules out the uniform kernel,

in which case special treatment has to be carried out to establish the Edgeworth expansions as

discussed in Hall (1991).

Let Hj be the Hermite polynomials of the jth order and / be the density function of the

standard normal distribution. We study the coverage probability of Ia separately for x in the

interior and x in the boundary in the following theorems 1 and 2, whose proofs are deferred

until the appendix.

Theorem 1

Under the conditions in (3) and (8), if x/hP 1 then

Pfm�x� 2 Iag � aÿ fb1nh5 � b2h2 � b3�nh�ÿ1g
� Of�nh�1=2h4 � �nh�ÿ1=2h2 � �nh�ÿ3=2g

where b1 � 1
4 H1�za�/�za�fm00�x�g2f �x�r4

k=fR�K�V �x�g, and b2 and b3 whose exact expressions

are given in (16) and (17), are free of n and h.

From the derivation in the appendix, we see that b1nh
5 is due to the bias of m̂�x� and b2h

2 is due

to both the bias and the variance of m̂�x�. While these two are unique terms only for non-

parametric curve estimators, the b3(nh)
)1 term is a variation of a standard term in Edgeworth

expansions where n is replaced by nh, the e�ective sample size in the current curve estimation case.

Let us now consider the coverage accuracy of Ia for x near the boundary. De®ne for non-

negative integers j; bj�x=h� � R x=h
ÿ1 ujK2�u� du, and

c�x=h� � a0�x=h�a2�x=h� ÿ a2
1�x=h� and

q�x=h� � f 3�x�V �x�fa2
2�x=h�b0�x=h� ÿ 2a1�x=h�a2�x=h�b1�x=h� � a2

1�x=h�b2�x=h�g: �9�

To simplify the notation, we drop out the argument x/h in bj, aj and c in the following

theorem.

Theorem 2

Under the conditions in (3) and (8), and if x/h < 1, then

Pfm�x� 2 Iag � aÿ fd1nh5 � d2h� d3�nh�ÿ1g
� Of�nh�1=2h4 � �nh�ÿ1=2h2 � �nh�ÿ3=2g;

where d1 � 1
4 qÿ1�x=h�za/�za�fa2

2�x=h� ÿ a1�x=h�a3�x=h�gf 2�x�m00�x� and
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d2 � qÿ1�x=h�za/�za�� f 2�x�f 0�x�V �x��a2
2b1 � 2a1a3b1 ÿ 2a2a3b0 ÿ a2

1b3�
� f2a0cf �x�V �x�gÿ1ff 0�x�V �x��3a0a1a2 ÿ a3

1 ÿ 2a2
0a3� ÿ f �x�V 0�x�a1cg

� f 3�x�V 0�x��ÿa2
2b1 � 2a1a2b2 ÿ a2

1b3��: �10�
The exact expression for d3 is not given as it is tedious to write out. This is because many

intermediate terms, which would be cancelled out for interior x, can not be cancelled out near

the boundary. Notice that dj depend on h via x/h. However, this does not have any e�ect on the

order of magnitude of the coverage terms as we can treat x as a sequence xn � chn for a constant

0 < c < 1. We deliberately leave x/h in its current form to preserve some original ¯avour.

Theorem 2 states that the coverage error at a boundary x is of a larger order than that at an

interior x. This is surprising as the local linear smoother has the appealing feature of

automatic correction to the boundary, shown by having the same order of bias and variance

throughout the curve support.

People may suspect that this increased order near the boundary is due to the particular

estimators f̂ �x� and V̂ �x� used. To show this is not the case, we replace f̂ �x� and V̂ �x� by f (x)

and V(x) in the de®nition of Ia, and call the resulting interval Ia0. This interval is not practical

and only serves a theoretical purpose here. Derivations similar to those in theorems 1 and 2

show that the Edgeworth expansions for the coverage probability of Ia0 admit the same forms

as those of Ia except that the coe�cients bj and dj are di�erent. In particular, the d2 that

appeared in theorem 2, which is the coe�cient of the h term given in (24), is replaced by

d 02 � qÿ1�x=h�za/�za��f 2�x�f 0�x�V �x��2a1a3b1 ÿ 2a2a3b0 ÿ a2
1b3�

ÿ f2cf �x�gÿ1f 0�x��a1a2 ÿ a0a3�
� f 3�x�V 0�x��ÿa2

2b1 � 2a1a2b2 ÿ a2
1b3��

Therefore, an increased coverage error near the boundary is still the case even when we know

the values of f (x) and V(x).

A close look at the derivation given in the appendix reveals that the larger coverage error

near the boundary is due to the fact that

varfm̂l�x�g � �nh�ÿ1v�x=h�V �x�=f �x� � O�nÿ1�; �11�
that is, the second order term of the variance is of n)1 rather than O(hn)1) as in the interior. In

a related paper (Chen & Qin, 2000), the authors consider using the empirical likelihood (Owen,

1990) to construct con®dence intervals for m(x). The empirical likelihood, as shown previously

in Chen (1996) in the context of non-parametric density estimation, has the ability to

Studentize internally via the optimization algorithm it conducts, and hence is able to capture

the second order variance structure better than the asymptotic variance of the local linear

smoother. It is shown in that paper that the empirical likelihood based con®dence intervals

have the same order of coverage error throughout the support of the curve, and thus eliminate

the boundary coverage problem associated with the con®dence intervals based on the

asymptotic normal approximation based intervals.

It may be shown from theorems 1 and 2 that the optimal order for h that minimizes the

leading coverage error term is O(n)1/3) in the interior and O(n)1/2) in the boundary, and the

optimal order for leading coverage error term is O(n)2/3) in the interior and O(n)1/2) in the

boundary. It seems that ®nding a suitable h value for the purpose of constructing con®dence

intervals is a topic that requires research e�ort. The authors share a view expressed by a referee

that ``the bandwidth selection problem for con®dence intervals is perhaps more complicated

but not more di�cult than for ordinary regressionÐthe di�culties lies rather in proving the

corresponding theorems for non-®xed bandwidths''.

Scand J Statist 29 Local linear con®dence intervals 93

Ó Board of the Foundation of the Scandinavian Journal of Statistics 2002.



4. Proofs

Proof of theorem 1. Let U1 � �x210 �x011 ÿ �x110 �x111 and U21 � �x210 �x010 ÿ �x2
110. From (4),

m̂�x� ÿ m�x� � U1=U21: �12�
De®ne

U2 � U21 ÿ f 2�x�
Z

u2K�u� du; U3 � �x010 ÿ f �x�; U4 � �x012 ÿ f �x�V �x�:

From the de®nitions of f̂ and V̂ given in section 2, f̂ �x� � �x010; f̂ �x�V̂ �x� � �x012ÿ
2fm̂�x� ÿ m�x�g �x011 � fm̂�x� ÿ m�x�g2 �x010. These together with (12) imply that

Tn � �nh�1=2fR�K�f 3�x�V �x�r4
kgÿ1=2f1� U3=f �x�gU1=

��������������
1� D1

p
�13�

where

D1 � ff 5�x�V �x�r4
kgÿ1�U2

2U4 ÿ 2U1U2 �x011 � U
2

1U3 � f �x�fU2

1 � V �x�U2

2g
� 2f 2�x�r2

kfU2U4 ÿ U1 �x011g � 2f 3�x�V �x�r2
kU2 � f 4�x�r4

kU4�:
Let

Tn1 �
�����
nh
p
fR�k�f 11�x�V 3�x�r12

k gÿ1=2� f 4�x�V �x�r4
kU1 ÿ f 2�x�V �x�r2

kU1U2

ÿ 1
2 f 3�x�r4

kU1fU4 ÿ 2V �x�U3g � 1
2 f �x�r2

kU1U2fU4 ÿ 2V �x�U3g � V �x�U1U
2

2

� f �x�r2
kU

2

1 �x011 ÿ 1
2 U

3

1 � f 2�x�r4
kU1U4f38 V ÿ1�x�U4 ÿ 1

2 U3g�:

By Taylor expansion, it follows that Tn � Tn1+R1, where R1 � Op [{(nh)
)1/2+h2}3] by the fact

that Uj � Op [{(nh)
)1/2+h2}] for 1, 2, 3 and 4.

It may be shown, using the delta method described in Hall (1992b, pp. 76±77), that

P �TnOu� � P �Tn1Ou� � O�f�nh�ÿ1=2 � h2g3�: �14�
Let W � � �x010; �x110; �x210; �x011; �x111; �x012�. As Ujs are polynomials of W, so Tn1 is a polyno-

mial of W as well. Let l � l210l011 ÿ l110l111; q � R�K�f 3�x�V �x�r4
k ;Rij�K� �

R
uiKj�u� du

and Vl�x� � E�fY ÿ m�X �gljX � x� for positive integers l. In particular, R(K) � R02(K) and

r2
k � R21�K�.
Let k1, k2, ¼ be the cumulants of Tn1. Using the formulae given in James & Mayne (1962)

after deriving the multivariate cumulants of W we have

k1 � qÿ1=2f
�����
nh
p

l� a1�nh�ÿ1=2g � Of�nh�1=2h4 � �nh�ÿ1=2h2 � �nh�ÿ3=2g;
k2 � 1� a2h2 � qÿ1a3�nh�ÿ1 � Ofh4 � �nh�ÿ1h2 � �nh�ÿ2g;
k3 � qÿ3=2a4�nh�ÿ1=2 � Of�nh�ÿ1=2h2 � �nh�ÿ3=2g;
k4 � qÿ2a5�nh�ÿ1 � Of�nh�ÿ1h2 � �nh�ÿ2g;
kl � Of�nhd�ÿ�lÿ2�=2g for lP5;

where

a1 � 1
2l210l023=ff �x�V �x�g;

qa2 � r6
k �f �x�ff 0�x�g2V �x�f2R�K� � 1g ÿ 1

2 f 3�x�m00�x�V3�x�R�K��V ÿ1�x��
� 1

2 f 2�x�r4
kfV �x�f �x�g00fR22�K� ÿ R�K�g

ÿ r4
kR22�K��2f �x�f 0�x�fV �x�f �x�g0 � f 3�x�fm0�x�g2�;

a3 � l220l222 � l210�ÿ2l232 � 2l220l022fÿ1�x� ÿ l022l420ff �x�r2
kgÿ1

� l2
210ff 2�x�V 2�x�gÿ1fl022l024 � 7

4 l2
023 � 3V �x�l2

022 ÿ V 2�x�l020l022�;
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a4 � l3
210�l033 ÿ 3l022l023ff �x�V �x�gÿ1�;

a5 � l4
210fl044 ÿ 6ff �x�V �x�gÿ1��l023l033 � l022l034� � 2l3

022fÿ1�x�
� �3l022l

2
023 � 1

2 l2
022l024�ff �x�V �x�gÿ1�g:

Noted that lij1 � O�h�, and that for k > 1

lijk � f �x�Vk�x�
�

tiKj�t� dt � o�h�

and V2(x) � V(x). Thus, we have, by omitting the smaller order terms,

a1 � ÿ 1
2l210l023ff �x�V �x�gÿ1 � ÿ 1

2 f �x�V3�x�R�K�r2
k=V �x�;

a2 � r2
kfÿ2�x�ff 0�x�g2f2� 1=R�K�g ÿ 1

2 r2
km00�x�V3�x�V ÿ2�x�

ÿ �2fÿ2�x�f 0�x�ff �x�V �x�g0 ÿ fm0�x�g2�V ÿ1�x�R22�K�=R�K�
� 1

2 fÿ1�x�V ÿ1�x�ff �x�V �x�g00fR22�K�=R�K� ÿ 1g;
a3 � f 2�x�V �x��fR22�K�g2 � 2R�K�r2

kR22�K� ÿ 2r2
kR23�K� ÿ R�K�R42�K�

� 2R2�K�r4
k � � f 2�x�R2�K�r4

kfV4�x�=V �x� � 7
4 V 2

3 �x�=V 2�x�g;
a4 � q2V3�x�fR03�K� ÿ 3R2�K�gff �x�V �x�R�K�rkgÿ2;
a5 � f 5�x�r8

k �V4�x�fR04�K� � 3R3�K� ÿ 6R�K�R03�K�g � 12R3�K�V 2�x�
� 6R�K�V 2

3 �x�V ÿ1�x�f3R2�K� ÿ R03�K�g�:

By setting up the generating function of Tn1 from the above cumulants and inverting it, we

obtain the following Edgeworth expansion

P �jTn1jOza� � aÿ 2/�za��fqÿ1a1H1�za� � 1
6 qÿ2a4H3�za�gl

� 1
2 H1�za�qÿ1nhl2 � 1

2 a2H1�za�h2
� f12qÿ1a3H1�za� � 1

2 qÿ1a21H1�za� � 1
24 qÿ2a5H3�za�

� 1
6qÿ2a1a4H3�za� � 1

72 qÿ3a24H5�za�g�nh�ÿ1�
� Of�nh�1=2h4 � �nh�ÿ1=2h2 � h4 � �nh�ÿ3=2g
� aÿ fb1nh5 � b2h2 � b3�nh�ÿ1g
� Of�nh�1=2h4 � �nh�ÿ1=2h2 � h4 � �nh�ÿ3=2g: �15�

It may be shown that

b1 � 1
4 H1�za�/�za�fm00�x�g2f �x�r4

k=fR�K�V �x�g;
b2 � H1�za�/�za�fqÿ1a1m00�x�f 2�x�r4

k � a2g � 1
6qÿ2a4H3�za�/�za�

� H1�za�/�za��r2
kfÿ2�x�ff 0�x�g2g2� 1=R�K�g ÿ r2

km00�x�V3�x�V ÿ2�x� �16�
� 1

2 fÿ1�x�V ÿ1�x�fV �x�f �x�g00fR22�K�=R�K� ÿ 1g
ÿ �2fÿ2�x�f 0�x�fV �x�f �x�g0 ÿ fm0�x�g2�V ÿ1�x�R22�K�=R�K��
� 1

6 H3�za�/�za�fÿ2�x�V ÿ2�x�rÿ2k V3�x�fR03�K�=R2�K� ÿ 3g;
b3 � H1�za�/�za�ffÿ1�x��fR22�K�g2=fR�K�r4

kg � 2R22�K�=r2
k �17�

ÿ R42�K�=r4
k ÿ 2R23�K�=fR�K�r2

kg � 2R�K��
� fÿ1�x�R�K�fV4�x�=V 2�x� � 1

2 V 2
3 �x�=V 3�x�gg

� 1
36 H5�za�/�za�V 2

3 �x��R03�K� ÿ 3R2�K�g2fÿ1�x�V ÿ3�x�Rÿ3�K�
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� fÿ1�x�R�K� � 2
3 fÿ1�x�Rÿ1�K�V 2

3�x�V ÿ3�x�f3R2�K� ÿ R03�K�g�
� H3�za�/�za�f 112 fÿ1�x�Rÿ2�K�V ÿ2�x��V4�x�fR04�K� � 3R3�K�
ÿ 6R�K�R03�K�g�g:

Combining with (14), theorem 1 is then veri®ed.

It remains to check that the expansion (15) is valid. This can be done by ®rst developing the

Edgeworth expansion for the distribution of
�����
nh
p

W , with the form

P �
�����
nh
p
fW ÿ E�W �g 2 A� � U0;R�A� �

X2
k�1
�nh�ÿk=2

�
A

pk�x�/0;R�x� dx�Of�nh�ÿ3=2g

�18�

uniformly for all A from A 2 B�R6� of Borel sets satisfying
sup
A2A

U0;Rf�@A��g � O���

as �! 0. In this formulae, U0;R and /0;R denote the distribution and density functions

respectively of the normal N(0;R) distribution; pk is a polynomial of degree k+2 with

uniformly bounded coe�cients; and �@A�� is the set of all points distant at most � from the

boundary of A. After establishing the validity of (18), the validity of (15) can be obtained by

applying a result of Skovgaard (1981) which proves that the validity of an Edgeworth

expansion is preserved under a smooth transformation. As Tn1 is a smooth function of W, the

key at present is to show the expansion (18) is valid.

To establish the expansion in (18), it is su�cient to prove the following analogue of

CrameÂ r's condition; that is, for each � > 0 there exists a positive C(�) such that as h! 0

supP6

1
jtk j>�

����h �1ÿ1
�1
ÿ1

exp

�
i
X6
k�1

tk gk�u; v�
�
f�xÿ hu�f�vjxÿ hu� du dv

����O1ÿ C���h; �19�

where i � �������ÿ1p
and

g1�u; v� � K�u�; g2�u; v� � uK�u�; g3�u; v� � u2K�u�;
g4�u; v� � K�u�fvÿ m�x�g; g5�u; v� � uK�u�fvÿ m�x�g; g6�u; v� � K�u�fvÿ m�x�g2;

sample.

We need the following lemma in proving (19).

Lemma 1

Assume that K(u) has support [)1, 1] on which K�u� 6� 0; K(u) is continuous di�erentiable and

f1;K�u�; uK�u�; u2K�u�g are linearly independent (as elements of the vector space of continuous

functions on [)1, 1]). Then

lim supP6

1
jtk j!1

1

2

���� �1ÿ1
�1
ÿ1

exp

�
i
X6
k�1

tk gk�u; v�
�

f �vjx� du dv

���� < 1: �20�

Proof of Lemma 1. Notice that the linear independence of

f1; g1�u; v�; g2�u; v�; . . .; g6�u; v�g
is implied by f1;K�u�; uK�u�; u2K�u�g being linearly independent. Let (U, V) be a bivariate

random variable with a joint density q�u; v� � 1
2 f �vjx�I�ÿ1OuO1�: Clearly, the distribution of
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(U, V ) is absolutely continuous with respect to the Lebesgue measure in R2 and the density q is

positive in an open set in [)1, 1] ´ R where the gjs are continuously di�erentiable and

f1; g1�u; v�; g2�u; v�; . . .; g6�u; v�g are linearly independent. From lem. 2.2 of Bhattacharya &

Ghosh (1978), the distribution of (g1�U ; V �; g2�U ; V �; . . .; g6�U ; V �) has a non-zero absolutely

continuous component. It may be shown from Hall (1992b, p. 65f ) that this in turn implies the

analogue of the CrameÂ r's condition in (20).

To prove (19), we notice that

I�t1; . . .; t6� � h
�1
ÿ1

�1
ÿ1

exp

�
i
X6
k�1

tkgk�u; v�
�

f �xÿ hu�f �vjxÿ hu� du dv

� 1ÿ h
�1
ÿ1

f �xÿ hu� du

� h
�1
ÿ1

�1
ÿ1

exp

�
i
X6
k�1

tkgk�u; v�
�

f �xÿ hu�f �vjxÿ hu� du dv

� 1ÿ h
�1
ÿ1

f �xÿ hu� du

� h
� �1
ÿ1

�1
ÿ1

exp

�
i
X6
k�1

tkgk�u; v�
�

f �x�f �vjx� du dv� an

�
�21�

where an � ��1� as h! 0.

From lemma 1, it can be shown that there exists �0 > 0 such that

supP6

1
jtk j!�

1

2

���� �1ÿ1
�1
ÿ1

exp

�
i
X6
k�1

tkgk�u; v�
�

f �x�f �vjx� du dv

����< f �x��1ÿ 3�0�: �22�

Let h be small enough such that janj < 2f �x��0 and�1
ÿ1

f �xÿ hu� du P 2f �x��1ÿ �0�:

Thus, from (21) we have

jI�t1; . . .; t6�jO1ÿ 2hf �x��1ÿ �0� � 2hf �x��1ÿ 3�0� � 2hf �x��0
� 1ÿ 2hf �x��0;

which gives (19) and thus (18).

Proof of Theorem 2. Put

U2 � U21 ÿ c�x=h�f 2�x�; U3 � �x010 ÿ a0�x=h�f �x�; U4 � �x012 ÿ a0�x=h�f �x�V �x�:
To simplify the notation, we will hide the argument x/h of aj and bj in the following. The

de®nitions of bj and c are in (9). Notice that

Tn �
��������������

nh
q�x=h�

s �
1� U3

a0f �x�
�

U1��������������
1� D2

p

where

D2 � fa0c
2f 5�x�V �x�gÿ1fU4U

2

2 � 2cf 2�x�U2U4 � c2f 4�x�U4 ÿ 2U1U2 �x011

ÿ 2cf 2�x�U1 �x011 � U
2

1U3 � a0f �x�U2

1g � fc2f 4�x�gÿ1fU2

2 � 2cf 2�x�U2g:
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Let

Tn2 �
���������������������
nh=q�x=h�

p
U1�1ÿ U2=fcf 2�x�g ÿ U4=f2a0f �x�V �x�g � U3=fa0f �x�g

� fc2f 4�x�V �x�gÿ1fV �x�U2

2 ÿ 1
2 U

2

1g � 3
8 fa2

0f 2�x�V 2�x�gÿ1fU2

4 ÿ 4
3 V �x�U3U4g

� fa0cf 3�x�V �x�gÿ1fU1 �x011 � 1
2 U2U4 ÿ V �x�U2U3g�:

By Taylor expansion, we have Tn � Tn2+R2 where R2 � Op�f�nh�ÿ1=2 � hg3�. It may be

shown, again using the method described in Hall (1992b, pp. 76±77), that

P �TnOu� � P �Tn2Ou� � O�f�nh�ÿ1=2 � hg3�:
Computation shows that the cumulants of Tn2 are

k1 � q�x=h�ÿ1=2f
�����
nh
p

l� a01�nh�ÿ1=2g � Of�nh�1=2h4 � �nh�ÿ1=2h2 � �nh�ÿ3=2g;
k2 � 1� a02h� q�x=h�ÿ1a03�nh�ÿ1 � Ofh2 � �nh�ÿ1h� �nh�ÿ2g;
k3 � q�x=h�ÿ3=2a04�nh�ÿ1=2 � Of�nh�ÿ1=2h� �nh�ÿ3=2g;
k4 � q�x=h�ÿ2a05�nh�ÿ1 � Of�nh�ÿ1h� �nh�ÿ2g;
kl � Of�nhd�ÿ�lÿ2�=2g for lP5;

where

l � 1
2 fa2

2�x=h� ÿ a1�x=h�a3�x=h�gf 2�x�m00�x�h2;
a02 � qÿ1�x=h�ff 2�x�f 0�x�V �x��a2

2b1 � 2a1a3b1 ÿ 2a2a3b0 ÿ a2
1b3�

� f 3�x�V 0�x��ÿa2
2b1 � 2a1a2b2 ÿ a2

1b3�g �23�
� f2a0cf �x�V �x�gÿ1ff 0�x�V �x��3a0a1a2 ÿ a3

1 ÿ 2a2
0a3� ÿ f �x�V 0�x�a1cg

and a0j; j � 1; 3; 4; 5, depends only on f, V and x/h whose detailed forms are not given here as

they are quite tedious.

By deriving the generating function for Tn2 and converting it we have the following

Edgeworth expansion:

P �jTn2jOza� � aÿ 2/�za��12 H1�za�q�x=h�ÿ1nhl2 � 1
2 a02H1�za�h

� f12 q�x=h�ÿ1a03H1�za� � 1
2 q�x=h�ÿ1�a01�2H1�za� � 1

24 q�x=h�ÿ2a05H3�za�
� 1

6 q�x=h�ÿ2a01a04H3�za� � 1
72 q�x=h�ÿ3�a04�2H5�za�

	�nh�ÿ1�
� Of�nh�1=2h4 � �nh�ÿ1=2h� h2 � �nh�ÿ3=2g
�: aÿ fd1nh5 � d2h� d3�nh�ÿ1g
� Of�nh�1=2h4 � �nh�ÿ1=2h� h2 � �nh�ÿ3=2g

where

d1 � 1
4q�x=h�ÿ1za/�za�fa2

2�x=h� ÿ a1�x=h�a3�x=h�gf 2�x�m00�x�
and d2 � za/�za�a02 where a02 is de®ned in (23). The exact expression for d3 is quite tedious to

write out. It can be derived by working out a01; a
0
3, a04 and a05 as we have done in the proof of

theorem 1.
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