© Board of the Foundation of the Scandinavian Journal of Statistics 2002. Published by Blackwell Publishers Ltd, 108 Cowley Road,
Oxford OX4 1JF, UK and 350 Main Street, Malden, MA 02148, USA Vol 29: 89-99, 2002

Confidence Intervals Based on Local Linear
Smoother

SONG XI CHEN
National University of Singapore

YONG SONG QIN
University of Science and Technology of China

ABSTRACT. Point-wise confidence intervals for a non-parametric regression function in
conjunction with the popular local linear smoother are considered. The confidence intervals are
based on the asymptotic normal distribution of the local linear smoother. Their coverage accuracy
is evaluated by developing Edgeworth expansion for the coverage probability. It is found that the
coverage error near the boundary of the support of the regression function is of a larger order than
that in the interior, which implies that the local linear smoother is not adaptive to the boundary in
terms of coverage. This is quite unexpected as the local linear smoother is adaptive to the boundary
in terms of the mean squared error.
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1. Introduction

Local polynomial smoothing (Stone, 1977; Cleveland, 1979; Cleveland & Devlin, 1988) has
become a popular tool for smoothing curves. It has been shown by Fan (1993), Fan & Gijbels
(1992), Hastie & Loader (1993), Ruppert & Wand (1994) and others that local polynomial
smoothing is an effective smoothing method in non-parametric regression. It has the
advantages of achieving full asymptotic minimax efficiency and automatically correcting for
boundary bias. An excellent review of local polynomial smoothing is given in Fan & Gijbels
(1996). While local polynomial smoothing is being used in a wide range of applications, the
important issues of constructing confidence intervals and the coverage evaluation have not
received much attention.

In this paper we consider confidence intervals for an unknown regression function with a
bounded support at a fixed point based on the asymptotic normal distribution of the local
linear smoother. The coverage accuracy is studied by developing Edgeworth expansions for
the coverage probability. It is known in constructing confidence intervals associated with
non-parametric curve estimation that the bias associated with the curve estimation has to
be corrected in order to make the confidence intervals into ones for the curve function.
There are two methods to correct for the bias. One is to estimate the bias and then carry
out an explicit bias correction (Héardle, 1990; Fan & Gijbels, 1996; Rodriguez-Campos,
1999). The other is to reduce the bias via undersmoothing (Hall, 1992a; Neumann, 1995;
Chen, 1996). Hall (1992a) in the context of the Nadaraya—Watson smoother and Neumann
(1997) in the context of the Gasser—Miiller smoother showed that better coverage accuracy
is achieved by the undersmoothing method. We consider the latter approach in this paper.

A property of the local linear smoother is its adaptivity to the boundary in terms of the mean
square error as both the bias and variance are of the same order throughout the support of the
regression function. One would expect the same to be true for the coverage probability of
confidence intervals based on the local linear estimators; that is, the coverage error is of the
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same order throughout the curve support. However, our study shows that the coverage error
near the boundary is of a larger order of magnitude than that in the interior of the support,
which implies that the local linear smoother is not automatically adaptive to the boundary in
terms of coverage.

The paper is structured as follows. In section 2 we introduce some notation and the
confidence intervals based on the local linear smoother. Their coverage accuracy in the interior
and in the boundary are evaluated separately by developing Edgeworth expansions in
section 3. The proofs are given in section 4.

2. Confidence intervals

Let {(X;,Y;)}\_, be n independent pairs of observations where ¥; are the responses of design
points X; for i = 1, ..., n according to the following regression model:

Y, =mX) + Q)

where m is an unknown regression function with .’ being its support, ¢; are independent errors
with zero mean and a variance function V(X;), and the design points X; € R have a density f.
Let K be a kernel function which is a probability density itself and # be the smoothing
bandwidth. Also define ¥ (x) = E[{Y — m(x)}*|X = x]. Without loss of generality we assume
& =10,00) in our theoretical analysis as it can be easily generalized to the cases of
S = (—o00,00) and & = [0, 1].
The local linear regression estimator for m(x) at any given x € & is

() = = 2)

where W = Kj(x — X){sn2 — (x = X0)su1 }, a1 = 321 Ki(x — X)) (x — X;)! for /=0, 1 and 2,
and K, (-) = i 'K(-/h).
We assume the following regularity conditions:

(1) K is a symmetric density function, bounded and strictly positive on, [-1, 1];
(1)) h — 0,nh — o0 as n — oo;
(iii) f, m and V have continuous second derivatives in a neighbourhood of x; f(x) > 0 and
V(ix) >0

For non-negative integers i, j, k, define

O = n il Z(x — X;)iK;{(x - X){Y - m(x)}k and = E®. (3)
=1

It is noted that y;; = O(h), and for k > 1
bk = L) [ FKT) do -+ o).

It may be shown after some algebra that

_ 100110 — O1100111 Uy @)

—— — e
2100010 — D7} Ux

Let oy(x/h) = ji/lh u'K(u)du for [ =0, 1, 2 and 3. Define

m(x) —m(x
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B (e/h) — o (/R (x/ )

DT = (e hyaa /) — o2 s/

and

[ e/h) — o (/)R (u) du
{on0(x/m)a e/ ) — o (x/ )}

which are respectively the coefficients of the asymptotic bias and variance of i (x). Put
o7 = [u?K(u)du and R(K) = [K*(u)du. Then, clearly b(x/h) = o7 and v(x/h) = R(K) for
x> hasa(x/h) =1, oy(x/h) = az(x/h) =0 and op(x/h) = o3

In may be shown, by noting the bias and the variance properties of 7(x), that under the
conditions in (3), if m"(x) # 0 then

v(x/h)

7O _ [_"nh {m(x) —m(x)}
! v(x/h) \/V(x)/f(x)

— N(0, 1) in distribution (5)

if and only if nA> — 0.

This implies that undersmoothing is required in order to make the effect of the bias
negligible. Let ¥ (x) and 7 (x) be some consistent estimators of V(x) and f(x), and z, be the
(I + a)/2-quantile of N(0, 1). Then, a normal approximation based confidence interval for
m(x), with nominal coverage a, is

I, = in(x) £ 2 (/) (x) [ {mhf ()} (6)

To ensure non-negativity under the square root, ¥ (x) and f(x) should be non-negative. Let
fo(x) = n ' S Kjy(x — X;) be the standard kernel estimator for f(x). It is known that 7, (x) is not
a consistent estimator of /(x) if x/a < 1, but f(x) = f,(x)/o(x/h), the re-normalizing density
estimator, is. An estimator for V/(x) is

Vix)=n" iKh(x = XY = ()Y /fo (x)- ()
1

Then, (5) implies that the above confidence interval has correct asymptotic coverage as long as
h = o(n~'/%), which is of a smaller order than the usual bandwidth prescribed for standard
curve estimation.

One may wonder why we do not use existing boundary kernels (Miiller & Wang, 1994) or
local linear kernels (Jones, 1993) instead of the re-normalizing kernel in estimating f(x) near
the boundary. The boundary/local linear kernel density estimators have a bias of O(h?)
everywhere in [0, co) and the re-normalizing kernel estimator has a bias of O(/) near the
boundary. The reasons are (a) the boundary/local linear kernels may produce negative
estimates for V(x)/f(x) which are not suitable for constructing the confidence interval; (b)
using the boundary/local linear kernels does not lead to improvement of coverage error near
the boundary area, as shown in the next section.

Let

nh  m(x) — m(x)
I, = N e
VeI J7 7
As the confidence interval 7, is based on T, we are going to develop Edgeworth expansions for
the distribution of 7, to assess the coverage accuracy of I,.
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3. Coverage accuracy

In studying the coverage accuracy of above confidence interval, we assume three extra
conditions

(iv) h=o{n'/},

(v) nh(logn)™" — oo and E|Y|" > oo, and (8)

(vi) K(u) is continuous differentiable, and {1, K(u), uK(u), u’K(u)} are linearly independent in
Cl-1, 1]

where C[—1, 1] is the space of all continuous functions in [—1, 1]. The condition (iv) implies
undersmoothing as required in (5), and (v) and (vi) are needed in developing Edgeworth
expansions for the coverage probability. Condition (vi) basically rules out the uniform kernel,
in which case special treatment has to be carried out to establish the Edgeworth expansions as
discussed in Hall (1991).

Let H; be the Hermite polynomials of the jth order and ¢ be the density function of the
standard normal distribution. We study the coverage probability of I, separately for x in the
interior and x in the boundary in the following theorems 1 and 2, whose proofs are deferred
until the appendix.

Theorem 1
Under the conditions in (3) and (8), if x/h =1 then

P{m(x) € I,} = o — {bynh® + bsh®> + b3(nh) '}
+O{(nh) 2 + (nh) 2R + (nh) 7}

where by = {Hy(zy4)¢ (za){m”(x)}2f(x)a§/{R(K)V(x)}, and by and by whose exact expressions
are given in (16) and (17), are free of n and h.

From the derivation in the appendix, we see that bynk? is due to the bias of m(x) and byl is due
to both the bias and the variance of m(x). While these two are unique terms only for non-
parametric curve estimators, the by(nh)~' term is a variation of a standard term in Edgeworth
expansions where n is replaced by nh, the effective sample size in the current curve estimation case.

Let us now consider the coverage accuracy of I, for x near the boundary. Define for non-
negative integers j, §;(x/h) = ff/h wK?(u) du, and

y(x/h) = oo (x/h)oa(x/h) — oi(x/h) and
plx/h) = 1)V (x) {03 (x/h) o (x/h) — 201 (x/h)os (x/ ) B (x/ ) + i (x/B) By (x/ ). (9)

To simplify the notation, we drop out the argument x/h in f;, o; and y in the following
theorem.

Theorem 2
Under the conditions in (3) and (8), and if x/h < 1, then

P{m(x) € I,} = o — {d\nh® + doh + ds(nh)~'}
+ Of (nh) 1+ (k)12 4 (nh) ),

where dy = p~1(x/h)zyp(z4) {03 (x/h) — oy (x/h)o3 (x/h) } /2 (x)m" (x) and
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dy = ' (5 W)z2b(2) [ S2 @) (<)Y (x) (03B, + 2003y — 200 — )
+ {2000 () (x)} )V () Botoon o2 — o — 20803) — £ (1) (¥)ou 7}
+ PV ()= + 200008 — o By)]- (10)

The exact expression for d5 is not given as it is tedious to write out. This is because many
intermediate terms, which would be cancelled out for interior x, can not be cancelled out near
the boundary. Notice that d; depend on / via x/h. However, this does not have any effect on the
order of magnitude of the coverage terms as we can treat x as a sequence x,, = ch,, for a constant
0 < ¢ < 1. We deliberately leave x/h in its current form to preserve some original flavour.

Theorem 2 states that the coverage error at a boundary x is of a larger order than that at an
interior x. This is surprising as the local linear smoother has the appealing feature of
automatic correction to the boundary, shown by having the same order of bias and variance
throughout the curve support.

People may suspect that this increased order near the boundary is due to the particular
estimators £ (x) and ¥ (x) used. To show this is not the case, we replace f(x) and ¥ (x) by f(x)
and V(x) in the definition of /,, and call the resulting interval /,. This interval is not practical
and only serves a theoretical purpose here. Derivations similar to those in theorems 1 and 2
show that the Edgeworth expansions for the coverage probability of I, admit the same forms
as those of I, except that the coefficients b; and d; are different. In particular, the d, that
appeared in theorem 2, which is the coefficient of the / term given in (24), is replaced by

& = 7 (xR ) P20 )V (6) 2ot 03y — 200303 — 02 )
— {29/ ()} (%) (o oz — otg0t3)
+ @)V (x)(—3B) + 200008, — i B3)]

Therefore, an increased coverage error near the boundary is still the case even when we know
the values of f(x) and V(x).

A close look at the derivation given in the appendix reveals that the larger coverage error
near the boundary is due to the fact that

var{si(x)} = (nh) ™" v(x/h)V (x)/f (x) + O(n™"); (11)

that is, the second order term of the variance is of #~! rather than O(hn™") as in the interior. In
a related paper (Chen & Qin, 2000), the authors consider using the empirical likelihood (Owen,
1990) to construct confidence intervals for m(x). The empirical likelihood, as shown previously
in Chen (1996) in the context of non-parametric density estimation, has the ability to
Studentize internally via the optimization algorithm it conducts, and hence is able to capture
the second order variance structure better than the asymptotic variance of the local linear
smoother. It is shown in that paper that the empirical likelihood based confidence intervals
have the same order of coverage error throughout the support of the curve, and thus eliminate
the boundary coverage problem associated with the confidence intervals based on the
asymptotic normal approximation based intervals.

It may be shown from theorems 1 and 2 that the optimal order for / that minimizes the
leading coverage error term is O(n~"/3) in the interior and O(n~"?) in the boundary, and the
~23) in the interior and O(n~"?) in the
boundary. It seems that finding a suitable / value for the purpose of constructing confidence

optimal order for leading coverage error term is O(n

intervals is a topic that requires research effort. The authors share a view expressed by a referee
that “the bandwidth selection problem for confidence intervals is perhaps more complicated
but not more difficult than for ordinary regression—the difficulties lies rather in proving the
corresponding theorems for non-fixed bandwidths”.
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4. Proofs
Proof of theorem 1. Let Uj = @310@011 — @1100111 and Uz = @2100010 — (ZJ%]O. From (4),
m(x) —m(x) = Uy /Uy. (12)
Define
T, =Ty —fz(x)/uzK(u) du, Uz =g —[f(x), Us= o —fx)V(x).
From the definitions of f and V given in section 2, f(x) = @oi, f(xX)V(x) = @12 —
2{m(x) — m(x)}@o11 + {m(x) — m(x)}*@o10. These together with (12) imply that
T, = (nh) {R(K) L ()Y (x)od} {1 + T3 /£ ()} T /1 + 4y (13)
where
41 =@V @) [UUs = 20,0200 + U1Us + /@{U] + V(x)U3)
+22(0)0i{U2Us — Uravoni} + 21 (x)V (x)0; Us + f*(x)0{Ud).
Let
T = Vah{R(k)f " (V> @)a )P0V (@)oiUr = £V (x)ai U1 U
— §f3(x)akU| {U4 — ZV(X)U3} + jf(x)a%U]UQ{U4 — 2V( )Ug} =+ V(X)U|U§
+f(x)0’%U?(1_)011 - %Ui +f2(x)02U174{% Vﬁl(x)U4 — 5 U3}]
By Taylor expansion, it follows that 7, = T,,; + R, where R, = O, [{(nh)~"*+ 1*}*] by the fact

that U; = O,, [{(nh)""*+ h?}] for 1, 2, 3 and 4.
It may be shown, using the delta method described in Hall (1992b, pp. 76-77), that

P(T,<u) = P(Ty1 <u) + O[{(nh) "> + *}’]. (14)

Let W = (@o10, D110, D210, Do11, D111, Do12). As U;s are polynomials of W, so T,,l is a polyno-

mial of W as well. Let u= poiotg11 — ik, p = RK)(0)V (x)of, Ry(K) = [u'K/ (u) du

and V;(x) = E[{Y — mX)Y X = x] for positive integers /. In particular, R(K) Ryx(K) and
= Ry (K).

Let ky, ky, ... be the cumulants of T,,;. Using the formulae given in James & Mayne (1962)
after deriving the multivariate cumulants of W we have

k= p~ 2 {Nnhy + ay(nh) "} + O{(nh) Ph* + (nh) PR + (nh) 7,
k2:1+a2h2+p*1a;(nh) + O{h* + (nh) "' W% + (nh) Y,
ks =p (nh) “2+0{<nh> V2 (nh) Y,
ks = p~2as(nh) ™" + O{(nh) "' K> + (nh) 2},
= 0{(nh")"""P*} for =5,

where

ar = %M210H023/{f( W (x)},
paz = o [f ()L () PV (){2R(K) + 1} = 312 ()m" (x) V3 (<)R(K)) V=" (x)]
+3/2)aH{V () f (0)} {Rn(K) — R(K)}
— 0 R (K)[2f () () V () ()} + £ () {m (1) }],
as = [yt + Haro[ =2t + 2umotiont ' (X) = tomtan{f (X)or} !
+ M%lo{fz(x) Vz(x)}il {Ho22 1024 + %.“3)23 + 3V(x)ﬂ(2)22 - Vz(x).“ozo.uozzL

© Board of the Foundation of the Scandinavian Journal of Statistics 2002.
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as = 183,9lHo33 — 3tombon L )V (x)} ],

as = 1310{Hoas — 6L (¥)V ()} [(Honsoss + Hooaktosa) + 2utnnf ™ (x)

+ (g tdy; + %Hézzﬂom){f(x)V(x)}_l]}~

Noted that p;;; = O(h), and that for k > 1
bk = SO [¢K70) i + o)
and V(x) = V(x). Thus, we have, by omitting the smaller order terms,
a1 = =St {/ ()Y (1)} = =3B (X)R(K)a}/V (x),
a = opf O ()2 + 1/R(K)} = Saim” (x) V3 (x) V=2 (x)
— 2f @S O @V @)Y = ' ()7 ()R (K) /R(K)
3 VT S @V ()Y (R (K) /R(K) = 13,
= 2@V () [{Ra2(K)} + 2R(K) 03 Ro (K) — 207 Ro3(K) — R(K)Ra (K)
+2R*(K)ay] + £ ()R (K)ot {Va(x) [V (x) + 3V (x)/ V2 (%)},
= P’ {Ro3(K) — 3R*(K)Hf (x)V (x)R(K) o} 2,
= 12 (x)a}[Va(x){Roa(K) + 3R*(K) — 6R(K)Ro3(K)} + 12R*(K)V*(x)
+6R(K) V5 (x)V ™" () {3R*(K) — Ros (K)}].

By setting up the generating function of 7, from the above cumulants and inverting it, we
obtain the following Edgeworth expansion

P(|T| <z) = 00 = 20(z0) [{p~ a1 (25) + § p a3 (2) } 1t
+ L Hy(zo)p~ ' nhy® + S ax Hy (zo)
+{3p7 a3 (z) + 37 aH (2) + 53 p2asHi(z4)
+1p2aasHy (z,) + 95 paiHs(2,) }(nh) ']
+ O{(nh)"*H* + (nh)""Ph* + h* + (nh)?}
= o — {b1nh® + boh* + b3 (nh) ™'}
+ O{(nh)"*1* + (nh) V2R + h* + (nh) %) (15)

(x
(K

It may be shown that
by = 4 H (22) (o) {m" ()Y (x) o} {R(K)V (x) },
by = Hi(z:)p(za) {p~ ' arm” () ()0} + ax} + §p 2 aaHs(2) p(24)
= Hy(z2)¢(z)[onf () ()} )2 + 1/RK)} = apm (x) Vi (x) V2 () (16)

+3/ 7 @V @{V () (1)} {R2(K) /R(K) — 1}
= 270 V() @)} = {n' (@) ]V ()R (K) /R(K)]
+§Hs(22) () f ()Y (x)0 2 V3 (x){Ro3 (K) /RP (K) = 3},

b = Hi(z) ()4~ ()[R (K) Y /{R(K) o} + 2R (K) /) (17)
— Ra2(K) /o — 2R3 (K) /[{R(K) o} } + 2R(K)]
T @RV )/ V2 () + 515 () /7 ()}
+ 35 H5(20) § (22) 13 () [Roa (K) = 3R*(K) Y/~ (x)V 3 (x) R (K)
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+ /T OREK) + 2 R K)VA) P (@) B3RAK) — Ros(K)Y]
+ Hy ()b (1~ R KV =2() [V () {Ros(K) + 3R3(K)
}.

Combining with (14), theorem 1 is then verified.
It remains to check that the expansion (15) is valid. This can be done by first developing the
Edgeworth expansion for the distribution of ViAW, with the form

PIVh{W — E(W)} € 4] = Box(4) + Z (nh) “”J Pr(x)bo 5 (x) dx + O{ (nh) /%)
k=
(18)
uniformly for all 4 from ./ € %(R°) of Borel sets satisfying

jlelg @y z{(04)} = O(e)

as € — 0. In this formulae, @y and ¢, denote the distribution and density functions
respectively of the normal N(0,ZX) distribution; p, is a polynomial of degree k+2 with
uniformly bounded coefficients; and (94)° is the set of all points distant at most € from the
boundary of A. After establishing the validity of (18), the validity of (15) can be obtained by
applying a result of Skovgaard (1981) which proves that the validity of an Edgeworth
expansion is preserved under a smooth transformation. As 7,,; is a smooth function of W, the
key at present is to show the expansion (18) is valid.

To establish the expansion in (18), it is sufficient to prove the following analogue of
Cramér’s condition; that is, for each € > 0 there exists a positive C(¢) such that as & — 0

sup

S0 lul>e
where i = v/—1 and

hro Jioo exp{ Ztkgk u,v } x — hu)f(v|x — hu) dudv| <1 — C(e)h, (19)

—00

g1 (u,0) =K(u),  g(u,v) =uk(u), g(u,v)=uK(u),
ga(u,0) = K@) {v—m(x)},  g5(u,v) = uk(u){v —m(x)}, go(u,v) = K(u){v—mx)}*,

sample.
We need the following lemma in proving (19).

Lemma 1

Assume that K(u) has support [-1, 1] on which K(u) # 0, K(u) is continuous differentiable and
{1,K(u),uK (u), K (u)} are linearly independent (as elements of the vector space of continuous
functions on [—1, 1]). Then

. ][>
lim sup 5 ‘ Lx JL exp{ Ztk g (u,v } v|x) du dv
> lul—oe

Proof of Lemma 1. Notice that the linear independence of

<1 (20)

{lvgl (M7 U),g2(u7 U)v B 'ag6(u7v)}

is implied by {1,K(u),uK (u),u’K(u)} being linearly independent. Let (U, V) be a bivariate
random variable with a joint density ¢(u,v) = § /' (v|x)I(—1<u<1). Clearly, the distribution of
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(U, V) is absolutely continuous with respect to the Lebesgue measure in R* and the density ¢ is
positive in an open set in [-1, 1] x R where the g5 are continuously differentiable and
{1,g,(u,v),8,(u,v),...,8¢(u,v)} are linearly independent. From lem. 2.2 of Bhattacharya &
Ghosh (1978), the distribution of (g;(U, V), g,(U,V),...,g¢(U,V)) has a non-zero absolutely
continuous component. It may be shown from Hall (1992b, p. 65f) that this in turn implies the
analogue of the Cramér’s condition in (20).

To prove (19), we notice that

00

I(t|,...,t6):hj J exp{Ztkgkuv} (x — hu)f (v|x — hu) dudv

—00

1
:l—hJ S (x — hu) du
Ja
1 oo
+hJ ‘ exp{ Ztkgkuv} (x — hu)f (vjx — hu) dudv
~1.
1
zl—hJ f(x — hu)du
-1

+h“ilr exp{ Ztkgk U, } (v|x)dudv+an} (21)

oo

where a, =o(1) as h — 0.
From lemma 1, it can be shown that there exists ¢ > 0 such that

ZST,F‘) F;Hl J exp{ Ztkgk u v} x)f (v|x) du dv

Let /& be small enough such that |a,| < 2/ (x)e’ and

<f(x)(1 = 3¢€). (22)

1
J_lf(x — hu)du = 2f (x)(1 — €).

Thus, from (21) we have

[(t1,....t6)| <1 —2hf(x)(1 =€)+ 2hf(x)(1 — 3€) + 2hf (x)€
=1-2hf(x)€,
which gives (19) and thus (18).

Proof of Theorem 2. Put
Uy = Uy —y(x/h)f2(x), Us = doo —oo(x/h)f(x), Us = do12 — oo(x/h)f(x)V(x).

To simplify the notation, we will hide the argument x/h of o; and f; in the following. The
definitions of f; and y are in (9). Notice that

B nh Us U
= P(x/h){l +0tof(x)}\/1 + 45

where
Ay = {O(())/2f5 (x) V(x)}il{UAlU; + 2yf2(x)UQU4 + y2f4(x)U4 — ZU]UZ(I)()]]
— 22()Thont + T T3 + a0 f )T} + 721400} {Ts + 23/2(x)Ta}.
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Let
To = V/nh] ple/ WO = Ta/ {2 ()} = Ta/ {200 )V (1)} + Ts o (1)}
+ PPV @F Y WTE =50+ H W0V 00} (T~ 4V ()T Ta}
+ {OLOVf3(X) V(x)}*l{UI(D()“ + %U2U4 — V(X)UZU;H

By Taylor expansion, we have 7, = T,,+ R, where R, = 0[,[{(71}1)_1/2 + A} It may be
shown, again using the method described in Hall (1992b, pp. 76-77), that

P(T, <u) = P(T,p<u) + O[{(nh)""* + h}’].
Computation shows that the cumulants of T,,, are

ki = p(x/h) "2 {Vnhu + d\ (nh) "2} + O{(nh) PRt + (nh) "V R? + (nh) Y,

ky =1+ ash + p(x/h) " dy(nh) ™" + O{W* + (nh)""h + (nh) "},

ks = pl/h) ">y ()2 + O{(nh) ™" + (nh) 2},

ks = p(x/h)~2ds(nh) ™" 4+ O{(nh) "' h + (nh)*},

k= 0{(nh®)" "2} for =5,

where

p=5{03(x/h) — o (x/h)os (x/h) } 2 (x)m" (x) I,

dy = p~ (/W@ @)V () (03 + 2000081 — 2003 — i fs)
+ L@V (x)(—oaBy + 2oy — oifs)} (23)
+ {2009/ ()7 ()} {1 () V (%) Bowon o — o — 2003) — £ (x) V' (x)ou 7}

and a},j =1,3,4,5, depends only on f, V" and x/h whose detailed forms are not given here as
they are quite tedious.

By deriving the generating function for T,, and converting it we have the following
Edgeworth expansion:

P(|Ta| <z4) = o0 = 2¢(za) L Hi (2) p(x/ 1) ' nhys® + S @b Hy (z4)h
+ {3 p(x/h) " asH (z0) + 3 p(x /)7 (@) H (20) + 25 p(x/h) a5 Hy (25)
+Ep(x/h) P aidy i (2) + 55 p(x/R) 7 (a)*Hs(z0) } (nh) ]
+ O{(nh)"21* + (nh) " 2h + 1® + (nh) 7}

=: o — {dinh® + dsh + d3(nh)""}
+ O{(nh)"*1* + (nh) "2 h + 1 + (nh) 7}
where
di =5 p(e/h) " 2ap(za) {03 (x/ ) — o (x/ h)as (x/h) )/ (x)m” (x)

and dy = zy¢(z4)da’ where dj is defined in (23). The exact expression for ds is quite tedious to
write out. It can be derived by working out g}, a5, @} and a5 as we have done in the proof of
theorem 1.
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