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Abstract

This paper proposes a constrained empirical likelihood confidence region for a parameter f3,
in the linear errors-in-variables model: Y; = x}f, + &, X; = x; + u;, (1<i<n), which is
constructed by combining the score function corresponding to the squared orthogonal
distance with a constrained region of f3,. It is shown that the coverage error of the confidence
region is of order n~!, and Bartlett corrections can reduce the coverage errors to n~2. An
empirical Bartlett correction is given for practical implementation. Simulations show that the
proposed confidence region has satisfactory coverage not only for large samples, but also for
small to medium samples.
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1. Introduction
Let (X,Y) be a pair of random variables from the following linear errors-in-
variables (EV) regression model:
Y=x"fy+e, X=x+u, (1)

where f; is a p x 1 vector of unknown parameters, x and u are the p x 1
unobservable covariates and measurement error vectors, respectively, Y is a scalar
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response and ¢ is the model error. It is assumed that x and (¢,u")" are independent.
Let X, =: Cov(x) and X, =: Couv(u) be the covariance matrices of the covariates and
the measurement error. In order to identify model (1), we assume X is a positive
definite matrix (PDM) and X} =: X, /var(¢) is a known p x p PDM. Without losing

generality (otherwise, transform X by X 1_1/ ¢ ), we assume
E[(e,u”)] =0, Covl(e,u”)"] = 6*I,41, (2)

which means ¢ and u have the same dispersion parameter ¢>>0. This is the
standard framework taken by Cui and Li [5], Liang et al. [9, p. 1523], and He and
Liang [8]. Another way to identify model (1) is to assume that X, is a known p x p
PDM [7].

The last two decades have seen an increasing number of applications of the linear
EV model due to its simple form and wide applicability. Comprehensive reviews on
the research and development of the EV model can be found in [1,7] and the
references therein. An important problem in the EV regression model (1) is how to
construct confidence regions for 5, when the distributions of ¢ and u are unknown.
In this nonparametric setting, the standard method is to construct confidence regions
based on the asymptotic normal distribution of an estimator of f§, by estimating the
asymptotic covariance matrix of the estimator. While the covariance matrix is easily
estimated in a standard linear model without measurement errors, this is not the case
for the EV model as the covariance has a complicated form due to the error u in the
observed covariate X. Any direct estimation may be subject to large error which may
lead to larger coverage errors for the confidence region. Also, there is no guarantee
that the estimated covariance is positive definite for a finite sample size. The
bootstrap has been used to construct confidence regions for ;. However, like all
the multi-dimensional bootstrap confidence regions, subjective instructions on the
shapes and orientations of the regions have to be given.

The empirical likelihood as an alternative to the bootstrap for constructing
nonparametric confidence regions were introduced by Owen [11,12]. Instead of
resampling with equal probability weights like the bootstrap, the empirical
likelihood profiles a multinomial likelihood under a set of constraints which reflect
the characteristics of the quantity of interests. Important features of the empirical
likelihood are its automatic determination of the shape and orientation of a
confidence region by the data, and its implicit studentizing carried out in its internal
optimization without the need to estimate the covariance explicitly. Furthermore, it
has been shown in many cases that the empirical likelihood confidence regions are
Bartlett correctable, meaning that a simple mean adjustment reduces coverage error
by one order of magnitude, see [6] for smoothed functions of means, Chen and Hall
[4] for quantiles and others. The empirical likelihood has also been used for
parameters defined by estimation equations in [10]. Owen [13] proposed empirical
likelihood confidence regions for f; in the ordinary linear model without
measurement error by deriving a nonparametric version of the Wilks’ theorem.
The coverage accuracy and Bartlett correction of the confidence regions are
evaluated in [2,3].
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The aims of the paper are to construct empirical likelihood confidence regions for
fo in the EV model and to evaluate the coverage accuracy and Bartlett correctability
of the confidence regions. In the linear EV model (1)-(2), the estimation of f, is
obtained by solving a score equation that adds up squared orthogonal distances
from each data point to a hyperplane in R”*!' (see (3) in Section 2). The score
function has more than two solutions and obviously only one of them is genuine.
This is a quite different situation from an ordinary linear model. The empirical
likelihood has to be constrained in order to eliminate those unwanted solutions by
restricting the parameter space in a region such that the score equation has an unique
solution that converges to f,.

The paper is organized as follows. We formulate the constrained empirical
likelihood and confidence regions for 5, in Section 2. The coverage accuracy and
Bartlett correction are studied in Section 3. Empirical results from a simulation study
is presented in Section 4. Section 5 provides extensions to other EV models which are
parallel to the linear EV model (1)—(2). All the technical proofs are put in Section 6.

2. Empirical likelihood confidence regions

Suppose {(X1, Y1), (X2, Y2), ..., (Xy, Yu)} is an independent and identically
distributed random sample from the model (1)-(2). An estimator of f, given by
the generalized least square (GLS) method is

R ) n (le _ X-rﬁ)z
=arg min L 3
fr=arg min 3 o 1812 ®)
where (Y; — X7f)>/(1 + ||B|?) is the squared orthogonal norm from a point (X;, Y;)
to the plane Lg = {z:zeR*! (f",—1)z=0}. Here ||-|| denotes the Euclidean

norm. The estimator f§, is strongly consistent and asymptotically normal [5]. Its
asymptotic variance of \/7(f, — ) is £ = X722 where
(e — ”Tﬂo)2
(1 +11BolP)
is p x p PDM provided the following moment condition is satisfied:

Ellef* + [Jul|*) < + 0. (5)

S0 = (U4 [IfolP)Z + Cov| (e — wfo)u + Py @

Eq. (3) implies that f, is a root of the following score equation:
1 n
ni4

where

(Y — X;B)

1

S EZi(py)] = 0.

Zi(p) = Xi(Yi — X7 ) +
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Usually, we estimate ¥ by the sandwich estimator 3,22 in which Xy =
%E?:lzi(ﬁn)Z}(ﬁn) where an estimator for X, given in (13). But we could not

guarantee the X, is a PDM, and the finite sample estimation error of X can be
substantial as shown in our simulation.

Let pi,...,pn be non-negative numbers adding to unity. The log empirical
likelihood ratio evaluated at [, a candidate value of f5,, is

/(B) = - Zprlmln glog np;). (7)

By introducing a Lagrange multiplier A€ R’*!, standard derivations in the empirical
likelihood lead to

n
/(B) =2 log{1+ X Z(B)},
i1
where 4 satisfies
— 1+ 2"Zi(B)
We have the following nonparametric version of Wilks’ theorem.
Theorem 2.1. Under the moment condition (5), as n— oo £(f;) i;{;.

In a standard situation, an empirical likelihood confidence region with nominal
level of o« would be

CRyo = {Bol? (Bo) <cu} (8)

by contouring /(f) where ¢, satisfies P{ ;(12, <cu} = o. However, for the EV model the
above confidence region is not appropriate. This is because, as mentioned in the
introduction, the equation E[Z;(ff)] = 0 has at least two solutions when f,#0 (see
the lemma in Section 6). As the empirical likelihood ratio /() achieves its minimum
value 0 when all p; = 1/n, /(f) will be zero at all the roots of the score equation. So,
the empirical likelihood surface is multi-modal. As a result, the confidence regions
given in (8) will be disconnected and inconsistent.
To overcome this problem, we restrict f§ in a sub-parameter space
(Y - x°B)°

Q= {ﬁ:E T <11[E(XX’)]}7

where #;(B) is the minimum eigenvalue of a matrix B. Note that

Q={B: (B—Bo)"Zx(B = o)/ (1 + [IBIF) <tr(Z4)},
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and Q is a open convex space and f,eQ. If E(Z;(f)) = 0 and f#f3,, then  should
satisfy o = —1 (see the proof of the lemma in Section 6). Hence,

(B~ P26~ o) _ ¢ <x>||ﬁﬁo|2:tl(2x)[l+<1+|ﬁo||22>]>tl(zx>.

(1+11BII%) (11817 (1 +[BI1)
Thus, fEQ. This means that E[Z;(f)] = 0 with feQ is necessary and sufficient for

B =By
o= (o S Ut ey 52 v}

Define

as an estimator of . The lemma in Section 6 shows that ©, is also open convex and
P{fyeQ,}—1, as n— co. Therefore, constraining /() for f€Q, will eliminate the
multiple solution problems. A proper confidence region for f, is then

CRyor = {Blpen, /(B) <cu} ©)

by restricting the naive confidence region CR, in €,. Theorem 2.1 shows that CR, ¢
has correct asymptotic coverage level.

The empirical likelihood confidence region is not convex. However, it is
“asymptotically convex’ which means that there is a convex region such that the
gap between CR, . and the convex region attract zero probability as n— o0. To
appreciate this point, let Isel(f) = n(f — By) 25" (B — By) where o = Cov{Z;(,)}.
The expansion given in the proof of Theorem 2.1 shows that /() = Isel(f) + 4(p)
where  A(B) = 0,(n~'/?)  for B=Py+0,(n""/?). Define CR, 1=
{B|B ey, Isel(f)<c, -1} where ne(0,1/2). Clearly, CR, -1+, is convex for
any n. Let A = {CR, 1 — CR,,, 100 } U{CR,,, 12:s — CR, ¢} be the “gap” between
CR,q and CR,,,, 12y Clearly, fe 4 if and only if [A(B)|> |y — Cypp1/2en] ~ con™/>H1
for a positive constant ¢y which is related to the derivative of the ;(12, quantile function

at ¢,. As A(B) = 0,(n~'/?),
P(BeA) = P{|A(B)|>con >} 50 as n— 0.

3. Coverage accuracy and Bartlett correction
Let W; = zg‘/zzi(ﬁo), we have E(W;) =0 and Cov(W;) = I,.

Theorem 3.1. Assume that E[||x||" + (|[ul]* +¢2)"°]< + oo and the characteristic
Junction of Z,(B,) satisfies the Cramér’s condition supy, - |g(¢)| <1 for every positive
b. Then

P{Bye CRy a1} = o — acax//p(ca)n—1 + 0(,1—3/2)7
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where y,(-) is the density of ;(12, distribution and

a=p \LEWiW)? —LE(Wiwy)?). (10)

Theorem 3.1 reveals that the coverage error of CR,. is of order O(n™1).
The global and local type II errors of CR,. is considered in the following
Theorem 3.2.

Theorem 3.2. Under the conditions of Theorem 3.1, we have

lim P{fe CR, a1} =0 for any fixed B#PBo.

. 5 3 |-
Jim P{Bue CRua} = PN <ca} for fu= o+ =202,

where )512)(||y| %) stands for the noncentral y? random variable with p degree of freedoms
y 2for a fixed ye RP.

and noncentral parameter

From expansion (15) in Section 6, we may obtain the following expansion for

E[1(Bo)):
E[I(By)] = p(1 +an”") + O(n™?),

where a is given by (10). It is known that part of the coverage error of CR, is
due to the fact that the mean of /(f;) is not p, the mean of /ﬁ Bartlett correction
is a procedure that reduces the coverage error by re-adjusting the mean
of /(). We demonstrate in the following theorem that CR,q is Bartlett
correctable.

Theorem 3.3. Assume that the conditions of Theorem 3.1 hold. Then
P{l(By) <cx(1 +{n7 ")} =+ O(n™?),

1/2_consistent estimate of a.

where P{x§<ca} = o and ( is either a or an n

The theorem means that a simple mean adjustment to /Z(f) reduces the size of
coverage error from the order n~! to the order n~2. For practical implementation, we
give an n'/2-consistent estimate of a. Let 5, be an n'/2-consistent estimator of f, for
instance that given in (3) or the orthogonal L; estimator given by He and Liang [8].
Let Z; = Z,-(ﬁn) and X, = %Z;’:l ZiZ} be an estimator of Xy. Then, an estimator
of a is

n

Gy =p~! G”l > 1Zi5'Z) —éwn DY [Z”EZ”O‘Z}P>~ (11)
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A Bartlett corrected confidence region for f:
CRy et = {BIBEQu, £(B) <cu(l +dn ")} (12)

4. Simulation study

We report results from a simulation study designed to evaluate the performance of
the proposed empirical likelihood confidence region and compare it with the
confidence region based on the asymptotic normal distribution of the generalized

linear square estimator ﬁn given in (3). Our simulation shows that the empirical
likelihood confidence region has better coverage and shorter length than that based
on the normal approximation.

Cui and Li [5] proved that

\/ﬁfgl/z‘v:xu?n - Bo) i> N(O,Ip) as n— oo,

where

1 (Y — X7
SO (= X (13)
P = N Al

Therefore, we can formulate the following normal approximation based confidence
region with nominal confidence level a:

xnor {ﬁ ( ﬁ)ff(ﬁn 7[)))<C%},

where ¥ = 2,352,

We start with the following framework of simulation designed to compare the
coverage of CR,q with that of CR, . We choose p=2 and two sets of
distributions for x, u and &: (i) x~N(0,5), u~N(0,6°L) and e~ N(0,¢?); and (ii)
x and u are the uniform distributions on D; and D,, respectively, where D; =
[—V/3,V3] x [-V/3,V3] and D, = [-V/30,v/30] x [-\/36,4/30], and e~ N(0,0?).
The true value of B, is fixed as (1,0)", the sample size n = 20, 30,50 and 100, the
standard dispersion parameter ¢ are 0.9 and 0.3, and nominal coverage level o are
0.90 and 0.95, respectively. For each simulation, the empirical coverage is evaluated
by contouring the proportion of /(f;) <c, for the empirical likelihood regions and
similarly done for the asymptotic regions.

Tables 1 and 2 contains the empirical coverage of the two types confidence regions
based on 1000 simulation. It is fairly clear that the empirical likelihood confidence
region has much better coverage than its normal approximation counterpart
consistently over the entire range of sample size considered and both sets of
distributions for x, u and ¢. The improvement in coverage by using the empirical
likelihood is substantial for n ranging from 20 to 50.

We then proceed comparing the size of the two types of confidence regions, which
in turns requires determination of the boundary of the confidence regions. The

:I'—‘

boundary can be located by computing Z(f) over a densely spaced lattice around Bn.
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Table 1
The coverage probability comparisons of confidence regions when x~N(0,1,), u~N(0,6%1,) and
e~N(0,0%).

=03 g=09

o =0.90 o=0.95 o =10.90 o =0.95
n GLS ELR GLS ELR GLS ELR GLS ELR
20 0.764 0.915 0.825 0.970 0.762 0.831 0.828 0.869
30 0.807 0.908 0.871 0.961 0.815 0.872 0.879 0.920
50 0.856 0.905 0.913 0.958 0.828 0.894 0.915 0.948
100 0.865 0.898 0.952 0.951 0.870 0.902 0.913 0.953

Table 2
The coverage probability comparisons of confidence regions when x~ U(D;), u~ U(D,) and e~ N(0,6?).
=03 d=09
o =0.90 o=0.95 o =0.90 o=0.95
n GLS ELR GLS ELR GLS ELR GLS ELR
20 0.775 0.913 0.833 0.963 0.778 0.839 0.823 0.878
30 0.831 0.909 0.873 0.958 0.820 0.881 0.866 0.941
50 0.854 0.906 0.901 0.948 0.847 0.897 0.906 0.957
100 0.878 0.902 0.930 0.953 0.882 0.905 0.915 0.948

At a given point on the lattice, if () > (<)c, the f§ is outside (inside) Cg,, and the
boundary corresponds to /(f) = ¢,. For simplicity of computation, we consider the
case p = 1. The size of confidence region reduces to the length of confidence
intervals. We set the distributions of x, u and ¢ as x~N(0,1), u~N(0,0?) and
e~ N(0,0?), respectively. The true value B, = 1, standard dispersion parameter ¢ =
0.3, and nominal coverage level o are 0.90 and 0.95, respectively. The sample sizes are
n = 20,30, 50, 100. We draw a random sample with sample size n, compute Z(f3), Bn
and €,. Then construct the confidence intervals CR,¢ and CRynor, and get their
lengths (denoted as L. and Ly, respectively). The above procedure is repeated 100
times. We then obtain the average and standard deviation of their length difference
LD = Ly — L. The /(f) and range of Q, are reported in Fig. 1 for n = 100. It
shows that /(f8) has quadratic form near two local minimums, Q, is an interval which
covers the true value ff, = 1. Obviously, the CR, ¢ is a connected interval. The results
are similar for the other values of n. Table 3 summarizes the length comparisons for
various sample size and nominal coverage level o. It reveals that CR,nor is much
longer than CR, ¢ for all the cases considered. It is quite remarkable that the length
of the empirical likelihood confidence interval is shorter than that of the normal
approximation confidence interval over 90% of the times when n<30. Although, the
percentage decreases to 70% when # increases from 30 to 100, it is still remarkable by
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1(b)

- -
-
o — / \/
T T T T T
—-1.0 —0.5 0.0 0.5 1.0

Fig. 1. Log empirical likelihood ratio /(f8) versus f§ and range of Q,.

Table 3

The LD comparisons of confidence intervals with o = 0.95.

Sample size o Ave. of LD Std. of LD Percentage of LD >0

20 0.90 0.104 0.091 99
0.95 0.159 0.114 98

30 0.90 0.072 0.077 92
0.95 0.118 0.127 94

50 0.90 0.032 0.041 84
0.95 0.043 0.045 85

100 0.90 0.007 0.014 74
0.95 0.008 0.015 72

all measures. We also observe that the average difference of length increases as o is
larger which is expected.

5. Extensions

In this section we consider possible extension of the empirical likelihood
to other EV models. For a linear EV model: Y;=x{fy+¢&, Xi=x+
u; (1<i<n), E[(e1,u})] =0, Cov(u;) =X,>0 known, which is the key model in
[7] and has a slight different variance assumption from ours. It is easier to construct
confidence regions and there is no need to restrict the parameter space. The empirical
likelihood 7(f) can be established based on a score function corresponding to the
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adjusted square norm (Y; — X fﬂ)z — B°Z,B (except a constant factor):
Zi(B) = Xi(Yi — X[B) + Zup.

Since EZ;(f) = 0< i = f3,, there is no need to place restriction on f5. Theorems 3.1
and 3.3 of this paper remain true under some regular conditions.

For a nonlinear EV model: Y; =f(x;,fy) +&, Xi=x+u; (1<i<n), 2, =
Cov(x) is a PDM. Assume that the distribution of (x, ) is known and E[(¢,u")"] =
0. In order to identify the nonlinear EV regression model, we need the additive
assumption

E{WE(WX’ B) - f(x, ﬁo)]X)} =0 if and only if g = By,

where E[f(x, §)|X] is the conditional expectation of f(x, §) given X. Let

2ip) = LD 3, - e v

be the score function corresponding to the squared distance (Y; — E[f (x, 8)| X))’
We have E[Z;(f,)] =0 and EZ;(f) = 0 is necessary and sufficient for f = f5,. The
empirical likelihood can be established accordingly.

6. Proofs

Lemma. (i) The equation EZ;(f§) = 0 has at least two solutions when B,#0.
(i1) Q (or Q,) is nonempty, open and convex set (a.s.).

Proof. Note that

B — B E(By —
E[Z(B)] = =:(Bo — B) + (Bo — B)'Z, (ﬁzo B)
L+ |Bll
It is obvious that = f3, is one solution. Suppose f#p, (B, #0), we only prove,

without loss of generality, that (14) has at least one solutions for X, =

p. (14)

diag(a?, ...,0127) (If 2, is not a diagonal matrix, we can make eigenvalue—eigenvector
decomposition 2, = U'AU, where A is a diagonal matrix, then corresponding f is
Up). From (14) and E[Z;(f)] = 0, it is easy to get S5 = —1 by multiplying (5 — )"
on the two sides of the equation E[Z;(ff)] = 0. Let ¢>0 satisfy

2

9
B =1
ZC—O'JZ/OJ

jeJ

and f = (X, — cI,) " 2, By, where By 1s the jth component of fy, J = {j : f;#0} and
“+” stands for the Moore—Penrose inverse.

We shall show that this f#f5;, and is a solution of the equation E[Z;(f)] = 0.
Since f,#0, then J#0 and c;éaf (jeJ) from the definition of ¢ given above,

thus f#p,. Note that f, — = (I — (X, —cl)" Z,)B,, then by some calculations,
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we obtain that

(Bo = B) Zx(Bo = B) = B3I — (Zx — ) " Z4) Zull — (2 — Cl)Tx)ﬁo

2 2
_Zo'< >ﬁ0]—(?22 » 2ﬁ0]7

jeJ ]eJ

BB — Bo) = BoZx(Zx — D) " ((Zx — eI) 2y = 1)y

2
_Za—c<a )ﬁol_cz 2ﬁ0/

jeJ ]EJ ./
Therefore,
(Bo — BY Zx(Bo — B) _ (Bo— BY Zx(By — B) _
1+ 18I B (B = Bo)

Hence the f is a solution of E(Z;(f)) = 0 from (14). This completes the proof of (i).
We now turn to the proof of (ii). By the definition of Q,

Q={p: f[2x = 1(Z) LB = 2B02(B = Po) — BoZxPo — 1(2x) <O}

Note that f,eQ, X, —t,(2\)], is a p x p nonnegative matrix, and the restriction in
the Q is a quadratic form, so we claim that Q is nonempty open and convex set.
Employing similar argument to the Q,,, we complete the proof of (i1). O

Proof of Theorem 2.1. Since the analytic solution for A is not obtainable, we have to
resort to asymptotic expansions. Using an expansion given in [2], under some
moment conditions, we have the following Taylor expansion for Z(f,),

n(By) = A A — AAA* + G + 24— 2 A AR A
+ (g — L A A A A+ AT A A A+ 0,(n7),  (15)

where @'k = n_IZE( VVij] VVijk) and Ak = n—lz([/Vij] VVijk _ Ozil":/'/c), W; is
defined in the beginning of Section 3. Here we use the summation convention
according to which, if an index occurs more that once in an expression, summation
over the index is understood.

It follows from condition (5) and the central limit theorem that \/n wiN (0,1,),
where W = %Z:’:l W;. From expansion (15), we have
Lo _ _ d
£(Bo) = nA 4 + 0,(1) = (V)" (vVnW) + 0,(1) = 7.
This completes the proof of Theorem 2.1. O

Before giving a proof to Theorem 3.1, we need some preparation as follows. We
decompose 7(f,) from (15) as

?(By) = (VaR)(VnR) + 0,(n~>), (16)
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where R = R; + R, + R3 is p-dimensional vector and R; = OP(n‘f/z) forj=1,2,3.
Comparing terms in (15) with those in (16) yields,

Ri=4, R,=-14"4"11ad"" 4 4™,
R :%AijkmAk n IA/kmAkAl 3 gk gl gk 4!
ey kim gjm gk g1 | Ot/kqoz/qumAkAl oz/k/mAn1AkA17
where R’, is the jth component of R;.

Proof of Theorem 3.1. Chen [2] handled auxiliary random vectors Z;(f,),
Zio(Po)y -y Zin(Py) (1<i<n) for linear model which are independent but not
necessarily identically distributed random variables. Under conditions (i)—(vi) in his
Theorem 2.1, Chen established an Edgeworth expansion for P{/(f,<c,)} with a
remainder term of O(n3/?). Since our Zi(By), Z>(Bo); --., Zu(By) are independent
and identically distributed, we need only to check conditions (i)—(vi) in that Theorem
2.1 of Chen [2]. Conditions (i), (ii) and (vi) are satisfied automatically; the moment
condition ensues that conditions (iii) and (iv) hold as well; condition (v) is just the
Cramér condition assumed by us as well. Applying Theorem 2.1 of Chen [2] leads to
the following Edgeworth expansion:

P{l(fy) <cy} =0 — ac%t/J,,(c%)n_1 + 0(11_3/2)7 (17)
where a = p~! @ — Lgkmgin] = p=VLE(Wiwy)” — LE(Wiwh)’).
If pyEQ, then

L (Yi— X7B)°
Z L+ 1Boll?

i=1

3

Let Ay, =137 | X, X7, then A4y = E(A),) = £« + ¢°I,; and let

1 n
=2 XY
4 i=1 n =
2n — 1 n 1 )
- XY, - X, X?
n l:z:l ! n ; T
= E(ay) — [ PP+ B
" > Bo 3.+ a2,

Now (18) implies

(1 =Bo)[Aon = AoJ (L, =F0)" (0 gy 4 g (1, =Bp)42(1, —Bp)° y
A [t1(A1) — 1 (41)]= — ERTAT: + t1(A41).

Therefore,
[|[Aon — Aa|| + |41, — A1]| Z01(Zy).
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By the Chebyshev’s inequality
P{BoEQu} < P{[|A2n — A2|| + || A1n — A1[[Z11(21)}
< E([[ 42 = Ao + [| 41 -4,

ZI(ZX)4
< GE(|[Am — ' + (|41 — A1 |[') = O(n?), (19)

where C, is a positive constant independent of n. Combine (17) and (19),
P{fyeCRy a1} =P{PoeQn,/(Py) <y}
= P{/(By) <cu} — P{Bo €,/ (o) <ca}
=P{I(By) <cs} + O(n™?)
=0 — ac“lﬁp(ca)nfl + 0(n=3?). (20)
This completes the proof of Theorem 3.1. O
Proof of Theorem 3.2. It is obvious that from (14) and E[Z;(f)] = 0 that ;= —1.

It can be shown that || — B,|[*/(1 + [|B]]*) = 1+ (1 + [|Bo]|)/(1 + ||BI|*) > 1. Thus,
it ||f—PBoll>/(1+1IBII))<1, B is not any solution of E[Z;(f)] =0. From the

standard empirical likelihood theory, we have /() > oo a.s. as n— oo. Therefore,
when || = BolP*/(1+ [1BI*) > 1, we get

P{feCR,a}< P{feQ,}
3 2
< P{”Azn — Ao+ || A1y — ALl = 0(Z) (”ﬁﬁo” 1) }ao

1+ [IBI1
(21)
When [|f — Bo|[*/(1+|IBII>) <1 and B+ By, we get
P{feCR,q} <P{I(f)<c,}—0. (22)
So, the first part of the theorem is proved from (21) and (22).
For 8, = B, +in2;12(1)/2 y, it is obvious that
P{f,eQ,}>1 asn—-o (23)

and
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where Z(B) =1%"" | Z;(B). Then, we have

l(/}n) :nZ(/}n)TzalZ([ﬂ) + Op(l)

—n| Z(By) - V%Zé%] 5! [Z(%) - \/iﬁz(‘/zv +o,(1)

=2 bP)- (24)
We obtain from (23) and (24) that
lim P{f,eCR,a} = lim PU(R)<e} = lim P{A(RIP) <.
Thus, Theorem 3.2 is proved. O

Proof of Theorem 3.3. Since our Z,(f,), Z2(y), ---, Zn(Py) are iid., we check that
conditions (i)~(vi) of Theorem 3.1 in [2] are all satisfied, then we have that
P{I(By)<cy(1+{n 1)} =a+O0(n2). From (16), P{ByER,} = O(n~2), and it
concludes that

P{ByeQu,?(By) <cu(l + Cnil)}
= P{l(ﬁ0)<0a(1 + é’n_l)} - P{ﬁOéQna/(ﬁ0)<cu(l + é”_l)}
=o+0n?).
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