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Abstract Motivated by evaluating the treatment effects of a policy on an outcome variable with non-linear

time-varying confounding variables, we propose a dynamic synthetic control (DSC) method for semiparametric

time-varying additive autoregression outcome models. The proposed method allows microlevel data with

non-linear time-varying confounders, multiple treated units and spatial correlations. The DSC weights are

constructed by the empirical likelihood, which guarantees a unique solution and a consistent estimation of the

average treatment effect on the treated group. The semiparametric additive model provides more flexibility in

modeling and estimation, making it more favorable when either a parametric form of the model is unknown or

may be mis-specified. We develop a test for the unconfoundedness assumption based on the estimated effects in

the pre-treatment period and a normalized placebo test to determine the significance of the estimated treatment

effects. The proposed DSC method is evaluated by numerical simulations and a case study that evaluates the

effects of air pollution alerts in Beijing.
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1 Introduction

Evaluation of effects of a treatment or policy intervention is an important task in many scientific fields

such as economic research and evaluation, medical studies especially clinical trials, social sciences and

beyond. Examples include studying the effects of natural disasters on economy (Cavallo et al., 2013),

health insurance ineligibility on access to medical care (Viviano and Bradic, 2023), single-unit intervention

in epidemiology (Bonander et al., 2021), impact of vaccines or new drugs (Bruhn et al., 2017; Lin et al.,

2018) and so on. When there is no random assignment, the synthetic control (SC) methods (Abadie et al.,

2010, 2015; Abadie and Gardeazabal, 2003; Doudchenko and Imbens, 2016) are often applied to estimate

the treatment effects of policy intervention. The SC method enables estimation of the causal effects of

a particular treatment or policy by constructing synthetic controls that mimic the characteristics of the

treated unit in the absence of the intervention, which has become a vital analytical tool in many scientific
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fields for evaluating policy intervention. Athey and Imbens (2017) described the SC method as “arguably

the most important innovation in the evaluation literature in the last 15 years.”

Extensions of the SC have greatly expanded in recent years. Abadie and L’Hour (2021) proposed

penalized SC methods for multiple treated units, Ben-Michael et al. (2021a) proposed the modified SC

along the lines of bias-correction, and Ben-Michael et al. (2021b) considered the case where the treatment

initiation time varies among units. Athey et al. (2021) and Bai and Ng (2021) applied matrix completion

to estimate the causal effects for panel data. Ferman and Pinto (2021) proposed a demeaned version

of the SC method when the pre-treatment fit was imperfect. Viviano and Bradic (2023) developed a

non-parametric algorithm for detecting the average treatment effects over time in the context of the SC.

A major limitation of the SC method is its requirement that the synthetic control weights remain

time-invariant, which prevents its use in dynamic situations. Specifically, the weights of the SC method

are constructed by matching the outcomes and covariates in the pre-treatment period. Although Abadie

et al. (2010) considered a dual dynamic linear model, the weights were still time-invariant and obtained

by matching the covariates and outcomes only at the time point when the treatment was assigned. To

accommodate time-varying covariates, Zheng and Chen (2024) developed a linear dynamic synthetic

control (DSC) approach, which showed that the SC estimate would incur a larger variance under the

dynamic linear models compared with the linear DSC estimates as the SC method does not control the

covariates at each time point.

Both the SC and the DSC (Zheng and Chen, 2024) approaches assume linear models which may

not be satisfied as the influence of the confounding variables may be non-linear and nonparametric.

Semiparametric models provide more robust specifications, making them more favorable when either the

parametric form is either not available or subject to mis-specification. Moreover, there are usually many

variables with non-linear time-varying effects on the outcomes, in which case only matching the covariates

and outcomes may lead to undesirable estimates of the treatment effect. As shown in our case study of

the effects of the air pollution alerts, the variables like wind speed, humidity, and dew point temperature

have evidently non-linear effects on the air quality.

To evaluate dynamic treatment effects under a general dynamic panel data model with time-varying

confounding variables, we use the time-varying additive autoregression to model the outcome variable,

where the unknown additive functions are estimated by the spline-back-fitted-kernel (SPBK) method

(Wang and Yang, 2007). After attaining the estimated additive functions, we apply the empirical

likelihood (EL) (Chen and Van Keilegom, 2009; Owen, 1988, 1990) to construct the synthetic weights.

The use of the EL ensures unique solutions to the matching weights, which overcomes an issue of the SC,

and leads to consistent estimates of the average treatment effect on the treated (ATT).

As the model contains lagged outcome variables that are unobservable in the post-treatment period,

one has to impute them to evaluate any treatment effects. For a general bivariate function my(·, ·) of t and
yt−1, my(·, ·) may be non-linear in the lagged outcome Yi,t−1(0), then we need to impute each treated unit

as E [my (t, Yi,t−1(0))] ̸= my (t,E [Yi,t−1(0)]). For a special case with my(·, ·) linear in Yi,t−1(0), we only

need to impute the mean of the lagged outcome variables in the absence of the treatment. We propose a

statistical test to test whether my(·, ·) is linear in yt−1. We also develop an unconfoundedness assumption

assessment test and a normalized placebo test to determine the significance of the estimated treatment

effects. Extensive simulation studies are conducted to show the correctness of the theoretical results

and the finite sample performance of the proposed method. Finally, we apply the proposed methods to

evaluate the treatment effects of air pollution alerts in Beijing.

The main contributions are summarized as follows. First, the weights were time-invariant in the

existing synthetic control method, while we allow the weights to differ at different time points. Second,

we allow the covariates X and the lagged term Yit(0) to have nonparametric time-varying effects on the

outcomes, which are modeled by general bivariate additive functions
∑p

k=1 mk(t,Xk) and estimated by

the SPBK method. In contrast, both the SC and the dynamic SC (Zheng and Chen, 2024) approaches

assume linear models. As shown in our case study of air pollution alerts, variables like wind speed,

humidity, and dew point temperature had evidently non-linear effects on air quality. Third, we impute

the lagged outcome for each treated unit in the post-treatment period rather than directly estimating the
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mean of the counterfactual outcomes by synthetic controls due to the non-linearity in the lagged outcome

and its unobservability for the treated group in the post-treatment period. We also develop a hypothesis

test for the linearity in the lagged outcome, as the linearity in the lagged outcome would greatly reduce

the complexity of the DSC process. The theoretical results for the proposed method are also established,

including the theoretical properties of the SPBK estimation of additive functions, bounds on the weights

constructed by the empirical likelihood and convergence of the estimated ATT under both perfect and

imperfect matching.

The paper is organized as follows. Sections 2 and 3 introduce the DSC method for the time-varying

additive autoregression model. The estimation of the additive functions is given in Section 4. Section 5

presents the theoretical results of the proposed method. Several hypothesis tests are shown in Section 6.

Simulation results are reported in Section 7 and a real data application is given in Section 8, followed

by a conclusion in Section 9. Technical details and additional results are given in the Supplementary

Material (SM).

2 Semiparametric Model Setting

Let N = Ntr +Nco denote the number of units observed for a duration T with Ntr and Nco units in the

treated T and control groups C, where T and C denote the sets of unit indexes in the treated and control

groups, respectively. Units in T are exposed to a policy intervention after time T0, which are called the

treated units. Units in C remain unaffected by the intervention. The variable Dit indicates whether unit

i is exposed to the intervention at time t (Dit = 1), or not (Dit = 0) and Di = Di,T0+1 denotes whether

unit i is exposed to the intervention after T0. The outcome of interest is denoted by Yit and Xit is the

p-dimensional vector of covariates affecting the outcome Yit. Following the notion of potential outcomes

(Rubin, 1974), let Yit(0) and Yit(1) denote the potential outcomes observed for unit i at time t when

Dit = 0 and Dit = 1, respectively. The observed outcome Yit = Yit (Dit) is contingent on whether the

intervention affects unit i at time t or not. The goal is to estimate the average treatment effect on the

treated group during the post-treatment period at time t,

τt = E(Yit(1)|Di = 1)− E (Yit(0)|Di = 1) for t > T0. (2.1)

While the first term E (Yit(1)|Di = 1) can be readily estimated by the sample average of the outcomes for

the treated, namely N−1
tr

∑
j∈T Yjt, an estimator for the second term E(Yit(0)|Di = 1) has to be specially

constructed as the would-be outcomes in the absence of the treatment for the treated are not observed.

We consider its estimation by the proposed semiparametric DSC method.

To accommodate the non-linear influence of the covariates on the outcomes, we consider the

semiparametric time-varying additive autoregression model (2.2),

Yit(0) = m0(t) +

p∑
k=1

mk(t,Xit,k) +my(t, Yi,t−1(0)) + εit, for 1 ⩽ i ⩽ N, (2.2)

where m0(t) is an unknown baseline function of time t, Xit,k is the k-th covariate of Xit for unit i at

time t, and my(t, Yi,t−1(0)) and mk(t,Xit,k) are the unknown time-varying additive functions which are

identifiable under the constraints
∫
mk(t, xk)fk(t, xk) dxk = 0, for every t, k = 1, . . . , p+ 1, where fk(t, ·)

denotes the marginal density of the kth covariate at time t,with Xij,p+1 = Yi(j−1)(0) and mp+1 = my.

The error term εit is assumed to be independent of {Xit, Yi,t−1(0)} with zero mean at each time t and is

allowed to be spatially dependent such that
∑

0⩽|i−j|<N E(εitεjt) = O(N). Model (2.2) is more general

than that treated in Zheng and Chen (2024) in that the nonparametric form is assumed on the influence

of time and the covariates Xt, Yt−1(0). This allows the lagged outcome Yit−1(0) and the covariates Xt to

have non-linear and time-varying effects on the outcome.

The following assumption is needed in the analysis.
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Assumption 2.1. (i) For 1 ⩽ t ⩽ T, 1 ⩽ i ⩽ N , Yit = DitYit(1) + (1 − Dit)Yit(0); (ii)

E(Yit(0)|Yi,t−1(0),Xit, Di = 1) = E(Yit(0)|Yi,t−1(0),Xit, Di = 0); (iii) P(Di = 1) > 0; P(Di =

1|Xit, Yi,t−1(0)) < 1 with probability one.

The consistency assumption, Assumption 2.1(i), guarantees each unit at each time has one of the

potential outcomes observed. By Assumption 2.1(i), τt = E(Yit|Di = 1) − E(Yit(0)|Di = 1) for t > T0.

Assumption 2.1(ii), called the unconfoundedness assumption (Imbens and Wooldridge, 2009), is used

to identify τt. It is a common assumption in treatment effects estimation (Abadie et al., 2010; Shi

et al., 2022; Viviano and Bradic, 2023) and also relates to the conditional parallel trends assumption

if lagged outcomes are included as covariates (Roth et al., 2023). Assumption 2.1(ii) requires that the

conditional expectations of Yit(0) are the same for both the treated and control groups when the covariates

(Yi,t−1(0) and Xit) are controlled. It is equivalent to the conditional mean independence assumption

that the conditional mean of Yit(0) given the covariates Yi,t−1(0),Xit is independent of the treatment

Di, that is, E(Yit(0)|Yi,t−1(0),Xit, Di) = E(Yit(0)|Yi,t−1(0),Xit), as assumed in Chapter 5 of Angrist and

Pischke (2009). Assumption 2.1 (ii) is a weak version of the (full) conditional independence assumption

(Imbens and Wooldridge, 2009; Shi et al., 2022) or the so-called ignorability conditional on the lagged

dependent variable (Ding and Li, 2019; Viviano and Bradic, 2023). The ignorability conditional on the

lagged dependent variable means that Yit(0) is independent of the treatment Di given the covariates

Yi,t−1(0),Xit, that is, Yit(0) ⊥⊥ Di | (Yi,t−1(0),Xit).

Under Assumption 2.1(i)-(ii), the conditional expectation of Yit(0) in the treated group is iden-

tifiable; namely, it can be expressed by the observed data, E(Yit(0)|Xit, Yi,t−1(0), Di = 1) =

E(Yit|Xit, Yi,t−1, Di = 0). Assumption 2.1(iii) implies that for any given Xit and Yi,t−1(0), there is

always a proportion of untreated population that can serve as controls. Here, the reasons for including

the lagged outcomes Yi,t−1(0) as covariates, as also seen in lagged-dependent-variable adjustment (Ding

and Li, 2019), are that the lagged outcomes Yi,t−1(0) have big influence on the outcome, especially in

our case study of the PM2.5 and that controlling for lagged outcomes can reduce bias from unobserved

confounders (Ryan, 2018). In many real-world scenarios, the unobserved factors (e.g., managerial quality

or latent ability) that create selection bias are ‘sticky’ and are reflected in the previous period’s outcome.

By conditioning on Yi,t−1(0), we are comparing treated and control units that started from the same

baseline performance level.

3 Semiparametric Dynamic Synthetic Control

In this section, we introduce the semiparametric DSC method for estimating µt(0) = E(Yt(0)|D = 1) by

establishing dynamic synthetic controls that mimic the counterfactual scenario of the treated group in the

absence of the treatment for t > T0. The linear DSC proposed in Zheng and Chen (2024) constructed the

synthetic weights for each time step. However, as the effects of Xit and Yi,t−1(0) in Model (2.2) are non-

linear, we cannot directly apply the linear DSC method by just matching Xit and Yi,t−1(0). Furthermore,

the lagged outcome Yi,t−1(0) is unobserved for the treated group when t > T0 + 1. The non-linearity in

the lagged outcome, namely E [my (t, Yi,t−1(0))] ̸= my (t,E [Yi,t−1(0)]), prevents the direct estimation of

µt(0) by synthetic controls. To tackle this problem, we need to establish synthetic controls for each unit

in the treated group, that is to find a set of non-negative weights {wj
it}

Nco
i=1 for each j ∈ T at time t such

that
∑Nco

i=1 w
j
it = 1 and the imputed value is denoted by Ŷjt(0) =

∑
i∈C w

j
itYit(0). According to Model

(2.2), for a fixed j ∈ T at time t,

Yjt(0) = m0(t) +

p∑
k=1

mk (t,Xjt,k) +my (t, Yj,t−1(0)) + εjt, (3.1)

∑
i∈C

wj
itYit(0) =

∑
i∈C

wj
itm0(t) +

p∑
k=1

∑
i∈C

wj
itmk (t,Xit,k) +

∑
i∈C

wj
itmy (t, Yi,t−1(0)) +

∑
i∈C

wj
itεit. (3.2)

Although Yjt(0) in the treated group is unobservable for t > T0, matching (3.2) with (3.1) leads to
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two matching conditions (3.4) and (3.5) below for the dynamic synthetic weights {wj
it}

Nco
i=1 , with m0(·),

mk(·, ·) and my(·, ·) replaced by their respective consistent estimators m̂0(·), m̂k(·, ·) and m̂y(·, ·). The

details of these estimators are deferred to the next section.

The DSC weights {wj
it}

Nco
i=1 are established via the EL (Chen and Van Keilegom, 2009; Owen, 1988,

1990) which ensures a unique solution for the weights. For a fixed j ∈ T at time t, the EL weights {wj
it}

are obtained by maximizing the empirical likelihood
∏

i∈C wit subject to the matching conditions (3.4)

and (3.5). Specifically, the EL weights are given by

wj
t = (wj

1t, · · · , w
j
Ncot

) = argmax
wt∈Wj

t

∏
i∈C

wit, (3.3)

where Wj
t = {(w1t, · · · , wNcot) :

∑Nco

i=1 wit = 1, wit ⩾ 0}, and are subject to∑
i∈C witm̂k (t,Xit,k) = m̂k (t,Xjt,k) for k = 1, · · · , p, (3.4)∑

i∈C
witm̂y (t, Yi,t−1(0)) =

{
m̂y(t, Yj,t−1(0)), t ⩽ T0 + 1,

m̂y(t, Ŷj,t−1(0) + ε∗jt) = m̂y(t,
∑

i∈C w
j
i,t−1Yi,t−1(0) + ε∗jt), t > T0 + 1,

(3.5)

where ε∗jt ∼ F̂ and F̂ is the empirical distribution of centered control residuals. The error ε∗jt is used only

in the next lag matching target. The ATT estimator continues to use Ŷj,t−1(0). Note that Constraints

(3.4) and (3.5) are the results of matching the second and third terms on the right-hand side (RHS) of

(3.2) with the corresponding terms in (3.1). Specifically, (3.4) matches the covariate functions between

the treatment and control groups based on the p additive components of Model (2.2), while (3.5) matches

the function of lagged values of the potential outcomes Yi,t−1(0) before and after the time point T0 + 1.

When t ⩽ T0 + 1, the lagged outcomes Yi,t−1(0) are observed in both the control and treated groups.

For t > T0 + 1, as Yj,t−1(0) are unobserved for the treated group, we substitute my (t, Yj,t−1(0)) by

my(t, Ŷj,t−1(0) + ε∗jt) = m̂y(t,
∑

i∈C w
j
i,t−1Yi,t−1(0) + ε∗jt).

The EL weights in (3.3) can be obtained by the Lagrange multiplier method, which leads to

unique solutions for the weights and facilitates asymptotic analysis of the weights. Let Zit,C =

(m1(t,Xit,1), · · · ,mp(t,Xit,p),my(t, Yi,t−1(0)))
⊤, Ẑit,C = (m̂1(t,Xit,1), · · · , m̂p(t,Xit,p),m̂y(t, Yi,t−1(0)))

⊤

for 1 ⩽ i ⩽ Nco, 1 ⩽ t ⩽ T , and Ẑjt,T = (m̂1(t,Xjt,1), · · · , m̂p(t,Xjt,p),m̂y(t, Yj,t−1(0)))
⊤ for j ∈ T ,

t ⩽ T0+1, and for j ∈ T , t > T0+1, Ẑjt,T = (m̂1(t,Xjt,1), · · · ,m̂p(t,Xjt,p), m̂y(t,
∑

i∈C w
j
i,t−1Yi,t−1(0))+

ε∗jt)
⊤. Then, the structural constraints (3.4) and (3.5) can be expressed by

∑
i∈C w

j
itẐit,C = Ẑjt,T . Note

that the maximizing problem (3.3) is equivalent to minimizing

L(wj
t ) = −

Nco∑
i=1

log(wj
it) over w

j
it ⩾ 0, subject to

Nco∑
i=1

wj
it = 1, and

∑
i∈C

wj
itẐit,C = Ẑjt,T .

Let Gtj(w
j
t , λ, γ) =

∑Nco

i=1 log(w
j
it)−Ncoλ

∑Nco

i=1 w
j
it

(
Ẑit,C − Ẑjt,T

)
+ γ(

∑Nco

i=1 w
j
it − 1), where λ and γ are

Lagrange multipliers. Taking the partial derivatives of Gtj with respect to wj
it, λ and γ, we get

∂Gtj/∂w
j
it = 1/wj

it −Ncoλ
(
Ẑit,C − Ẑjt,T

)
+ γ = 0,

Nco∑
i=1

wj
it

(
Ẑit,C − Ẑjt,T

)
= 0,

Nco∑
i=1

wj
it = 1,

which implies
∑

wj
it∂Gtj/∂w

j
it = 0. Then, we can derive that the EL weights take the form

wj
it = N−1

co

{
1 + λ⊤(Ẑit,C − Ẑjt,T

)}−1
for i = 1, · · · , Nco, j ∈ T , (3.6)

where λ satisfies
∑N

i=1(Ẑit,C − Ẑjt,T ){1 + λ⊤(Ẑit,C − Ẑjt,T )}−1 = 0. Lemmas S.14-S.15 of the SM show

that the weight solution to problem (3.3) (or (3.10) ) uniquely exists. In our simulation studies and real



6 Wang S X et al. Sci China Math

data analysis, the EL weights were obtained by the R packages “LowRankQP” and “NlcOptim”. We also

check the ‘convex hull’ requirement of the EL. Overall, the algorithm was stable in our simulations and

empirical analysis.

With {wj
it}

Nco
i=1 , we can impute Yjt(0) by Ŷjt(0) =

∑
i∈C w

j
itYit(0). With all weights {wj

t}j∈T , we can

estimate µt(0) and τt by µ̂t(0) = N−1
tr

∑
j∈T Ŷjt(0) = N−1

tr

∑
j∈T

∑
i∈C w

j
itYit(0) and

τ̂t =: N−1
tr

∑
i∈T

Yjt − µ̂t(0) = N−1
tr

∑
j∈T

(
Yjt −

∑
i∈C

wj
itYit(0)

)
. (3.7)

For the special case where my(t, ·) is linear in the lagged outcome so that E[my(t, Yi,t−1(0))] =

my (t,E [Yi,t−1(0)]), the estimation of τt is simpler. An example of the linear case is my(t, Yi,t−1(0))

=h(t)Yi,t−1(0) for a temporal function h(t). The linearity in the lagged outcome allows for the

construction of synthetic controls using weighted averages of the outcomes in the control group directly

for the estimation of µt(0) rather than for each treated unit, that is to find a set of non-negative weights

{w∗
it}

Nco

i=1 that sum to 1 such that µ̂t(0) =
∑

i∈C w
∗
itYit(0) at time t. This implies that the complexity of

the above DSC process can be reduced due to the linearity in the lagged outcome. By (2.2), the weighted

average of the control group and the average of the potential outcome over the treated group satisfy

∑
i∈C

w∗
itYit(0) =

∑
i∈C

w∗
itm0(t) +

p∑
k=1

∑
i∈C

w∗
itmk (t,Xit,k) +

∑
i∈C

w∗
itmy (t, Yi,t−1(0)) +

∑
i∈C

w∗
itεit,

∑
i∈T

Yit(0)

Ntr
= m0(t) +

p∑
k=1

∑
i∈T

mk (t,Xit,k)

Ntr
+

∑
i∈T

my (t, Yi,t−1(0))

Ntr
+

∑
i∈T

εit
Ntr

.

Matching the two equations above leads to two constraints∑
i∈C witm̂k (t,Xit,k) = N−1

tr

∑
j∈T m̂k (t,Xjt,k), for k = 1, · · · , p, (3.8)

∑
i∈C

witm̂y (t, Yi,t−1(0)) =

{
N−1

tr

∑
j∈T m̂y (t, Yj,t−1(0)) , t ⩽ T0 + 1,

m̂y (t, µ̂t−1(0)) = m̂y(t,
∑

i∈C w
∗
i,t−1Yi,t−1(0)), t > T0 + 1,

(3.9)

Subject to (3.8) and (3.9), the EL weights {w∗
it}

Nco
i=1 are given by

w∗
t = (w∗

1t, · · · , w∗
Ncot) = arg max

wt∈Wt

∏
i∈C

wit (3.10)

where Wt = {(w1t, · · · , wNcot) :
∑Nco

i=1 wit = 1, wit ⩾ 0}. The EL weights are constructed by

the EL in a recursive way similar to the general case with Ẑjt,T in (3.6) replaced by Ẑt,T =

N−1
tr

∑
j∈T (m̂1(t,Xjt,1), · · · , m̂p(t,Xjt,p), m̂y(t, Yjt(0)))

⊤ for t ⩽ T0+1 and Ẑt,T = (N−1
tr

∑
j∈T m̂1(t,Xjt,1),

· · · , m̂p(t,Xjt,p), m̂y(t, µ̂t−1(0)))
⊤ for t > T0 + 1. The difference is that the weights are constructed for

the average of the treated group instead of for each treated unit with N−1
tr

∑
i∈T my (t, Yi,t−1(0)) on the

RHS of (3.9) for t > T0 + 1 replaced by my (t, µ̂t−1(0)) since my(t, ·) is linear in Yi,t−1(0). With the

weights {w∗
it}, the estimator of the ATT τt is

τ̂t = N−1
tr

∑
j∈T

Yjt − µ̂t(0) = N−1
tr

∑
j∈T

Yjt −
∑
i∈C

w∗
itYit, t > T0. (3.11)

4 Estimation of Additive Functions

Before we present the theoretical properties of the semiparametric DSC estimator τ̂t, we provide details

on the estimation of the additive functions in Model (2.2). We employ a two-step SPBK method based on

all the observations of the subjects in the control group for the whole time T . Specifically, we utilize the
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B-spline procedure to obtain the initial estimators of m0(·), mk(·, ·) and then get the refined estimators

using a local linear estimation. Denote the observed sample as {(Yij , tij , Xij,1, . . . , Xij,p) : i = 1, . . . , n, j =

1, . . . , T}, where n = Nco is the total number of the control subjects and tij is the observation time.

Initial spline estimation of component functions. Following De Boor (1978), let bk(xk) =

(bk,1(xk), . . . , bk,K+q(xk))
⊤ be a q-order B-spline basis vector with K interior knots. We center and

standardize the B-spline basis at each fixed time t and denote the resulting basis by Bk(xk) =

(Bk,1(xk), . . . , Bk,K+q(xk))
⊤. Let K1 and K2 be the numbers of the interior knots for t and xk,

respectively. To simplify notation, let Xij,p+1 = Yi(j−1)(0), mp+1(t, ·) = my(t, ·) and xp+1 = yt−1, and

denote the K1 ×K2 dimensional tensor-product B-spline basis functions by Bk(t, xk) = b0(t)⊗Bk(xk).

Then, the additive component functions in Model (2.2) can be approximated by m0(t) ≈ α⊤
0 b0(t)

and mk(t, xk) ≈ α⊤
k Bk(t, xk), k = 1, 2, . . . , p + 1, and the coefficients α0 = (α0,1, . . . , α0,K1+q)

⊤

and αk = (αk,1, . . . , αk,(K1+q)(K2+q))
⊤ can be estimated by argmin(α0,...,αp+1)

∑n
i=1

∑T
j=1

{
Yij −

α⊤
0 b0(tij) −

∑p+1
k=1 α

⊤
k Bk(tij , Xijk)

}2
. Together with the mean-zero identification conditions, the initial

spline estimators are m̂0,I(t) = α̂⊤
0 b0(t) + (nT )−1

∑n
i=1

∑T
j=1

∑p+1
k=1 α̂

⊤
k Bk(tij , Xijk), and m̂k,I(t, xk) =

α̂⊤
k Bk(t, xk)− (nT )−1

∑n
i=1

∑T
j=1 α̂

⊤
k Bk(tij , Xijk) for k = 1, . . . , p+ 1.

Local linear kernel smoothing estimation of component functions. Let Ŷij,0 = Yij −∑p+1
k=1 m̂k,I(tij , Xijk) and Ŷij,k = Yij − m̂0,I(tij)−

∑
ℓ̸=k m̂ℓ,I(tij , Xijℓ). Then, the local linear estimators

m̂0,II(t) = β̂0 and m̂k,II(t, xk) = β̂k, respectively, are obtained by argmin(β0,b0)

∑n
i=1

∑T
j=1

(
Ŷij,0 − β0 −

(tij − t)b0/h0

)2
Kh0(tij−t) and argmin(β1,bk)

∑n
i=1

∑T
j=1

{
Ŷij,k−βk−

(
(tij − t)/hk,t, (Xijk − xk)/hk,x

)
bk

}2×
Khk,t

(tij − t)Khk,x
(Xijk − xk), where Kh(u) = K(u/h)/h, h0 and (hk,t, hk,x) are bandwidths for m0(t)

and mk(t, xk), respectively. Then, the final estimators of the additive functions are m̂0(t) = m̂0,II(t) and

m̂k(t, xk) = m̂k,II(t, xk), k = 1, . . . , p+ 1.

Lemma 4.1 reports the theoretical properties of the SPBK estimation of the additive functions,

which requires some regular conditions Assumptions A1-A5 in Section S.1.3 of the SM. Define κj =∫∞
−∞ ujK(u)du, νj =

∫∞
−∞ ujK2(u)du, biask(t, xk) = κ2{h2

k,t∂
2mk(t, xk)/∂t

2 + h2
k,x∂

2mk(t, xk)/∂x
2
k}/2,

k = 1, . . . , p+ 1 and bias0(t) = κ2m
′′
0(t)h

2
0/2. For two positive sequences an and bn, an ≍ bn means that

an/bn is bounded away from zero and infinity.

Lemma 4.1. Under Assumptions A1-A5 of the SM, if h0 ≍ (nT )−1/5, hk,t ≍ hk,x ≍ (nT )−1/6,

K1 ≍ K2 ≍ (nT )2/9 log(nT ), then (i)
√
nTh0 {m̂0(t)−m0(t)− bias0(t)} → N

(
0, σ2ν0γ(t)

)
; (ii)√

nThk,thk,x {m̂k (t, xk)−mk (t, xk)− biask(t, xk)} → N(0, σ2ν20/f(t, xk)).

Lemma 4.1 indicates that the SPBK estimators of the univariate and bivariate functions, m̂0(t) and

m̂k (t, xk), converge to the normal distributions at rates
√
nTh0 and

√
nThk,thk,x, respectively. If h0 ≍

(nT )−1/5, then m̂0(t) achieves the optimal convergence rate (nT )−2/5 and m̂k (t, xk) attains the optimal

convergence rate (nT )−1/3 for hk,t ≍ hk,x ≍ (nT )−1/6.

5 Theoretical Properties

We first introduce some notations and assumptions. Let X̃it =
(
X⊤

it , Yi,t−1(0)
)⊤

for 1 ⩽ i ⩽ N, 1 ⩽ t ⩽ T .

Under Assumption 5.1, Lemmas S.14-S.15 of the SM show that the weight solution to problem (3.3) (or

(3.10)) uniquely exists.

Assumption 5.1. There exists a binary variable Si ∈ {0, 1} such that P(Si = 1|Di = 0) > 0,

E(X̃it|Di = 0, Si = 1) = E(X̃it|Di = 1), and Var(X̃it|Di = 1, Si = 1) is of full rank.

If systematic differences exist in the covariates X̃it between the treated and control groups, i.e.,

E(X̃it|Di = 0) ̸= E(X̃it|Di = 1), direct comparisons between the treated and control groups are improper.

Assumption 5.1 is essentially a common support or overlap condition, which is required to ensure that the

control group always contains a comparable portion of X̃it with the same expectation as in the treated

group. In practice, Assumption 5.1 means that the control group contains enough diversity to mimic the

treated group. For instance, when we study the impact of air pollution alerts, this assumption requires
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that the control pool contains enough air pollution stations with similar environmental features so that

a weighted average (a ‘Synthetic Control’) can be constructed.

Recall that the standard result of the EL (Owen, 2001) requires E(X̃it|Di = 0) = E(X̃it|Di = 1)

to obtain w∗
it = Op

(
N−1

co

)
for i = 1, · · · , Nco as Nco, Ntr → ∞. However, the mean equivalence

condition in X̃it between the treated and control groups is often violated in some SC situations, which

prevents the weights on control units from achieving a uniform order of Op(N
−1
co ). For example,

meteorological conditions like wind speed and humidity may differ in different cities. In such cases,

the EL weights exhibit a ‘singularity’ where one or two units may capture a significant portion of

the total mass. Thus, the following Assumption 5.2 adapted from Ghosh et al. (2023) is used to

establish the bounds of w∗
it and wj

it when E(X̃it|Di = 0) ̸= E(X̃it|Di = 1). For a vector θ ∈ Θ

with ∥θ∥ = 1, define ξi(θ) = θ⊤ [Zit,C − E (Zit,C)] for 1 ⩽ i ⩽ Nco. Let ξ−min(θ) = mini∈C{ξi(θ)1ξi(θ)<0},
ξ+max(θ) = maxi∈C{ξi(θ)1ξi(θ)>0} and ξ−min,2(θ) = mini∈C{{ξi(θ)1ξi(θ)<0}\{ξ−min(θ)}}.
Assumption 5.2. For any θ ∈ Θ with ∥θ∥ = 1, Var(ξi(θ)) > 0 and

∑∞
i−j=−∞ cov(ξi(θ), ξj(θ)) <

∞. There exist γ > 0, 0 < δ < 1 and a non-random sequence bNco → ∞ such that (i) bγ+2
Nco

= o(Nco),

b4γNco
= o(Nco), |ξ−min(θ)| = Op (bNco

) = |ξ+max(θ)|; (ii) P(|ξ−min(θ) − ξ−min,2(θ)| ⩾ b−γ
Nco

) → 1 as Nco → ∞
and (iii) bγ+2

Nco
P(|ξi(θ)| > b1−δ

Nco
) → 0 as Nco → ∞.

Assumption 5.3. The number of knots satisfies K ≍ (NcoT )
2/9log(NcoT ). The bandwidths satisfy

h0 ≍ (NcoT )
−1/5, Ntrh

4
k,t → 0, Ntrh

4
k,x → 0, Ncoh

4
k,t → 0, Ncoh

4
k,x → 0 and hk,t ≍ hk,x ≳ (NcoT )

−1/6.

Assumption 5.2 puts constraints on the growth rate of the extreme order statistics |ξ−min(θ)| and

|ξ−min(θ) − ξ−min,2(θ)| and the decay rate of the tail probability P(|ξi(θ)| > b1−δ
Nco

). The bNco
bounds

the maximum difference between the confounders and their mean in the control group. Intuitively,

Assumption 5.2 ensures that the tail of the control group distribution is thick enough to support

this singularity without numerical failure and also guarantees that the largest weight (the ‘singular

weight’) grows at a predictable rate relative to the other weights, allowing for consistency even under

misspecification. Many distributions of ξi(θ) would satisfy Assumption 5.2 by the standard results

of extreme value theory (Leadbetter et al., 1983) such as the Gaussian, exponential, and Laplace

distributions. For example, when {ξi(θ)} are Gaussian distributed, Assumption 5.2 is satisfied by

taking bn =
√
log n, γ > 1/2, and 0 < δ < 1/2. Assumption 5.3 specifies the required bandwidths

for negligible estimation errors of the unknown functions in weight estimation. We show in the SM that

under Assumption 5.3, the estimation errors of the unknown functions are of order op(N
−1/2
co ), which do

not affect the leading estimation error of the EL weights.

Next, we derive the bounds of the weights wj
it and w∗

it under E(X̃it|Di = 0) = E(X̃it|Di = 1) and

E(X̃it|Di = 0) ̸= E(X̃it|Di = 1).

Lemma 5.4. Under Assumptions 2.1-5.1,5.3 and A1-A5, as Nco and Ntr → ∞, (i) if E(X̃it|Di = 0) =

E(X̃it|Di = 1), then wj
it = Op

(
N−1

co

)
uniformly for i = 1, · · · , Nco, j = 1, · · · , Ntr and w∗

it = Op(N
−1
co )

uniformly for i = 1, · · · , Nco; (ii) if E(X̃it|Di = 0) ̸= E(X̃it|Di = 1), under additional Assumption

5.2, then max{wj
it : i ̸= imin} = Op(b

γ+1
Nco

N−1
co ), wj

imin,t
= Op(b

−1
Nco

) for i = imin, max {w∗
it : i ̸= imin} =

Op(b
γ+1
Nco

N−1
co ) and w∗

imin,t
= Op(b

−1
Nco

) for i = imin, where imin is the index of ξmin(θ
∗).

Lemma 5.4 suggests that the semiparametric estimation error of the additive functions does not affect

the leading order of the estimated weights. When E(X̃it|Di = 0) = E(X̃it|Di = 1), the result is the same

as that of the standard result of the EL (Qin and Lawless, 1994). If E(X̃it|Di = 0) ̸= E(X̃it|Di = 1),

the weights are larger than N−1
co and the largest weight is of order Op(b

−1
Nco

). The following theorem

establishes the convergence rate of τ̂t to τt.

Theorem 5.5. Under Assumptions 2.1-5.3, A1-A5 and Model (2.2), the matching equations (3.4) and

(3.5) ( (3.8) and (3.9)) can be attained with probability approaching 1 and there exists a unique solution

for the EL weights
{
wj

it

}Nco

i=1
({w∗

it}
Nco

i=1). (i) If E(X̃it|Di = 0) = E(X̃it|Di = 1), then τ̂t
p→ τt as Ntr and

Nco → ∞, and |τ̂t − τt| = Op(N
−1/2
co + N

−1/2
tr ). (ii) If E(X̃it|Di = 0) ̸= E(X̃it|Di = 1), then under an

additional assumption b2γ+2
Nco

= op(Nco), the DSC estimator |τ̂t − τt| = Op(b
γ+1
Nco

N
−1/2
co + b−1

Nco
+N

−1/2
tr ).
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Theorem 5.5 shows that τ̂t is consistent with τt for a fixed t when my(t, ·) is either linear or non-linear
in the lagged outcome. When E(X̃it|Di = 0) = E(X̃it|Di = 1), the estimation error in τ̂t depends only

on the sample sizes Ntr and Nco. When E(X̃it|Di = 0) ̸= E(X̃it|Di = 1), the estimation error in τ̂t not

only depends on the sample sizes Ntr and Nco, but also on bNco
which bounds the maximum difference

between the confounding variables and their mean in the control group. In addition, the semiparametric

estimation error of the additive functions does not affect the accuracy of τ̂t in the leading order.

Remark 5.6. For large T , if limt→∞|ρ(t)| < 1, where ρ(t) = supy ∂my(t, y)/∂y or ρ(t) = my(t)

when my(t, ·) is linear in the lagged outcome such that my(t, Yi,t−1(0)) =my(t)Yi,t−1(0), then the results

in Theorem 5.5 still hold for (T − T0) → ∞. In the case of E(X̃it|Di = 0) = E(X̃it|Di = 1),

under (a) limt→∞|ρ(t)| > 1, (T − T0) log(T − T0) = o(logNco) = o(logNtr) or (b) limt→∞|ρ(t)| = 1,

O
(∑T−1

s=T0+1

∏T
t=s+1 ρ(t)

)
= o(N

1/2
tr ) = o(N

1/2
co ), we have τ̂T

p→ τT as Ntr, Nco, (T − T0) → ∞. In the

case of E(X̃it|Di = 0) ̸= E(X̃it|Di = 1), under (c) limt→∞|ρ(t)| > 1, (T − T0) log(T − T0) = o(logNco) =

o(log bNco
) = o(logNtr) or (d) limt→∞|ρ(t)| = 1, O

(∑T−1
s=T0+1

∏T
t=s+1 ρ(t)

)
= o(b−γ−1

Nco
N

1/2
co ) = o(bNco

) =

o(N
1/2
tr ), we have τ̂T

p→ τT as Ntr, Nco, (T − T0) → ∞. Note that for limt→∞|ρ(t)| = 1, the specific

order of
∑T−1

s=T0+1

∏T
t=s+1 ρ(t) depends on the form of ρ(t). For example, the order is O(T log T ) for

ρ(t) = 1 + 1/t and O((T − T0)(T + T0)/T ) for ρ(t) = 1− 1/t.

6 Hypothesis Testing

This section considers tests for three key aspects of the semiparametric DSC approach: the linearity of

my(t, ·) in the lagged outcome, the unconfoundedness assumption and the placebo test for the significance

of the estimated effect τ̂t.

6.1 Testing linearity of my(t, ·)

As introduced in Section 3, the linearity in the lagged outcome allows us to directly estimate µt(0) using

weighted averages of control group outcomes. In contrast, in the non-linear lagged outcome case, we need

to build the synthetic controls for each treated unit, which is much more involved than the linear case.

Hence, the linearity in the lagged outcome would greatly reduce the complexity of the DSC process, and

it is important to test for it first.

We formulate a test of whether my(t, ·) is linear in the lagged outcome Yi,t−1(0) or not. Similar testing

procedures can be applied to test whether the effect of the covariate Xt is linear or not, although they

have no implications on the way the DSC weights are calculated. Denote the additive components by

m(t, X̃t) = m0(t) +
∑p

k=1 mk (t, xt,k) +my (t, yt−1) in Model (2.2). Then, the null linearity hypothesis

is H0 : m(t, x̃t) = m0(t) +
∑p

k=1 mk (t, xt,k) + my (t) yt−1 a.s. on [0, 1] × X , where X is the support of

covariates X̃t. Let Y be the support of covariates Yt−1(0). The null hypothesis can be expressed as

H0 :

∫ 1

0

∫
Y

[
(m0(t) +my(t, yt−1))−

(
m0(t) +my(t)yt−1

)]2
dyt−1dt = 0. (6.1)

The inclusion of the baseline function m0(t) is due to the mean-zero identification condition of the

additive model. A natural way to formulate the test statistic is to build a distance measure between the

nonparametric estimates for m0(t),my(t, yt−1) and their counterpart under H0. Let m̌0(t) and m̌y (t) be

estimators of m0(t) and my (t) under H0. The L2-distance-based test statistic is

ISEn =

∫ 1

0

∫
Y

[
m̂y(t, yt−1) + m̂0(t)−

(
m̌0(t) + m̌y(t)yt−1

)]2
dyt−1dt. (6.2)

The following proposition presents a central limit theorem for In = ISEn−EH0
(ISEn), where EH0

(ISEn)

is the expectation of ISE under H0.
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Algorithm 1 Bootstrap test for linear lagged outcome.

Input: Data {Yit,Xit, t = 1, · · · , T, i = 1, · · · , Nco}.

1. Perform the SPBK method to get the estimation of m0(·) and mk(·, ·) for k = 1, . . . , p + 1 and

calculate the residuals ε̂ij = Yij − m̂(tij , X̃ij) = Yij − m̂0(tij)−
∑p+1

k=1 m̂ (tij , Xij,k).

2. Under H0, obtain the estimates m̌y(·), m̌0(·), m̌k(·, ·) for k = 1, . . . , p and compute the ISE by
(6.2).
for b = 1, . . . , B do

(a) Generate sample {Y ∗
ij ,Xij} by ε∗ij = ε̂ijηij , ηij

i.i.d.∼ N(0, 1) and Y ∗
ij = m̌y(tij)Y

∗
ij−1+m̌0(tij)+∑p

k=1 m̌k(tij , Xij,k) + ε∗ij .

(b) Given {Y ∗
ij ,Xij}, compute the bootstrap test statistic by Steps 1-2 ISE∗

b =
∫ 1

0

∫
Y [m̂

∗
0(t) +

m̂∗(t, yt−1)− m̌∗
0(t)− m̌∗

y(t)yt−1]
2dyt−1dt.

end

3. Compute the test p-value by B−1
∑B

b=1 I(ISE
∗
b ⩾ ISE). Reject H0 when the p-value is smaller than

a prespecified significant level α.

Output: The p-value.

Proposition 6.1. Under Assumptions A1-A5, h1,t ≍ h1,y ≍ (nT )−1/6 log−1(nT ), and the null hypoth-

esis H0 (6.1), as nT → ∞, then nTh1,th1,yIn
d−→ N(0, V ), where V = 2ν20

∫ 1

0

∫
yt−1∈Y [σ

2/f (t, yt−1)]
2dyt−1dt.

The asymptotic normality in Proposition 6.1 can be used to formulate an asymptotic test for H0 after

we estimate EH0
(ISEn) and V . However, the quality of the test requires larger sample sizes (Härdle and

Mammen, 1993) and the asymptotic variance involves unknown quantities. To enhance the performance

of the test in finite samples, we employ a bootstrap procedure given in Algorithm 1, which is shown to be

consistent in Theorem S.3 of the SM. In the pollution alert study in Section 8, we applied the bootstrap

procedure to test whether the effect of the lagged PM2.5 is linear or not, which rejected the linearity

hypothesis.

6.2 Unconfoundedness Assumption Assessment

As Yit(0) are observed for both the treated and control groups before the treatment and we do not use

the pre-treatment outcomes to estimate the ATT, we can use the pre-treatment data to evaluate a part

of the unconfoundedness Assumption 2.1(ii). We extend the notion of τt to the pre-treatment period by

defining τt = E(Yit − Yit(0)|Di = 1) = 0 for 1 ⩽ t ⩽ T0. The DSC estimate τ̂t can also be extended

to cover the entire period, that is τ̂t = N−1
tr

∑
j∈T (Yjt −

∑
i∈C w

j
itYit) for general my(t, ·), with wj

it also

obtained by solving (3.3).

The DSC estimator under Model (2.2) in the pre-treatment period should satisfy E (τ̂t) = 0 for

t ⩽ T0. As a way to check the unconfoundedness assumption, we utilize the availability of data

for both the treatment and control groups in the pre-treatment period to test Ht
0 : E (τ̂t) = 0 for

t ⩽ T0. Denote the conditional variance by σ2
τ̂t

= Var (τ̂t|Ft), where Ft is the σ-field generated by

{Xi1, · · · ,Xit, Yi1, · · · , Yi,t−1}. Then τ̂t/σ̂τ̂t is the test statistic we use, where σ̂2
τ̂t

is an estimator of σ2
τ̂t

as given in Section S.2.2 of the SM. Similar formulations for the case my(t, ·) being linear in the lagged

outcome are outlined in SM Section S.2.2. As we have to test Ht
0 for t = 1, · · · , T0 repeatedly, the issue of

multiplicity in hypothesis testing arises. To mitigate the issue, we employ the FDR procedure (Benjamini

and Yekutieli, 2001) to control the FDR; see Section 8 for a demonstration of the test process for the

pollution alert study.
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6.3 Placebo Test

To assess the significance of the estimated treatment effects, we utilize a method known as the placebo

test similar to that of Abadie et al. (2010). It examines whether the estimated treatment effect for the

treatment group is significantly different from the pseudo effect for a randomly chosen untreated group.

If there are no treatment effects, the empirical distribution of the pseudo effects for repeatedly randomly

sampled untreated groups can be used to estimate the distribution of τ̂t under the null.

To conduct the placebo test, we repeatedly choose random subsets of size Ntr from the control group

C to form placebo treatment groups. Denote the indexes of the selected placebo treated group in the k-th

round of the placebo sampling by T (k) and the control group C(k) = C\T (k). Then, we apply the proposed

DSC method on the placebo treatment group T (k) and the control group C(k). The placebo estimate for

the pseudo-effect at time t for general my(t, ·) is τ̂ (k)t = N−1
tr

∑
j∈T (k) Yjt−N−1

tr

∑
j∈T (k)

∑
i∈C(k) w

j(k)
it Yit,

where {wj(k)
it } are the EL DSC weights for the jth subject in the treatment group T (k). Similar

formulations for the linear lagged outcome (my(t, ·) being linear in Yi,t−1(0)) can be formulated whose

details are available in S.2.3 of the SM.

We repeat the above process K times and obtain estimates for the placebo effects {τ̂ (k)t }Kk=1. Note that

the conditional variance of the ATT estimator τ̂t, denoted by σ2
t , depends on the weights {wj

it}
Nco,Ntr

i=1,j=1

which would be different for different pairs of treatment/control groups in the placebo test. To ensure

that the variance of the estimated pseudo-effects τ̂
(k)
t is the same as that of τ̂t, it is necessary to normalize

the placebo estimates τ̂
(k)
t by the corresponding deviations σ

(k)
t . Let z

(k)
t = τ̂

(k)
t ×

(
σ̂
(k)
t

)−1 × σ̂t be the

normalized synthetic control estimators, where σ̂
(k)
t and σ̂t are the estimators of the standard deviations

σ
(k)
t and σt, which can be referred to in Section S.2.3 of the SM. Then the distribution of τ̂t under the

null hypothesis can be approximated by the empirical distribution of {z(k)t }Kk=1 at time t. If negative

treatment effects are expected, then the alternative hypothesis is τt < 0 and the approximate p-value is

K−1
∑K

k=1 1(z
(k)
t ⩽ τ̂t).

7 Simulation Study

We report results of simulation experiments which were designed to confirm the theoretical findings of the

proposed semiparametric DSC approach. We experimented with a general case (7.1) where my(t, ·) was
non-linear in the lagged outcome and two special cases (7.2)-(7.3) with linear lagged outcome functions,

Yit(0) = 5 (ut − 0.6)
2
+ 2ut sin (0.1πYi,t−1(0)) + 2eutXit,1 + 0.5e1−utX2

it,2 + εit (7.1)

Yit(0) = 5 (ut − 0.6)
2
+ 0.5u2

tYi,t−1(0) + 2eutXit,1 + 0.5e1−utX2
it,2 + εit, (7.2)

Yit(0) = 5 (ut − 0.6)
2
+ 0.5u2

tYi,t−1(0) + 2eutXit,1 sin(Xit,1) + 0.5e1−ut cos(X2
it,2) + εit, (7.3)

Yit(1) = Yit(0) + τit, εit ∼ N
(
0, σ2

ε

)
and τit ∼ N

(
τt, σ

2
τ

)
, (7.4)

where ut = t/T , τt = −10/ [1 + exp {−0.2 (t− T0 − 5)}] was the underlying time-varying treatment

effects, Xit = (Xit,1, Xit,2)
⊤ were the time-varying confounders with p = 2, and σ2

ε = σ2
τ = 0.5. Then,

the observed outcomes were generated by Yit = Yit(0)I(t ⩽ T0)+Yit(1)I(t > T0) for i ∈ T and Yit = Yit(0)

for i ∈ C with pre-treatment span T0 = 48 and total time T = 72. The treated and control sample sizes

were Ntr = 100, 400 and Nco = 100, 400 for each experimental design, respectively. Note that Xit are

non-linear for both the non-linear and linear lagged outcome cases, and Model (7.3) exhibited greater

non-linearity in Xit compared to (7.2). An entirely linear model (S.1) case (both effects of Xit and

Yi,t−1(0) are linear) was also considered later to compare fairly with the linear DSC (Zheng and Chen,

2024).

The Xit in the treated and control groups were set to have either identical or non-identical means, to

mimic Cases (i) and (ii) of Lemma 5.4. Specifically, Xit followed N(µ, Ip) in the treated group and a

mixture distribution 0.5N(µ, Ip) + 0.5N(µ+d, Ip) in the control group, where µ = (1, 1)⊤, d = δ(1, 1)⊤

for δ = 0, 0.5 and 1. In such a design, a subset of the control group shared the same mean of Xit as that
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in the treated group, meeting Assumption 5.1.

In each setting, we applied the proposed semiparametric DSC, the linear DSC (Zheng and Chen, 2024)

and the naive approach of taking raw differences between the treated and control groups to estimate

τt. Each setting was repeated 500 times. For Model (7.1)(non-linear lagged outcome), the proposed

semiparametric DSC estimated τt by (3.7). For Models (7.2) and (7.3)(linear lagged outcome), the

proposed DSC estimated τt by (3.11).
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(e) δ = 0.5, DSClinear

−20

−15

−10

−5

0

50 55 60 65 70
t

τ

trial

trial 1

trial 10

trial 100

trial 101

trial 102

trial 103

trial 104

trial 105

trial 106

trial 107

trial 108

trial 109

trial 11

trial 110

trial 111

trial 112

trial 113

trial 114

trial 115

trial 116

trial 117

trial 118

trial 119

trial 12

trial 120

trial 121

trial 122

trial 123

trial 124

trial 125

trial 126

trial 127

trial 128

trial 129

trial 13

trial 130

trial 131

trial 132

trial 133

trial 134

trial 135

trial 136

trial 137

trial 138

trial 139

trial 14

trial 140

trial 141

trial 142

trial 143

trial 144

trial 145

trial 146

trial 147

trial 148

trial 149

trial 15

trial 150

trial 151

trial 152

trial 153

trial 154

trial 155

trial 156

trial 157

trial 158

trial 159

trial 16

trial 160

trial 161

trial 162

trial 163

trial 164

trial 165

trial 166

trial 167

trial 168

trial 169

trial 17

trial 170

trial 171

trial 172

trial 173

trial 174

trial 175

trial 176

trial 177

trial 178

trial 179

trial 18

trial 180

trial 181

trial 182

trial 183

trial 184

trial 185

trial 186

trial 187

trial 188

trial 189

trial 19

trial 190

trial 191

trial 192

trial 193

trial 194

trial 195

trial 196

trial 197

trial 198

trial 199

trial 2

trial 20

trial 200

trial 201

trial 202

trial 203

trial 204

trial 205

trial 206

trial 207

trial 208

trial 209

trial 21

trial 210

trial 211

trial 212

trial 213

trial 214

trial 215

trial 216

trial 217

trial 218

trial 219

trial 22

trial 220

trial 221

trial 222

trial 223

trial 224

trial 225

trial 226

trial 227

trial 228

trial 229

trial 23

trial 230

trial 231

trial 232

trial 233

trial 234

trial 235

trial 236

trial 237

trial 238

trial 239

trial 24

trial 240

trial 241

trial 242

trial 243

trial 244

trial 245

trial 246

trial 247

trial 248

trial 249

trial 25

trial 250

trial 251

trial 252

trial 253

trial 254

trial 255

trial 256

trial 257

trial 258

trial 259

trial 26

trial 260

trial 261

trial 262

trial 263

trial 264

trial 265

trial 266

trial 267

trial 268

trial 269

trial 27

trial 270

trial 271

trial 272

trial 273

trial 274

trial 275

trial 276

trial 277

trial 278

trial 279

trial 28

trial 280

trial 281

trial 282

trial 283

trial 284

trial 285

trial 286

trial 287

trial 288

trial 289

trial 29

trial 290

trial 291

trial 292

trial 293

trial 294

trial 295

trial 296

trial 297

trial 298

trial 299

trial 3

trial 30

trial 300

trial 301

trial 302

trial 303

trial 304

trial 305

trial 306

trial 307

trial 308

trial 309

trial 31

trial 310

trial 311

trial 312

trial 313

trial 314

trial 315

trial 316

trial 317

trial 318

trial 319

trial 32

trial 320

trial 321

trial 322

trial 323

trial 324

trial 325

trial 326

trial 327

trial 328

trial 329

trial 33

trial 330

trial 331

trial 332

trial 333

trial 334

trial 335

trial 336

trial 337

trial 338

trial 339

trial 34

trial 340

trial 341

trial 342

trial 343

trial 344

trial 345

trial 346

trial 347

trial 348

trial 349

trial 35

trial 350

trial 351

trial 352

trial 353

trial 354

trial 355

trial 356

trial 357

trial 358

trial 359

trial 36

trial 360

trial 361

trial 362

trial 363

trial 364

trial 365

trial 366

trial 367

trial 368

trial 369

trial 37

trial 370

trial 371

trial 372

trial 373

trial 374

trial 375

trial 376

trial 377

trial 378

trial 379

trial 38

trial 380

trial 381

trial 382

trial 383

trial 384

trial 385

trial 386

trial 387

trial 388

trial 389

trial 39

trial 390

trial 391

trial 392

trial 393

trial 394

trial 395

trial 396

trial 397

trial 398

trial 399

trial 4

trial 40

trial 400

trial 401

trial 402

trial 403

trial 404

trial 405

trial 406

trial 407

trial 408

trial 409

trial 41

trial 410

trial 411

trial 412

trial 413

trial 414

trial 415

trial 416

trial 417

trial 418

trial 419

trial 42

trial 420

trial 421

trial 422

trial 423

trial 424

trial 425

trial 426

trial 427

trial 428

trial 429

trial 43

trial 430

trial 431

trial 432

trial 433

trial 434

trial 435

trial 436

trial 437

trial 438

trial 439

trial 44

trial 440

trial 441

trial 442

trial 443

trial 444

trial 445

trial 446

trial 447

trial 448

trial 449

trial 45

trial 450

trial 451

trial 452

trial 453

trial 454

trial 455

trial 456

trial 457

trial 458

trial 459

trial 46

trial 460

trial 461

trial 462

trial 463

trial 464

trial 465

trial 466

trial 467

trial 468

trial 469

trial 47

trial 470

trial 471

trial 472

trial 473

trial 474

trial 475

trial 476

trial 477

trial 478

trial 479

trial 48

trial 480

trial 481

trial 482

trial 483

trial 484

trial 485

trial 486

trial 487

trial 488

trial 489

trial 49

trial 490

trial 491

trial 492

trial 493

trial 494

trial 495

trial 496

trial 497

trial 498

trial 499

trial 5

trial 50

trial 500

trial 51

trial 52

trial 53

trial 54

trial 55

trial 56

trial 57

trial 58

trial 59

trial 6

trial 60

trial 61

trial 62

trial 63

trial 64

trial 65

trial 66

trial 67

trial 68

trial 69

trial 7

trial 70

trial 71

trial 72

trial 73

trial 74

trial 75

trial 76

trial 77

trial 78

trial 79

trial 8

trial 80

trial 81

trial 82

trial 83

trial 84

trial 85

trial 86

trial 87

trial 88

trial 89

trial 9

trial 90

trial 91

trial 92

trial 93

trial 94

trial 95

trial 96

trial 97

trial 98

trial 99

(f) δ = 1, DSClinear

−20

−15

−10

−5

0

50 55 60 65 70
t

τ

trial

trial 1

trial 10

trial 100

trial 101

trial 102

trial 103

trial 104

trial 105

trial 106

trial 107

trial 108

trial 109

trial 11

trial 110

trial 111

trial 112

trial 113

trial 114

trial 115

trial 116

trial 117

trial 118

trial 119

trial 12

trial 120

trial 121

trial 122

trial 123

trial 124

trial 125

trial 126

trial 127

trial 128

trial 129

trial 13

trial 130

trial 131

trial 132

trial 133

trial 134

trial 135

trial 136

trial 137

trial 138

trial 139

trial 14

trial 140

trial 141

trial 142

trial 143

trial 144

trial 145

trial 146

trial 147

trial 148

trial 149

trial 15

trial 150

trial 151

trial 152

trial 153

trial 154

trial 155

trial 156

trial 157

trial 158

trial 159

trial 16

trial 160

trial 161

trial 162

trial 163

trial 164

trial 165

trial 166

trial 167

trial 168

trial 169

trial 17

trial 170

trial 171

trial 172

trial 173

trial 174

trial 175

trial 176

trial 177

trial 178

trial 179

trial 18

trial 180

trial 181

trial 182

trial 183

trial 184

trial 185

trial 186

trial 187

trial 188

trial 189

trial 19

trial 190

trial 191

trial 192

trial 193

trial 194

trial 195

trial 196

trial 197

trial 198

trial 199

trial 2

trial 20

trial 200

trial 201

trial 202

trial 203

trial 204

trial 205

trial 206

trial 207

trial 208

trial 209

trial 21

trial 210

trial 211

trial 212

trial 213

trial 214

trial 215

trial 216

trial 217

trial 218

trial 219

trial 22

trial 220

trial 221

trial 222

trial 223

trial 224

trial 225

trial 226

trial 227

trial 228

trial 229

trial 23

trial 230

trial 231

trial 232

trial 233

trial 234

trial 235

trial 236

trial 237

trial 238

trial 239

trial 24

trial 240

trial 241

trial 242

trial 243

trial 244

trial 245

trial 246

trial 247

trial 248

trial 249

trial 25

trial 250

trial 251

trial 252

trial 253

trial 254

trial 255

trial 256

trial 257

trial 258

trial 259

trial 26

trial 260

trial 261

trial 262

trial 263

trial 264

trial 265

trial 266

trial 267

trial 268

trial 269

trial 27

trial 270

trial 271

trial 272

trial 273

trial 274

trial 275

trial 276

trial 277

trial 278

trial 279

trial 28

trial 280

trial 281

trial 282

trial 283

trial 284

trial 285

trial 286

trial 287

trial 288

trial 289

trial 29

trial 290

trial 291

trial 292

trial 293

trial 294

trial 295

trial 296

trial 297

trial 298

trial 299

trial 3

trial 30

trial 300

trial 301

trial 302

trial 303

trial 304

trial 305

trial 306

trial 307

trial 308

trial 309

trial 31

trial 310

trial 311

trial 312

trial 313

trial 314

trial 315

trial 316

trial 317

trial 318

trial 319

trial 32

trial 320

trial 321

trial 322

trial 323

trial 324

trial 325

trial 326

trial 327

trial 328

trial 329

trial 33

trial 330

trial 331

trial 332

trial 333

trial 334

trial 335

trial 336

trial 337

trial 338

trial 339

trial 34

trial 340

trial 341

trial 342

trial 343

trial 344

trial 345

trial 346

trial 347

trial 348

trial 349

trial 35

trial 350

trial 351

trial 352

trial 353

trial 354

trial 355

trial 356

trial 357

trial 358

trial 359

trial 36

trial 360

trial 361

trial 362

trial 363

trial 364

trial 365

trial 366

trial 367

trial 368

trial 369

trial 37

trial 370

trial 371

trial 372

trial 373

trial 374

trial 375

trial 376

trial 377

trial 378

trial 379

trial 38

trial 380

trial 381

trial 382

trial 383

trial 384

trial 385

trial 386

trial 387

trial 388

trial 389

trial 39

trial 390

trial 391

trial 392

trial 393

trial 394

trial 395

trial 396

trial 397

trial 398

trial 399

trial 4

trial 40

trial 400

trial 401

trial 402

trial 403

trial 404

trial 405

trial 406

trial 407

trial 408

trial 409

trial 41

trial 410

trial 411

trial 412

trial 413

trial 414

trial 415

trial 416

trial 417

trial 418

trial 419

trial 42

trial 420

trial 421

trial 422

trial 423

trial 424

trial 425

trial 426

trial 427

trial 428

trial 429

trial 43

trial 430

trial 431

trial 432

trial 433

trial 434

trial 435

trial 436

trial 437

trial 438

trial 439

trial 44

trial 440

trial 441

trial 442

trial 443

trial 444

trial 445

trial 446

trial 447

trial 448

trial 449

trial 45

trial 450

trial 451

trial 452

trial 453

trial 454

trial 455

trial 456

trial 457

trial 458

trial 459

trial 46

trial 460

trial 461

trial 462

trial 463

trial 464

trial 465

trial 466

trial 467

trial 468

trial 469

trial 47

trial 470

trial 471

trial 472

trial 473

trial 474

trial 475

trial 476

trial 477

trial 478

trial 479

trial 48

trial 480

trial 481

trial 482

trial 483

trial 484

trial 485

trial 486

trial 487

trial 488

trial 489

trial 49

trial 490

trial 491

trial 492

trial 493

trial 494

trial 495

trial 496

trial 497

trial 498

trial 499

trial 5

trial 50

trial 500

trial 51

trial 52

trial 53

trial 54

trial 55

trial 56

trial 57

trial 58

trial 59

trial 6

trial 60

trial 61

trial 62

trial 63

trial 64

trial 65

trial 66

trial 67

trial 68

trial 69

trial 7

trial 70

trial 71

trial 72

trial 73

trial 74

trial 75

trial 76

trial 77

trial 78

trial 79

trial 8

trial 80

trial 81

trial 82

trial 83

trial 84

trial 85

trial 86

trial 87

trial 88

trial 89

trial 9

trial 90

trial 91

trial 92

trial 93

trial 94

trial 95

trial 96

trial 97

trial 98

trial 99

(g) δ = 0, Raw-difference
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(i) δ = 1, Raw-difference

Figure 1 The estimated ATT (the grey dashed lines) by the proposed semiparametric DSC (DSCm̂), the linear DSC
(DSClinear) and the Raw-difference for Model (7.2) with Ntr = Nco = 100 and different disparity values (δ) in the means
between the treatment and control groups based on 500 simulations. The true treatment effects are shown in the red solid
curves.

Figure 1 displays the estimated ATT along the time in 500 replications by the semiparametric DSC,

the linear DSC and the Raw-difference for Model (7.2). It shows that the true τt was at the center of

all realized {τ̂t} by the semiparametric DSC for both δ = 0 and δ ̸= 0. However, the estimation of the
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Raw-difference was severely biased and deviated further from the true τt as the disparity parameter δ

(mean shift in Xit) increased. It appears that the linear DSC provided biased ATT estimates when δ ̸= 0

and the bias got larger as δ increased. Figure S.1 of the SM shows similar results for Model (7.1).

Table 1 The average RMSEs of the estimated ATT over the post-treatment period (T − T0) by the
semiparametric DSC using the estimated m (DSCm̂) and the true m (DSCm), the linear DSC (DSClinear;
Zheng and Chen, 2024) and the Raw-difference (Raw-diff) for Models (7.1) (non-linear in the lagged outcome),
(7.2) (linear in the lagged outcome) and (7.3) (linear in the lagged outcome with stronger non-linearity in
Xt) with different disparities (δ) in the means between the treatment and control groups.

δ Nco method
Model (7.1) Model (7.2) Model (7.3)

Ntr = 100Ntr = 400Ntr = 100Ntr = 400Ntr = 100Ntr = 400

δ = 0

Nco = 100

DSCm̂ 0.1524 0.1210 0.1390 0.1020 0.2249 0.1789
DSCm 0.1270 0.0932 0.1279 0.0930 0.1282 0.0931

DSClinear 0.1633 0.1280 0.1551 0.1216 0.3360 0.2589
Raw-diff 0.5065 0.3879 0.5610 0.4241 0.5241 0.4085

Nco = 400

DSCm̂ 0.1530 0.1082 0.1118 0.0665 0.1378 0.0781
DSCm 0.1103 0.0764 0.1098 0.0647 0.1099 0.0649

DSClinear 0.1878 0.1582 0.1605 0.1151 0.3575 0.2667
Raw-diff 0.3974 0.2581 0.4301 0.2674 0.4170 0.2593

δ = 0.5

Nco = 100

DSCm̂ 0.1803 0.1607 0.1782 0.1490 0.2399 0.1656
DSCm 0.1225 0.0992 0.1248 0.0895 0.1281 0.0913

DSClinear 0.2710 0.2517 0.2983 0.2717 0.4590 0.4064
Raw-diff 1.4966 1.4662 2.5080 2.4908 0.8508 0.7876

Nco = 400

DSCm̂ 0.1337 0.1163 0.1565 0.1316 0.1457 0.0981
DSCm 0.1117 0.0786 0.1205 0.0727 0.1119 0.0639

DSClinear 0.2990 0.2755 0.3183 0.3058 0.5062 0.4096
Raw-diff 1.4295 1.3830 2.4985 2.4854 0.7963 0.7202

δ = 1

Nco = 100

DSCm̂ 0.1911 0.1864 0.2413 0.2167 0.3479 0.2945
DSCm 0.1213 0.0966 0.1231 0.0843 0.1280 0.0914

DSClinear 0.3494 0.3448 0.5013 0.4865 0.6929 0.6485
Raw-diff 2.9583 2.9468 5.1482 5.1227 0.9126 0.8466

Nco = 400

DSCm̂ 0.1468 0.1353 0.2349 0.2072 0.1867 0.0985
DSCm 0.1035 0.0746 0.1169 0.0721 0.1119 0.0640

DSClinear 0.3532 0.3493 0.5588 0.5438 0.6272 0.5555
Raw-diff 2.9036 2.8740 5.1249 5.1065 0.8487 0.7825

To provide more details on the performance of the estimators, we report in Table 1 the averaged root

mean square errors (RMSEs) of the estimated treatment effects over the post-treatment period by the

semiparametric DSC using the estimatedm (DSCm̂) and truem (DSCm), linear DSC (DSClinear), and the

Raw-difference, respectively, for Models (7.1), (7.2) and (7.3). It shows that the proposed semiparametric

DSC method consistently yielded the smallest RMSEs in all settings regardless my(t, ·) being non-linear

or linear in the lagged outcome. The superiority of the semiparametric DSC was more apparent when

Xit had different means between the treatment and control groups (δ ̸= 0), as the proposed DSC method

still provided quite accurate estimations of the treatment effects when compared with the other methods,

although the level of the estimation error was elevated as δ became larger. The Raw-difference estimator

has much larger RMSEs than its two peers, which shows how bad things could be if proper treatment

estimators were not used. The inferior performance of the linear DSC even in the linear lagged value

case was due to the bias caused by the non-linear effect of the covariates Xit as both the SC and the

linear DSC methods from Abadie et al. (2010) to Zheng and Chen (2024) were based on the entire

linearity specification. Compared to the linear DSC, the superiority of the semiparametric DSC was

more noticeable for Model (7.3) (linear in the lagged outcome), where the non-linearity of Xt was more
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pronounced.

Figure S.2 presents the heatmaps of the DSC weights {w∗
it}

Nco T
i=1 t=1 and the average maximum weight

for each post-treatment time t over 500 simulations under δ = 0, 0.5, 1. When Xit had identical means

(δ = 0), the majority of the DSC weights appeared to be distributed quite evenly, which demonstrated

Lemma 5.4(i). For Xit with non-identical means (δ = 0.5 and 1), the maximum weights at each time

were much larger than the other weights, which confirmed Lemma 5.4(ii). The larger order weight would

lead to a larger variance of τ̂t, which is also the reason for the inferior performance of the DSC when

δ = 0.5, 1 in Table 1.

To make fair comparisons with the linear DSC (Zheng and Chen, 2024), we experimented with an

entirely linear model (S.1) in SM Section S.3.1. The results summarized in Table S.1 suggest that the

performances of the semiparametric DSC and the linear DSC were comparable for entirely linear models.

Specifically, for δ = 0 where Xit had identical means in the treated and control groups, the linear DSC

was slightly better and vice versa for δ ̸= 0.

We also conducted experiments with the time-varying δt = 0.5 − 1.5(t/T )2 where we set Xit in the

control group to follow a mixture distribution 0.5N(µ, Ip) + 0.5N(µ+ δt(1, 1)
⊤, Ip) under Models (7.1),

(7.2) and (7.3) when there were non-linear effects of Xit or Yi,t−1(0) and the entirely linear model (S.1).

The average RMSEs of the estimated ATT over the post-treatment period (T − T0) are shown in Table

2 and estimated ATT over the post-treatment period for 500 simulations is depicted in Figure 2, from

which the performances were similar to those of the fixed δ case. Specifically, the proposed semiparametric

DSC performed much better than the linear DSC (DSClinear; Zheng and Chen, 2024) for Models (7.1),

(7.2) and (7.3) when there were non-linear effects of Xit or Yi,t−1(0). For the entirely linear model (S.1)

(linear in Xit and Yi,t−1(0)), the performances of the proposed semiparametric DSC and the linear DSC

(DSClinear; Zheng and Chen, 2024) were similar, with slightly lower RMSEs of the proposed method due

to δt ̸= 0, which was in accordance with the performance in Table S.3.1.

Table 2 The average RMSEs of the estimated ATT over the post-treatment period (T − T0) by the proposed
semiparametric DSC (DSCm̂), the linear DSC (DSClinear; Zheng and Chen, 2024) and the Raw-difference (Raw-diff) for
Model (7.1) (non-linear in the lagged outcome), (7.2) (linear in the lagged outcome), (7.3) (linear in the lagged outcome
with stronger non-linearity in Xt) and the entirely linear model (S.1) (linear in Xit and Yi,t−1(0)) with disparity (δt) in
the means between the treatment and control groups varying with time δt = 0.5− 1.5(t/T )2 for Nco = Ntr = 100.

Methods Model (7.1) Model (7.2) Model (7.3) Model (S.1)
DSCm̂ 0.1681 0.1752 0.1765 0.3299

DSClinear 0.4121 0.2506 0.4704 0.3526
Raw-diff 0.6462 2.9894 0.9982 3.7368

8 Case Study

In Beijing, air pollution alerts are categorized into blue, yellow, orange, and red in ascending severity and

specific emergency measures would be implemented accordingly. We applied the proposed DSC method to

evaluate the effects of two air pollution alerts, an orange alert beginning at 00:00 on November 17th, 2016

and a red alert at 20:00 on December 26th, 2016, on hourly PM2.5 concentration over the 24 hours after

the alerts. During the studied alerts, emission-reduction measures were implemented only in Beijing (the

treated area) where we considered 20 air quality stations. The control units were 74 air quality stations

in the neighboring Tianjin municipalities, Hebei, Shandong and Shanxi provinces due to the absence

of air pollution alerts in these regions during the two concerned alerts. This made N = 94 air quality

stations in total, with Ntr = 20 in the treated group in Beijing and Nco = 74 sites in the control group,

respectively.

The outcome variable was hourly PM2.5 concentration measured in µg/m3 at each monitoring station.

Four meteorological variables, wind speed (WSPM), humidity (HUMI), dew point temperature (DEWP)

and air pressure (PRES), which are known to influence PM2.5 levels (Liang et al., 2015), together with
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(a) Model (7.1), DSCm̂
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(b) Model (7.2), DSCm̂
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(c) Model (7.3), DSCm̂
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(d) Model (S.1), DSCm̂
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(e) Model (7.1), DSClinear
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(f) Model (7.2), DSClinear
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(g) Model (7.3), DSClinear
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(h) Model (S.1), DSClinear
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(i) Model (7.1), Raw-diff
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(j) Model (7.2), Raw-diff
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(k) Model (7.3), Raw-diff
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(l) Model (S.1), Raw-diff

Figure 2 The estimated ATT (the grey dashed lines) for 500 simulations by the proposed semiparametric DSC (DSCm̂),
the linear DSC (DSClinear) and the Raw-difference for Models (7.1) (non-linear in the lagged outcome), (7.2) (linear in the
lagged outcome), (7.3) (linear in the lagged outcome with stronger non-linearity in Xt) and the entirely linear model (S.1)
(linear in Xit and Yi,t−1(0)) with disparity (δt) in the means between the treatment and control groups varying with time
δt = 0.5− 1.5(t/T )2 for Nco = Ntr = 100. The true treatment effects are shown in the red solid curves.

the lagged PM2.5 were included in Model (2.2). To verify Assumption 2.1(ii), we chose T0 = 48 hours

before the alerts as the pre-treatment periods. We applied the proposed semiparametric DSC to estimate

the effect of pollution alerts on the hourly PM2.5 for the 24 hours after the alerts.

Figure 3 displays the estimated additive functions of the time, the four meteorological variables and

the lagged PM2.5 for the red alert. It suggests the lagged PM2.5’s effect was linear, which was empirically

confirmed by the bootstrap test given in Section 6.1 with the p-value close to 1. Panels (b)-(e) of Figure

3 show that the estimated meteorological effects {m̂k(·, ·)}3k=1 were quite non-linear, implying that Model

(2.2) was more suitable than the entirely linear models as assumed in Abadie et al. (2010) and the linear

DSC (Zheng and Chen, 2024). Similar results for the orange alert were shown in Figure S.3 of the SM.

Figure 4 displays the estimated optimal DSC weights {w∗
it}

Nco,T
i=1,t=1 by the EL for the two alerts, which

shows that only a handful of sites had larger weights (red) with the rest of the stations given weights close

to zero (light yellow) at each time t. For instance, at t = 1, during the orange alert, only three of the 72

weights exceeded 0.1, at 0.217, 0.384, and 0.399, while the remaining weights were all below 10−10. This

implies that the scenarios for the two alerts corresponded to the case of E(X̃it|Di = 0)−E(X̃it|Di = 1) ̸= 0

in Lemma 5.4(ii).

Figure 5 presents the estimated average potential outcomes and the ATT by different methods for the
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Figure 3 The estimated functions m0(t) and mk(t, ·) for the red alert for all covariates: time t, wind speed (WSPM),
humidity (HUMI), dew point temperature (DEWP), air pressure (PRES) and lagged PM2.5.
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Figure 4 The DSC weights {w∗
it}

Nco,T
i=1,t=1

at each time t = 1, · · · , 72 for the orange and red alerts.

two pollution alerts. From Figure(a)(c), before the alerts, the DSC estimates closely tracked the trajectory

of the observed concentration of PM2.5 for both alerts, which also implies that the estimated treatment

effects for both alerts were around zero before the air pollution alerts as shown in Figure 5(b)(d). The

RMSEs of the semiparametric DSC in the pre-intervention periods were 80.5µg/m3 and 324.8µg/m3

for the orange and red alerts, respectively, which were lower than their linear DSC counterparts at

104.5µg/m3 and 332.5µg/m3, respectively. Thus, the incorporation of non-linear effects enhanced the

quality of the synthetic controls. In the post-intervention periods, both the semiparametric and linear

DSC estimates of µt(0) showed substantially higher PM2.5 levels than the observed, suggesting that the

air pollution alerts had caused the decline in the PM2.5 concentration, which was also reflected by the

negative treatment effects after the alerts as seen in Figure 5(b)(d). In particular, the semiparametric

DSC estimates of µt(0) tended to be above those of the linear DSC in the intervention period except

toward the end of the red alert. These suggest that considering the non-linear meteorological effects in

the DSC formulation can improve the estimation of the dynamic treatment effects for the air pollution

alerts.

For the orange alert, the average observed PM2.5 over the post-treatment period was 105.28 µg/m3,

while the potential average PM2.5 without the alert was 152.24 µg/m3 by the semiparametric DSC. This

suggests the emission reduction measures could reduce the PM2.5 by 46.96 µg/m3 on average (standard
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Figure 5 The estimated average potential outcomes µ̂t(0) by the proposed semiparametric DSC (solid lines) and by
the linear DSC (dotted lines) and the observed average treated values

∑
i∈T N−1

tr Yit (dashed lines), and the estimated
treatment effects τ̂t by the proposed semiparametric DSC, the linear DSC and Raw-difference for the orange and red alerts,
respectively.

error=4.98 µg/m3), accounting for 30.8% of the potential concentration. For the red alert, PM2.5 was

reduced by 67.64 µg/m3 on average.
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Figure 6 The estimated effects τ̂t (black lines) and the normalized differences {z(k)t }500k=1 for the placebo treatment group
(grey lines) for the orange and red alerts.

We adopted the test in Section 6.2 to evaluate Assumption 2.1(ii) by verifying E(τ̂t) = 0 for t ⩽ T0.

The sorted p-values for both alerts at each time are shown in Figure S.4 of the SM and we could not

reject the null hypotheses while maintaining the FDR control at level 0.05, which provided support for

Assumption 2.1(ii). We then performed the normalized placebo experiment 500 times to test whether

the effects of the two alerts were significant. It can be seen from Figure 6 that the estimated treatment

effects τ̂t (black lines) were situated in the middle of the distribution of normalized placebo z
(k)
t (grey
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lines) before the start of the two alerts and began to deviate from the distribution of z
(k)
t after the alerts.

The p-values for the orange and red alerts are shown in Tables S.2 and S.3 of the SM, which implies that

the orange and red alerts had the most significant effects in the next 6-15 and 3-17 hours, respectively,

since the start of the alert.

9 Conclusion

We propose a DSC method for the semiparametric time-varying additive autoregression outcome model,

which allows for micro-level data with non-linear time-varying confounders, multiple treated units and

spatial correlations in the data. The use of a semiparametric additive model provides much flexibility in

both modeling and estimation processes, which potentially allows the approach to be applied to evaluate

treatment effects in broader situations than the linear DSC. The proposed semiparametric DSC is also

suitable for scenarios where different treated units are assigned to the treatment at different times.
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