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Abstract Motivated by evaluating the treatment effects of a policy on an outcome variable with non-linear
time-varying confounding variables, we propose a dynamic synthetic control (DSC) method for semiparametric
time-varying additive autoregression outcome models. The proposed method allows microlevel data with
non-linear time-varying confounders, multiple treated units and spatial correlations. The DSC weights are
constructed by the empirical likelihood, which guarantees a unique solution and a consistent estimation of the
average treatment effect on the treated group. The semiparametric additive model provides more flexibility in
modeling and estimation, making it more favorable when either a parametric form of the model is unknown or
may be mis-specified. We develop a test for the unconfoundedness assumption based on the estimated effects in
the pre-treatment period and a normalized placebo test to determine the significance of the estimated treatment
effects. The proposed DSC method is evaluated by numerical simulations and a case study that evaluates the
effects of air pollution alerts in Beijing.
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1 Introduction

Evaluation of effects of a treatment or policy intervention is an important task in many scientific fields
such as economic research and evaluation, medical studies especially clinical trials, social sciences and
beyond. Examples include studying the effects of natural disasters on economy (Cavallo et al., 2013),
health insurance ineligibility on access to medical care (Viviano and Bradic, 2023), single-unit intervention
in epidemiology (Bonander et al., 2021), impact of vaccines or new drugs (Bruhn et al., 2017; Lin et al.,
2018) and so on. When there is no random assignment, the synthetic control (SC) methods (Abadie et al.,
2010, 2015; Abadie and Gardeazabal, 2003; Doudchenko and Imbens, 2016) are often applied to estimate
the treatment effects of policy intervention. The SC method enables estimation of the causal effects of
a particular treatment or policy by constructing synthetic controls that mimic the characteristics of the
treated unit in the absence of the intervention, which has become a vital analytical tool in many scientific
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fields for evaluating policy intervention. Athey and Imbens (2017) described the SC method as “arguably
the most important innovation in the evaluation literature in the last 15 years.”

Extensions of the SC have greatly expanded in recent years. Abadie and L’Hour (2021) proposed
penalized SC methods for multiple treated units, Ben-Michael et al. (2021a) proposed the modified SC
along the lines of bias-correction, and Ben-Michael et al. (2021b) considered the case where the treatment
initiation time varies among units. Athey et al. (2021) and Bai and Ng (2021) applied matrix completion
to estimate the causal effects for panel data. Ferman and Pinto (2021) proposed a demeaned version
of the SC method when the pre-treatment fit was imperfect. Viviano and Bradic (2023) developed a
non-parametric algorithm for detecting the average treatment effects over time in the context of the SC.

A major limitation of the SC method is its requirement that the synthetic control weights remain
time-invariant, which prevents its use in dynamic situations. Specifically, the weights of the SC method
are constructed by matching the outcomes and covariates in the pre-treatment period. Although Abadie
et al. (2010) considered a dual dynamic linear model, the weights were still time-invariant and obtained
by matching the covariates and outcomes only at the time point when the treatment was assigned. To
accommodate time-varying covariates, Zheng and Chen (2024) developed a linear dynamic synthetic
control (DSC) approach, which showed that the SC estimate would incur a larger variance under the
dynamic linear models compared with the linear DSC estimates as the SC method does not control the
covariates at each time point.

Both the SC and the DSC (Zheng and Chen, 2024) approaches assume linear models which may
not be satisfied as the influence of the confounding variables may be non-linear and nonparametric.
Semiparametric models provide more robust specifications, making them more favorable when either the
parametric form is either not available or subject to mis-specification. Moreover, there are usually many
variables with non-linear time-varying effects on the outcomes, in which case only matching the covariates
and outcomes may lead to undesirable estimates of the treatment effect. As shown in our case study of
the effects of the air pollution alerts, the variables like wind speed, humidity, and dew point temperature
have evidently non-linear effects on the air quality.

To evaluate dynamic treatment effects under a general dynamic panel data model with time-varying
confounding variables, we use the time-varying additive autoregression to model the outcome variable,
where the unknown additive functions are estimated by the spline-back-fitted-kernel (SPBK) method
(Wang and Yang, 2007). After attaining the estimated additive functions, we apply the empirical
likelihood (EL) (Chen and Van Keilegom, 2009; Owen, 1988, 1990) to construct the synthetic weights.
The use of the EL ensures unique solutions to the matching weights, which overcomes an issue of the SC,
and leads to consistent estimates of the average treatment effect on the treated (ATT).

As the model contains lagged outcome variables that are unobservable in the post-treatment period,
one has to impute them to evaluate any treatment effects. For a general bivariate function m,(-,-) of t and
Yt—1, My(+, -) may be non-linear in the lagged outcome Y; ;_1(0), then we need to impute each treated unit
as E[my (t,Y;:-1(0))] # my (t,E[Y;+-1(0)]). For a special case with m,(-,-) linear in Y;;_1(0), we only
need to impute the mean of the lagged outcome variables in the absence of the treatment. We propose a
statistical test to test whether m,(-,-) is linear in y,_;. We also develop an unconfoundedness assumption
assessment test and a normalized placebo test to determine the significance of the estimated treatment
effects. Extensive simulation studies are conducted to show the correctness of the theoretical results
and the finite sample performance of the proposed method. Finally, we apply the proposed methods to
evaluate the treatment effects of air pollution alerts in Beijing.

The main contributions are summarized as follows. First, the weights were time-invariant in the
existing synthetic control method, while we allow the weights to differ at different time points. Second,
we allow the covariates X and the lagged term Y;;(0) to have nonparametric time-varying effects on the
outcomes, which are modeled by general bivariate additive functions Y §_, my(t, Xi) and estimated by
the SPBK method. In contrast, both the SC and the dynamic SC (Zheng and Chen, 2024) approaches
assume linear models. As shown in our case study of air pollution alerts, variables like wind speed,
humidity, and dew point temperature had evidently non-linear effects on air quality. Third, we impute
the lagged outcome for each treated unit in the post-treatment period rather than directly estimating the
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mean of the counterfactual outcomes by synthetic controls due to the non-linearity in the lagged outcome
and its unobservability for the treated group in the post-treatment period. We also develop a hypothesis
test for the linearity in the lagged outcome, as the linearity in the lagged outcome would greatly reduce
the complexity of the DSC process. The theoretical results for the proposed method are also established,
including the theoretical properties of the SPBK estimation of additive functions, bounds on the weights
constructed by the empirical likelihood and convergence of the estimated ATT under both perfect and
imperfect matching.

The paper is organized as follows. Sections 2 and 3 introduce the DSC method for the time-varying
additive autoregression model. The estimation of the additive functions is given in Section 4. Section 5
presents the theoretical results of the proposed method. Several hypothesis tests are shown in Section 6.
Simulation results are reported in Section 7 and a real data application is given in Section 8, followed
by a conclusion in Section 9. Technical details and additional results are given in the Supplementary
Material (SM).

2 Semiparametric Model Setting

Let N = Ny + N, denote the number of units observed for a duration 7" with Ny, and N, units in the
treated 7 and control groups C, where T and C denote the sets of unit indexes in the treated and control
groups, respectively. Units in T are exposed to a policy intervention after time Ty, which are called the
treated units. Units in C remain unaffected by the intervention. The variable D;; indicates whether unit
i is exposed to the intervention at time ¢ (D;; = 1), or not (D = 0) and D; = D; 1,41 denotes whether
unit ¢ is exposed to the intervention after 7. The outcome of interest is denoted by Y;; and X;; is the
p-dimensional vector of covariates affecting the outcome Y;;. Following the notion of potential outcomes
(Rubin, 1974), let Y;:(0) and Y;;(1) denote the potential outcomes observed for unit ¢ at time ¢ when
D;; = 0 and D;; = 1, respectively. The observed outcome Y;;: = Y;; (D;+) is contingent on whether the
intervention affects unit ¢ at time ¢ or not. The goal is to estimate the average treatment effect on the
treated group during the post-treatment period at time ¢,

7 =E (Yie(1)|D; = 1) — E (Yie(0)|D; = 1) for t > Ty. (2.1)

While the first term E (Y;(1)|D; = 1) can be readily estimated by the sample average of the outcomes for
the treated, namely N > jet Yjt, an estimator for the second term E(Y;:(0)|D; = 1) has to be specially
constructed as the would-be outcomes in the absence of the treatment for the treated are not observed.
We consider its estimation by the proposed semiparametric DSC method.

To accommodate the non-linear influence of the covariates on the outcomes, we consider the
semiparametric time-varying additive autoregression model (2.2),

p
Yie(0) = mo(t) + > m(t, Xiek) + my(t, Yis—1(0)) + &3¢, for 1 <i <N, (2.2)
k=1

where my(t) is an unknown baseline function of time ¢, X;; j is the k-th covariate of X;; for unit ¢ at
time ¢, and my (¢, Y;1—1(0)) and my(t, X1 1) are the unknown time-varying additive functions which are
identifiable under the constraints [ my(t, zy) fi (¢, zx) dog = 0, for every t,k =1,...,p+ 1, where fi(¢,")
denotes the marginal density of the kth covariate at time t,with X;;,11 = Y;(;_1)(0) and mp 1 = my,.
The error term ¢;; is assumed to be independent of {X;;,Y; ;—1(0)} with zero mean at each time ¢ and is
allowed to be spatially dependent such that } o ;_; < n E(€igji) = O(N). Model (2.2) is more general
than that treated in Zheng and Chen (2024) in that the nonparametric form is assumed on the influence
of time and the covariates Xy, Y;_1(0). This allows the lagged outcome Y;;_1(0) and the covariates X; to
have non-linear and time-varying effects on the outcome.

The following assumption is needed in the analysis.
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N

Assumption 2.1. (i) For 1 < ¢t < T,1 i < N, Yy = DuYu(l) + (1 — Diy)Yi(0); (i)
E(Yit(0)[Yi,:-1(0), Xit, Di = 1) = E(Yit(0)[Yi,1-1(0), X4, D; = 0); (m) P(D; = 1) > 0; P(D; =
11X, Yi—1(0)) < 1 with probability one.

The consistency assumption, Assumption 2.1(i), guarantees each unit at each time has one of the
potential outcomes observed. By Assumption 2.1(i), 7z = E(Y|D; = 1) — E(Y;(0)|D; = 1) for ¢t > Tp.
Assumption 2.1(ii), called the unconfoundedness assumption (Imbens and Wooldridge, 2009), is used
to identify 7¢. It is a common assumption in treatment effects estimation (Abadie et al., 2010; Shi
et al., 2022; Viviano and Bradic, 2023) and also relates to the conditional parallel trends assumption
if lagged outcomes are included as covariates (Roth et al., 2023). Assumption 2.1(ii) requires that the
conditional expectations of Y;;(0) are the same for both the treated and control groups when the covariates
(Y;:—1(0) and X;;) are controlled. It is equivalent to the conditional mean independence assumption
that the conditional mean of Y;(0) given the covariates Y; ;_1(0),X;; is independent of the treatment
D;, that is, E(Y;(0)|Y:+—-1(0), Xit, D;) = E(Y34(0)|Y; 1—1(0), X;¢), as assumed in Chapter 5 of Angrist and
Pischke (2009). Assumption 2.1 (ii) is a weak version of the (full) conditional independence assumption
(Imbens and Wooldridge, 2009; Shi et al., 2022) or the so-called ignorability conditional on the lagged
dependent variable (Ding and Li, 2019; Viviano and Bradic, 2023). The ignorability conditional on the
lagged dependent variable means that ¥;;(0) is independent of the treatment D; given the covariates
Y;'yt_l(()),xit, that iS, Y;t(O) iR D | ( i t— 1(0)7Xit)~

Under Assumption 2.1(i)-(ii), the conditional expectation of Y;;(0) in the treated group is iden-
tifiable; namely, it can be expressed by the observed data, E(Y;(0)|X;,Y;:-1(0),D; = 1) =
E(Yi|Xit,Yii—1,D; = 0). Assumption 2.1(iii) implies that for any given X;; and Y;;_1(0), there is
always a proportion of untreated population that can serve as controls. Here, the reasons for including
the lagged outcomes Y; ;—1(0) as covariates, as also seen in lagged-dependent-variable adjustment (Ding
and Li, 2019), are that the lagged outcomes Y;;_1(0) have big influence on the outcome, especially in
our case study of the PMs 5 and that controlling for lagged outcomes can reduce bias from unobserved
confounders (Ryan, 2018). In many real-world scenarios, the unobserved factors (e.g., managerial quality
or latent ability) that create selection bias are ‘sticky’ and are reflected in the previous period’s outcome.
By conditioning on Y; ;—1(0), we are comparing treated and control units that started from the same
baseline performance level.

3 Semiparametric Dynamic Synthetic Control

In this section, we introduce the semiparametric DSC method for estimating 1;(0) = E(Y;(0)|D = 1) by
establishing dynamic synthetic controls that mimic the counterfactual scenario of the treated group in the
absence of the treatment for ¢ > T. The linear DSC proposed in Zheng and Chen (2024) constructed the
synthetic weights for each time step. However, as the effects of X;; and Y; ;_1(0) in Model (2.2) are non-
linear, we cannot directly apply the linear DSC method by just matching X;; and Y; ;—1(0). Furthermore,
the lagged outcome Y; ;_;(0) is unobserved for the treated group when ¢ > Ty 4+ 1. The non-linearity in
the lagged outcome, namely E [my, (t,Y;+-1(0))] # my (t,E[Y;+~1(0)]), prevents the direct estimation of
1¢(0) by synthetic controls. To tackle this problem, we need to establish synthetic controls for each unit
in the treated group, that is to find a set of non-negative Welghts {wzt}N‘” for each j € T at time t such
that Zz T w!, = 1 and the imputed value is denoted by Y +(0) = > icc wltht( ). According to Model
(2.2), for a fixed j € T at time ¢,

Y50(0) = mo(t) + Y mu (£, X ) +my (£, Y50-1(0)) + &5, (3.1)
k=1

p
D wl Yi(0) = D whmo(t) + Y0 whm (8, Xiek) + > whmy (8,Yi-1(0) + > wheq. (3.2

i€C i€C k=11ieC ieC i€C

Although Yj}+(0) in the treated group is unobservable for ¢t > Tp, matching (3.2) with (3.1) leads to
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two matching conditions (3.4) and (3.5) below for the dynamic synthetic weights {wlt}Z 2. with mg(+),
my(-,-) and my(-,-) replaced by their respective consistent estimators mg(-), m(-,-) and my(-,-). The
details of these estimators are deferred to the next section.

The DSC weights {w?,} ¢ are established via the EL (Chen and Van Keilegom, 2009; Owen, 1988,
1990) which ensures a unique solution for the weights. For a fixed j € T at time ¢, the EL weights {wft}
are obtained by maximizing the empirical likelihood [, . wi; subject to the matching conditions (3.4)
and (3.5). Specifically, the EL weights are given by

Wg = (w{ta e 7w‘]j\lmt) = arg maxH Wit, (33)
Wte‘/\}tJ ieC
where W = {(w1s, -+ ,wn.,0) = S wir = 1,wy > 0}, and are subject to

Y ice Wity (t, Xigx) = My (t, Xje ) for k=1,---p, (3.4)

M
{ my(t,Yj:-1(0)),t < To + 1,

> wity (6, Y5 1(0)) =4 7 "2 ,
! My (t,Y;:-1(0) + €5,) = My (6, X wi 1 Yie—1(0) +€5,),t > To + 1,

ie€C

(3.5)

where €7, ~ F and F is the empirical distribution of centered control residuals. The error €7, is used only
in the next lag matching target. The ATT estimator continues to use )A/M_l(()). Note that Constraints
(3.4) and (3.5) are the results of matching the second and third terms on the right-hand side (RHS) of
(3.2) with the corresponding terms in (3.1). Specifically, (3.4) matches the covariate functions between
the treatment and control groups based on the p additive components of Model (2.2), while (3.5) matches
the function of lagged values of the potential outcomes Y; ;_1(0) before and after the time point Tp + 1.
When ¢t < Tp + 1, the lagged outcomes Y; ;—1(0) are observed in both the control and treated groups.
For t > To + 1, as Y;:—1(0) are unobserved for the treated group, we substitute m, (¢,Y;,-1(0)) by
my(t, Yj,tfl(o) + E;t) = my(t, Ziec wg,t—lyi,tfl(o) + E;t)'

The EL weights in (3.3) can be obtained by the Lagrange multiplier method, which leads to
unique solutions for the weights and facilitatesA asymptotic analysis of the weights. Let Z; ¢ =
(ma(t, Xie1), -+ mp(t, Xip)s my (8, Yie-1(0))) s Zie = (M (t, Xiea), -+ 5 p(t, Xie,p) iy (¢, Yi—1(0))
for 1 i< Neo, 1<t<T,and Zy7 = (Ma(t, Xjen), - ity Xjop) iy (t, Vi 1(())))T for j € T,

<Th+1, and fOI’j S T t>1To+1, zjtT = (T?Ll(t X]‘t 1) s T?Lp(t thp) T/T\Ly(t ZlEC it— 1)/;t 1(0))+
eﬁ) Then, the structural constraints (3.4) and (3.5) can be expressed by > .. wnz“ c= th 7. Note
that the maximizing problem (3.3) is equivalent to minimizing

- Neo _
- Zlog(wf-t) over wy}, > 0, subject to ijt =1, and ngtzit,c =Zji, T
; i=1 iecC

. N .
Let Gyj(wi, A, v) = > ;7 log(wl,) — NeoA ZZ o w, (Zit,C ZJt 7))+ 'Y(Zl 7 wjt 1), where X and ~ are
Lagrange multipliers. Taking the partial derivatives of G;; with respect to wi,, A and vy, we get

NCO
aGt]/awt*]-/wt COA(Zit,C Z]tT +7=0, Zw 1tC jtT Zw

which implies 3 w?,8G;/0w), = 0. Then, we can derive that the EL weights take the form
wh = N1+ AT (Zige — Zjur)}  fori=1,--- Ne, G €T, (3.6)

where A satisfies ZL(Z,&,C - Ejtf){l + )\T(Z—tyc - Ejm-)}*l = 0. Lemmas S.14-S.15 of the SM show
that the weight solution to problem (3.3) (or (3.10) ) uniquely exists. In our simulation studies and real
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data analysis, the EL weights were obtained by the R packages “LowRankQP” and “NlcOptim”. We also
check the ‘convex hull’ requirement of the EL. Overall, the algorithm was stable in our simulations and
empirical analysis.

With {w?/,} N we can 1mpute Y; (0) by A] 0) => e w?, Y5 (0). With all weights {w/},c7, we can
estimate u¢(0) and 7 by :(0) = de Y;:(0) = N, ! djeT 2ice Wi Yir(0) and
7= Nyt Z Yje — 1 (0) = N Z (th - watht(O)) (3.7)
i€T JET i€C

For the special case where my(t,-) is linear in the lagged outcome so that E[m,(t,Y;:—1(0))] =
my (t,E[Yi:—1(0)]), the estimation of 7; is simpler. An example of the linear case is my(t,Y; —1(0))
=h(t)Y;1-1(0) for a temporal function h(t). The linearity in the lagged outcome allows for the
construction of synthetic controls using weighted averages of the outcomes in the control group directly
for the estimation of u;(0) rather than for each treated unit, that is to find a set of non-negative weights
{w;kt}f\[:‘f that sum to 1 such that 7i;(0) = Y, . w;;Yi:(0) at time ¢. This implies that the complexity of
the above DSC process can be reduced due to the linearity in the lagged outcome. By (2.2), the weighted
average of the control group and the average of the potential outcome over the treated group satisfy

P
D wiYi(0) =Y wimo(t) + > Y wiymi (t Xinw) + Y wimy (8, Yie—1(0) + D whew,

ieC ieC k=1ieC ieC ieC
th(o my, (t, th k) my (t,Yi:-1(0)) Eit
> )+ Y + : +D
€T Nz k=1i€T €T Nz ieT Nz

Matching the two equations above leads to two constraints

Sicc wit (6, Xiv k) = Nt Y ier M (6, Xjo), for k=1, ,p, (3.8)
> wieiy (t,Yie-1(0)) = { Zyt:l ;jeT i (t’}:j’tfl(o)) st (3.9)
i€C My (t, fit-1(0)) = My (6, > icc Wiy, Yie-1(0)),t > To + 1,
Subject to (3.8) and (3.9), the EL weights {w},} ¢ are given by
wi = (wly, o wiy,,) = arg max [Jw (3.10)

weEWe e

where Wy = {(wi, - ,wn. t) : Zf;f w;y = lL,w; > 0}. The EL weights are constructed by
the EL in a recursive way similar to the general case with thj in (3.6) replaced by Zt,fr =
Nt S (t, Xgen) - i (t, X ), iy (£, Y50(0))) T for t < To+1 and Zy 7 = (N Y i (£ Xjrn),

M (t, Xjtp), My (8, 16-1(0))) T for ¢t > Ty + 1. The difference is that the weights are constructed for
the average of the treated group instead of for each treated unit with Ny, ' =, .- my (¢,Y;:-1(0)) on the
RHS of (3.9) for t > Ty + 1 replaced by m,, (¢, fi;—1(0)) since my(¢,-) is linear in ¥;,_1(0). With the
weights {w},}, the estimator of the ATT 7 is

Ntr ZYVJt _/J‘t Zl/vjt_zwzty;h t > To. (311)

JET JET i€C

4 Estimation of Additive Functions

Before we present the theoretical properties of the semiparametric DSC estimator 73, we provide details
on the estimation of the additive functions in Model (2.2). We employ a two-step SPBK method based on
all the observations of the subjects in the control group for the whole time T'. Specifically, we utilize the
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B-spline procedure to obtain the initial estimators of mg(+), m(+,-) and then get the refined estimators
using a local linear estimation. Denote the observed sample as {(Y3;,tij, Xij1,..., Xijp) 10 =1,...,n,j =
., T}, where n = N, is the total number of the control subjects and ¢;; is the observation time.

Initial spline estimation of component functions. Following De Boor (1978), let bg(zg) =

(b1 (T)s - - bk k+q(zk)) T be a g-order B-spline basis vector with K interior knots. We center and
standardize the B-spline basis at each fixed time ¢ and denote the resulting basis by Bg(zyx) =
(Bkyl(xk),...,Bk7K+q(mk))T. Let K; and K5 be the numbers of the interior knots for ¢ and xy,

respectively. To simplify notation, let Xy, 41 = Yi(j—1)(0), mpy1(t,-) = my(t,-) and xp1 = y;—1, and
denote the Ky x Ks dimensional tensor-product B-spline basis functions by By (¢, xx) = bo(t) @ By (zk).
Then, the additive component functions in Model (2.2) can be approximated by mg(t) ~ ag bo(t)
and my(t,zp) =~ akTBk(t,xk), k= 1,2,...,p + 1, and the coefficients a9 = (c1,---, Q0K +q) "
and o = (Qg1,...,0 (K1+q)(K2+q))T can be estimated by argming, . o, . ) i1 Z? Y -
agbo(tij) Zp+1 o L Br(t ijr Xijk } Together with the mean zero identification conditions, the initial
spline estimators are o 1(t) = ag bo(t) + (nT)~ Ly i1 Ziﬂ &) Bi(tij, Xijr), and My 1(t, zp) =
&) By(t,zy) — (nT)~1 300, ]T L8 By (tij, Xiji) for k =1,...,p+1.

Local linear kernel smoothing estimation of component functions. Let ?ij,o =Y —
Zp+1 M 1( ij, Xijk) and }Afij = Ylj mo.1(ti;) — Z#k M 1(tij, Xije). Then, the local linear estimators
mo(t) = ﬂo and 7y 11(t, xx) = ﬁk, respectively, are obtained by argmin g, ;) > Z ( 3,0 — Bo —
(tij = 1)bo/ho) Ky (t1;—t) and argmings, 1, 57—y 37y {Vigu—Bi—((t; = )/ P, (Xigie = 22) /o) i}
K, (tij — ) K, , (Xijx — x1), where Kj(u) = K(u/h)/h, ho and (hy, hy) are bandwidths for mq(t)
and my,(t, i), respectively. Then, the final estimators of the additive functions are mg(t) = Mo 11(¢) and
ﬁzk(t,xk) = T/flkJI(t, l‘k), k= 1, Y + 1.

Lemma 4.1 reports the theoretical properties of the SPBK estimation of the additive functions,
which requires some regular conditions Assumptions A1-A5 in Section S.1.3 of the SM. Define x; =
[ WK (u)du, v; = [70 uw K?(u)du, biasy(t, xx) = ko{hf 0°m(t, x1) /08 + b ,0%my(t, zx) /027 } /2,
k=1,...,p+1 and biasg(t) = kam{ (t)h2/2. For two positive sequences a,, and b, a,, < b,, means that
ay, /by, is bounded away from zero and infinity.

Lemma 4.1. Under Assumptions A1-A5 of the SM, if hg < (nT)~Y° hyy < hp. < (nT)76,
Ki < Ky, < (nT)¥°log(nT), then (i) /nTh {fg(t) — mo(t) — biaso(t)} — N (0,02v(t)); (ii)
/T hyg y g o {k (t, 1) — mu (8, 1) — biasg (¢, z)} — N(0,0203 ) f(t, 2x)).

Lemma 4.1 indicates that the SPBK estimators of the univariate and bivariate functions, mg(t) and
my, (¢, 1), converge to the normal distributions at rates v/nThg and \/nThi hi g, respectively. If hy =<
(nT)~1/5, then my(t) achieves the optimal convergence rate (nT)~2/> and My, (t, ) attains the optimal

convergence rate (nT)~Y/3 for hy; < hy , < (nT)~1/6.
5 Theoretical Properties
We first introduce some notations and assumptions. Let X;; = (X}, Yi—1(0 )) for1 <i< N, 1<t <T.

Under Assumption 5.1, Lemmas S.14-S.15 of the SM show that the Welght solution to problem (3.3) (or
(3.10)) uniquely exists.

Assumption 5.1.  There ezists a binary variable S; € {0,1} such that P(S; = 1|D; = 0) > 0,
E(Xi:|D; =0,5; =1) =EX lt|Dl = 1), and Var(X 1t|Dl =1,5; =1) is of full rank.

If systematic differences exist in the covariates )~(Z—t between the treated and control groups, i.e.,
E(X|D; = 0) # E(Xy|D; = 1), direct comparisons between the treated and control groups are improper.
Assumption 5.1 is essentially a common support or overlap condition, which is required to ensure that the
control group always contains a comparable portion of )Niit with the same expectation as in the treated
group. In practice, Assumption 5.1 means that the control group contains enough diversity to mimic the
treated group. For instance, when we study the impact of air pollution alerts, this assumption requires
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that the control pool contains enough air pollution stations with similar environmental features so that
a weighted average (a ‘Synthetic Control’) can be constructed.

Recall that the standard result of the EL (Owen, 2001) requires E(Xy|D; = 0) = E(Xy|D; = 1)
to obtain wt =0, ( ) for i = 1,---,Ng as Ngo, Niw — 00. However, the mean equivalence
condition in th between the treated and control groups is often violated in some SC situations, which
prevents the weights on control units from achieving a uniform order of Op( NZ1). For example,
meteorological conditions like wind speed and humidity may differ in different cities. In such cases,
the EL weights exhibit a ‘singularity’ where one or two units may capture a significant portion of
the total mass. Thus, the followmg Assumption 5.2 adapted from Ghosh et al. (2023) is used to
establish the bounds of w}, and w}, when E(X;/|D; = 0) # E(X Z,g|D1 = 1). For a vector § € O
with [|0| = 1, define &(0) = 67 [ch —E(Zi,c)] for 1 <@ < Neo. Let & (0) = mingee{&i(0)1e,0)<0}»
max(0) = maxiec{&i(0)1e,(0)>0} and &, »(0) = minjec{{&(0)1¢, () <0} \{&min (0)}}-
Assumption 5.2.  For any 6 € © with ||0]| = 1, Var(¢(0)) > 0 and Y ;° e o Cov(&(0),€5(0)) <
oo. There exist v > 0, 0 < d < 1 and a non-random sequence by,, — oo such that (i) b”” = 0(Ne),
bn, = 0(Neo), [€min(O)] = Op (bn.,) = |&hax(O; (1) P(1min(0) = &min2(0)] = bR1) — 1 as Ny — o0
and (i) b?vtfPﬂfl(G)\ > b}\,—cf) — 0 as N, — oo.
Assumption 5.3.  The number of knots satisfies K =< (NeoT)?/°log(NeoT). The bandwidths satisfy
ho < (NeoT) 7Y%, Nyphip y = 0, Nyphit , — 0, Neohip ; = 0, Neohi p — 0 and hyy < by o 2 (NeoT)~Y/6.

Assumption 5.2 puts constraints on the growth rate of the extreme order statistics |¢,;,(#)| and
|€min(0) — Emino(0)] and the decay rate of the tail probability P(|&(0)] > b}vcf). The by, bounds
the maximum difference between the confounders and their mean in the control group. Intuitively,
Assumption 5.2 ensures that the tail of the control group distribution is thick enough to support
this singularity without numerical failure and also guarantees that the largest weight (the ‘singular
weight’) grows at a predictable rate relative to the other weights, allowing for consistency even under
misspecification. Many distributions of &(0) would satisfy Assumption 5.2 by the standard results
of extreme value theory (Leadbetter et al., 1983) such as the Gaussian, exponential, and Laplace
distributions. For example, when {;(0)} are Gaussian distributed, Assumption 5.2 is satisfied by
taking b, = +/logn,y > 1/2, and 0 < § < 1/2. Assumption 5.3 specifies the required bandwidths
for negligible estimation errors of the unknown functions in weight estimation. We show in the SM that
under Assumption 5.3, the estimation errors of the unknown functions are of order op(chl/ 2), which do
not affect the leading estimation error of the EL weights.

Next, we derive the bounds of the weights w?, and w}, under B(X X |D; = 0) = E(Xy|D; = 1) and

E(Xyy|D; = 0) # E(X;|D; = 1).

Lemma 5.4. Under Assumptzons 2.1-5.1,5.83 and A1-A5, as Ne, and Ny, — oo, (i) if E(X 1,5|D =0)=
E(Xy|D; = 1), then wl, = 0, (NL') umformly fori=1,--- Nep,j =1, Ny and wj, = Op(N")
uniformly for i = 1,--+ , Neo; (u) if E(X 1t|Dz = 0) #+ E(Xy|D; = 1), under additional Assumption
5.2, then max{wjt D1 # zmm} = (bA’HN b, w zmmt = Op(b;\,ia) for i = imin, max {w}, : i # imin} =
Op(byvtj]\fgol) and w; Op(bNio) for i = imin, where iy is the index of Emin(07).

Lemma 5.4 suggests that the semiparametric estimation error of the additive functions does not affect
the leading order of the estimated weights. When E(X|D; = 0) = (~Zt|D = 1), the result is the same
as that of the standard result of the EL (Qin and Lawless, 1994). If B(Xy|D; = 0) # E(Xu|D; = 1),
the weights are larger than N_! and the largest weight is of order Op(b,_vco). The following theorem
establishes the convergence rate of 74 to 7.

Theorem 5.5.  Under Assumptions 2.1-5.3, A1-A5 and Model (2.2), the matching equations (3.4) and
(3.5) ((3.8) and (3.9)) can be attained with probability approaching 1 and there exists a unique solution

for the BL weights {wl,} " ({wi}55). (1) IFB(Xul Dy = 0) = B(Xul D; = 1), then 7 5 7, as Ny and
=1

Neo — 00, and [T, — 7| = Op(Neo 1/2 + N, 1/2) (ii) If B(Xy|D; = 0) # E(Xy|D; = 1), then under an
additional assumption b?\,ljz = 0p(Neo), the DSC estimator |7, — 7¢| = (bWHNwl/2 + by, ! L+ N, 1/2).

Tmin,t
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Theorem 5.5 shows that 7; is consistent with 7, for a fixed ¢t when my (%, -) is either linear or non-linear
in the lagged outcome. When E(X;|D; = 0) = E(X;|D; = 1), the estimation error in 7; depends only
on the sample sizes Ny and Ng,. When E(X;:|D; = 0) # E(X;:|D; = 1), the estimation error in 7; not
only depends on the sample sizes Ny, and Ng,, but also on by,, which bounds the maximum difference
between the confounding variables and their mean in the control group. In addition, the semiparametric
estimation error of the additive functions does not affect the accuracy of 7; in the leading order.

Remark 5.6.  For large T, if limy_o0|p(t)| < 1, where p(t) = sup, dmy,(t,y)/dy or p(t) = my(t)
when my(t, ) is linear in the lagged outcome such that my (¢, Y;:-1(0)) =my(¢)Y;:-1(0), then the results
in Theorem 5.5 still hold for (T' — Tp) — oo. In the case of E(f(it|Di =0) = EX zt|D = 1),
under ( ) Ht_m|p( ) > 1, (T — Ty) log(T — Ty) = o(log N.») = o(log Ny,.) or (b) limy_,o|p(t)| = 1,
O(E ity i1 p() = o(N}/?) = o(N&?), we have 7 B 71 as Nyp, Neo, (T — Tp) — oo. In the
case of E(X;|D; = 0) # E(X 1t|D = 1), under (c) Htﬁwm( ) > 1, (T —To) log(T — Tp) = o(log Neo) =
ologbw,,) = o(log Nir) or (d) Timy—soc|p(t)] = 1, O( X g i1 Tl () = 0lby ' Ned?) = 0(bn,) =
o(Ntlr/ ), we have 7r 5 70 as Ny, Nyo, (T — Ty) — co. Note that for limy_,oo|p(t)| = 1, the specific
order of ZS Tl HZ;SH p(t) depends on the form of p(t). For example, the order is O(T logT) for
p(t) =141/t and O((T — To)(T + Tp)/T) for p(t) =1 —1/t.

6 Hypothesis Testing

This section considers tests for three key aspects of the semiparametric DSC approach: the linearity of
my(t, ) in the lagged outcome, the unconfoundedness assumption and the placebo test for the significance
of the estimated effect 7;.

6.1 Testing linearity of m,(t,-)

As introduced in Section 3, the linearity in the lagged outcome allows us to directly estimate p¢(0) using
weighted averages of control group outcomes. In contrast, in the non-linear lagged outcome case, we need
to build the synthetic controls for each treated unit, which is much more involved than the linear case.
Hence, the linearity in the lagged outcome would greatly reduce the complexity of the DSC process, and
it is important to test for it first.

We formulate a test of whether m, (¢, -) is linear in the lagged outcome Y; ;1 (0) or not. Similar testing
procedures can be applied to test whether the effect of the covariate X; is linear or not, although they
have no implications on the way the DSC weights are calculated. Denote the additive components by
m(t, Xt) =mo(t) + > h_;my (t, k) + my (¢, 4—1) in Model (2.2). Then, the null linearity hypothesis
is Hy : m(t,X¢) = mo(t) + > oy mx (t,ze5) + my () ye—1 a.s. on [0,1] x X, where X is the support of
covariates Xt. Let YV be the support of covariates Y;_1(0). The null hypothesis can be expressed as

Mo / / [(mo(t) +my(t, ye—1)) — (mo(t) + my(t)yt—l)]Qdyt—ldt =0. (6.1)
0o Jy

The inclusion of the baseline function mg(t) is due to the mean-zero identification condition of the
additive model. A natural way to formulate the test statistic is to build a distance measure between the
nonparametric estimates for mq(t), my(t, y,—1) and their counterpart under Hy. Let mho(t) and m, () be
estimators of mo(t) and my, (t) under Hy. The Lo-distance-based test statistic is

1
ISEn = /0 A [’I/ﬁy(t,ytfl) + T/fLQ(t) — (Tho(t) + my(t)ytfl)]zdytfldt. (62)

The following proposition presents a central limit theorem for Z,, = ISE,, —Ep, (ISE,,), where Ey, (ISE,,)
is the expectation of ISE under Hj.
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Algorithm 1 Bootstrap test for linear lagged outcome.
Input: Data {Y;;, X, t =1,--- , T,i=1,-- N}

1. Perform the SPBK method to get the estimation of mo() and mg(-,-) for k =1,...,p+ 1 and
calculate the residuals &;; = Y;; — m(t;;, X;;) = Yi; — mo(tij) — Zfﬁ m (tij, Xij k)

2. Under Hy, obtain the estimates my,(-), mo(:), mg(-,-) for k& = 1,...,p and compute the ISE by
(6.2).
for b=1,...,B do
(a) Generate sample {Y;%, Xy;} by €55 = &ijmij, i S N(0,1) and Y75 = iy (ti;) Y75 _1 +1ho(t;) +
> e Tk (tig, Xijx) + €55
(b) leen {Y3},Xi;}, compute the bootstrap test statistic by Steps 1-2 ISE, = fol fy[ﬁla‘(t) +
m*(t, ye—1) — ms(t) — 1y ()ye—1]dys—1dt.

end

3. Compute the test p-value by B~1 Ef 1 I(ISE; > ISE). Reject Hy when the p-value is smaller than
a prespecified significant level a.

Output: The p-value.

Proposition 6.1.  Under Assumptions A1-A5, hy; < hyy < (nT)~1/6 1og71(nT), and the null hypoth-
esis Hy (6.1), as nT — oo, then nThy 1hy I, LN N(0,V), where V = 2u2 fol fy,,_ley[UQ/f (t,ye—1)]?dy; 1 dt.

The asymptotic normality in Proposition 6.1 can be used to formulate an asymptotic test for H, after
we estimate Eg, (ISE,) and V. However, the quality of the test requires larger sample sizes (Hardle and
Mammen, 1993) and the asymptotic variance involves unknown quantities. To enhance the performance
of the test in finite samples, we employ a bootstrap procedure given in Algorithm 1, which is shown to be
consistent in Theorem S.3 of the SM. In the pollution alert study in Section 8, we applied the bootstrap
procedure to test whether the effect of the lagged PMs 5 is linear or not, which rejected the linearity
hypothesis.

6.2 Unconfoundedness Assumption Assessment

As Y;;(0) are observed for both the treated and control groups before the treatment and we do not use
the pre-treatment outcomes to estimate the ATT, we can use the pre-treatment data to evaluate a part
of the unconfoundedness Assumption 2.1(ii). We extend the notion of 74 to the pre-treatment period by
defining » = E(Y;; — Yi1(0)|D; = 1) = 0 for 1 < t < Ty. The DSC estimate 7; can also be extended
to cover the entire period, that is 7 = N;,! > jerYie = Xicc wiYir) for general my (¢, -), with w}, also
obtained by solving (3.3).

The DSC estimator under Model (2.2) in the pre-treatment period should satisfy E(7;) = 0 for
t < Ty. As a way to check the unconfoundedness assumption, we utilize the availability of data

for both the treatment and control groups in the pre-treatment period to test H} : E(7;) = 0 for
t < To. Denote the conditional variance by 03 = Var (7;|F;), where F; is the o-field generated by
{Xi1, X, Yig, -+, Yii—1}. Then 7/07, is the test statistic we use, where Jz is an estimator of O'A

as given in Section S.2.2 of the SM. Similar formulations for the case my(t,-) belng linear in the lagged
outcome are outlined in SM Section S.2.2. As we have to test Hf for t = 1,--- | Tj repeatedly, the issue of
multiplicity in hypothesis testing arises. To mitigate the issue, we employ the FDR procedure (Benjamini
and Yekutieli, 2001) to control the FDR; see Section 8 for a demonstration of the test process for the
pollution alert study.
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6.3 Placebo Test

To assess the significance of the estimated treatment effects, we utilize a method known as the placebo
test similar to that of Abadie et al. (2010). It examines whether the estimated treatment effect for the
treatment group is significantly different from the pseudo effect for a randomly chosen untreated group.
If there are no treatment effects, the empirical distribution of the pseudo effects for repeatedly randomly
sampled untreated groups can be used to estimate the distribution of 7; under the null.

To conduct the placebo test, we repeatedly choose random subsets of size Ny, from the control group
C to form placebo treatment groups. Denote the indexes of the selected placebo treated group in the k-th
round of the placebo sampling by 7(*) and the control group C*) = C\7*). Then, we apply the proposed
DSC method on the placebo treatment group T(k) and the control group C*). The placebo estimate for
the pseudo-effect at time ¢ for general my(t,-) is 7't = Z;eﬂk) — Nt D jeT Dicc® wgt(k)Y;t,
where {wj(k)} are the EL DSC weights for the j' subJect in the treatment group 7). Similar
formulations for the linear lagged outcome (m,(t,-) being linear in ¥;;_1(0)) can be formulated whose
details are available in S.2.3 of the SM.

We repeat the above process K times and obtain estimates for the placebo effects {7, k)}f 1- Note that
the conditional variance of the ATT estimator 7;, denoted by o, depends on the weights {wlt}fVC‘l”jN‘{
which would be different for different pairs of treatment/control groups in the placebo test. To ensure
that the variance of the estimated pseudo-effects 7, (k)

the placebo estimates Tt( ) by the corresponding deviations o,g ). Let 2 (k) t( ) x (Eﬁk))_l x 0y be the

normalized synthetic control estimators, where a( ) and o, are the estimators of the standard deviations
lop k) and o¢, which can be referred to in Section S.2.3 of the SM. Then the distribution of 7; under the
null hypothesis can be approximated by the empirical distribution of {z,gk)}szl at time t. If negative

is the same as that of 73, it is necessary to normalize

treatment effects are expected, then the alternative hypothesis is 7w < 0 and the approximate p-value is
K Y 1" < 7).

7 Simulation Study

We report results of simulation experiments which were designed to confirm the theoretical findings of the
proposed semiparametric DSC approach. We experimented with a general case (7.1) where m,(t,-) was
non-linear in the lagged outcome and two special cases (7.2)-(7.3) with linear lagged outcome functions,

Y1 (0) = 5 (ug — 0.6) + 2uy sin (0.17Y; 4—1(0)) + 2e** X 1 + 0.56177“Xi2t72 + it (7.1)

Vi (0) = 5 (us — 0.6) + 0.5u7Y; 11 (0) + 2™ X1 + 0.5¢" " X2 5 + e, (7.2)

Yi:(0) = 5 (uy — ) + 0.5ut2Yi,t_1(O) +2e" Xy 1 8in( Xy 1) + 0.5¢1 % cos(Xft,g) + &it, (7.3)

)/;t(l) = Kt(O) + Tity Eit N (0,0'g) and Tit ™~ N (Tt70'72_) 5 (74)

where u; = t/T, i = —10/[1 +exp{—0.2(t —Tp — 5)}] was the underlying time-varying treatment

effects, X;; = (Xit,l,Xl-m)T were the time-varying confounders with p = 2, and ag = 03 = 0.5. Then,
the observed outcomes were generated by Vi, = Y (0)I(t < To)+Yi(1)I(t > Tp) fori € T and Yy, = Yi(0)
for i € C with pre-treatment span Ty = 48 and total time 7" = 72. The treated and control sample sizes
were Ni. = 100,400 and N, = 100,400 for each experimental design, respectively. Note that X;; are
non-linear for both the non-linear and linear lagged outcome cases, and Model (7.3) exhibited greater
non-linearity in X;; compared to (7.2). An entirely linear model (S.1) case (both effects of X;; and
Y;1—1(0) are linear) was also considered later to compare fairly with the linear DSC (Zheng and Chen,
2024).

The X, in the treated and control groups were set to have either identical or non-identical means, to
mimic Cases (i) and (ii) of Lemma 5.4. Specifically, X;; followed N(u,I,) in the treated group and a
mixture distribution 0.5N (g, I,) + 0.5N (i +d, I,)) in the control group, where p = (1,1)7,d = §(1,1)7
for 6 = 0, 0.5 and 1. In such a design, a subset of the control group shared the same mean of X;; as that
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in the treated group, meeting Assumption 5.1.

In each setting, we applied the proposed semiparametric DSC, the linear DSC (Zheng and Chen, 2024)
and the naive approach of taking raw differences between the treated and control groups to estimate
7:. Bach setting was repeated 500 times. For Model (7.1)(non-linear lagged outcome), the proposed
semiparametric DSC estimated 7 by (3.7). For Models (7.2) and (7.3)(linear lagged outcome), the
proposed DSC estimated 7 by (3.11).

50 55 60 65 70 50 55 60 65 70 50 55 60 65 70

(@) § = 0, DSCy, (b) § = 0.5, DSCjp, () 6 =1, DSCyp,

50 55 60 65 70 50 55 60 65 70 50 55 60 65 70

(d) 6 =0, DSCyinear (e) § = 0.5, DSCyinear (f) 6 =1, DSCiincar

50 55 60 65 70 50 55 60 65 70 50 55 60 65 70

t t t
(g) 6 = 0, Raw-difference (h) § = 0.5, Raw-difference (i) 6 = 1, Raw-difference

Figure 1 The estimated ATT (the grey dashed lines) by the proposed semiparametric DSC (DSCy), the linear DSC
(DSCrinear) and the Raw-difference for Model (7.2) with N¢- = Neo = 100 and different disparity values (4) in the means
between the treatment and control groups based on 500 simulations. The true treatment effects are shown in the red solid
curves.

Figure 1 displays the estimated ATT along the time in 500 replications by the semiparametric DSC,
the linear DSC and the Raw-difference for Model (7.2). It shows that the true 7 was at the center of
all realized {7;} by the semiparametric DSC for both 6 = 0 and § # 0. However, the estimation of the
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Raw-difference was severely biased and deviated further from the true 7, as the disparity parameter §
(mean shift in X;;) increased. It appears that the linear DSC provided biased ATT estimates when § # 0
and the bias got larger as § increased. Figure S.1 of the SM shows similar results for Model (7.1).

Table 1 The average RMSEs of the estimated ATT over the post-treatment period (T° — Tp) by the
semiparametric DSC using the estimated m (DSCg) and the true m (DSC,,), the linear DSC (DSCpinear;
Zheng and Chen, 2024) and the Raw-difference (Raw-diff) for Models (7.1) (non-linear in the lagged outcome),
(7.2) (linear in the lagged outcome) and (7.3) (linear in the lagged outcome with stronger non-linearity in
X¢) with different disparities (§) in the means between the treatment and control groups.

Model (7.1 Model (7.2 Model (7.3

0 Neo method |, ]\(Ttr l 400|N,,. = 100 J\(ftr i 400[N;, = 100 ]\(ftr i 400
DSC, | 0.1524  0.1210 | 0.1390  0.1020 | 0.2249  0.1789
N. — 100 DSCm | 01270 00932 | 01279 0.0930 | 0.1282 00931
DSClincar| 0.1633  0.1280 | 0.1551  0.1216 | 0.3360  0.2589
50 Raw-diff | 0.5065  0.3879 | 0.5610  0.4241 | 0.5241  0.4085
DSC,, | 0.15630 0.1082 | 0.1118  0.0665 | 0.1378  0.0781
N — 400 DSCm | 01103 0.0764 | 01098  0.0647 | 0.1099  0.0649
co DSClincar| 0.1878  0.1582 | 0.1605  0.1151 | 0.3575  0.2667
Raw-diff | 0.3974  0.2581 | 0.4301  0.2674 | 0.4170  0.2593
DSC, | 0.1803  0.1607 | 0.1782  0.1490 | 0.2399  0.1656
N. — 100 DSCm | 01225 00992 | 01248  0.0895 | 0.1281 00913
DSClincar| 0.2710  0.2517 | 0.2983  0.2717 | 04590  0.4064
50 Raw-diff | 1.4966  1.4662 | 2.5080  2.4908 | 0.8508  0.7876
DSC, | 0.1337 0.1163 | 0.1565  0.1316 | 0.1457  0.0981
N — 400 DSCo | 01117 0.0786 | 01205  0.0727 | 0.1119  0.0639
co DSClincar| 0.2990  0.2755 | 0.3183  0.3058 | 0.5062  0.4096
Raw-diff | 1.4295  1.3830 | 2.4985  2.4854 | 0.7963  0.7202
DSC, | 0.1911 0.1864 | 02413 0.2167 | 0.3479  0.2945
N — 100 DSCm | 01213 0.0966 | 0.1231 00843 | 0.1280  0.0914
co DSClincar| 0.3494  0.3448 | 0.5013  0.4865 | 0.6929  0.6485
51 Raw-diff | 2.9583  2.9468 | 5.1482  5.1227 | 0.9126  0.8466
DSC,, | 0.1468  0.1353 | 02349 0.2072 | 0.1867 _ 0.0985
N — 400 DSCm | 01035 0.0746 | 01169  0.0721 | 0.1119  0.0640
co DSClincar| 0.3532  0.3493 | 0.5588  0.5438 | 0.6272  0.5555
Raw-diff | 2.9036  2.8740 | 5.1249  5.1065 | 0.8487  0.7825

To provide more details on the performance of the estimators, we report in Table 1 the averaged root
mean square errors (RMSEs) of the estimated treatment effects over the post-treatment period by the
semiparametric DSC using the estimated m (DSCy) and true m (DSC,,), linear DSC (DSCjjinear), and the
Raw-difference, respectively, for Models (7.1), (7.2) and (7.3). It shows that the proposed semiparametric
DSC method consistently yielded the smallest RMSEs in all settings regardless my(t, -) being non-linear
or linear in the lagged outcome. The superiority of the semiparametric DSC was more apparent when
X+ had different means between the treatment and control groups (¢ # 0), as the proposed DSC method
still provided quite accurate estimations of the treatment effects when compared with the other methods,
although the level of the estimation error was elevated as § became larger. The Raw-difference estimator
has much larger RMSEs than its two peers, which shows how bad things could be if proper treatment
estimators were not used. The inferior performance of the linear DSC even in the linear lagged value
case was due to the bias caused by the non-linear effect of the covariates X;; as both the SC and the
linear DSC methods from Abadie et al. (2010) to Zheng and Chen (2024) were based on the entire
linearity specification. Compared to the linear DSC, the superiority of the semiparametric DSC was
more noticeable for Model (7.3) (linear in the lagged outcome), where the non-linearity of X; was more
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pronounced.

Figure S.2 presents the heatmaps of the DSC weights {w;‘t}fvch thl and the average maximum weight
for each post-treatment time ¢ over 500 simulations under § = 0,0.5,1. When X;; had identical means
(6 = 0), the majority of the DSC weights appeared to be distributed quite evenly, which demonstrated
Lemma 5.4(i). For X;; with non-identical means (§ = 0.5 and 1), the maximum weights at each time
were much larger than the other weights, which confirmed Lemma 5.4(ii). The larger order weight would
lead to a larger variance of 7y, which is also the reason for the inferior performance of the DSC when
6 = 0.5,1 in Table 1.

To make fair comparisons with the linear DSC (Zheng and Chen, 2024), we experimented with an
entirely linear model (S.1) in SM Section S.3.1. The results summarized in Table S.1 suggest that the
performances of the semiparametric DSC and the linear DSC were comparable for entirely linear models.
Specifically, for 6 = 0 where X;; had identical means in the treated and control groups, the linear DSC
was slightly better and vice versa for § # 0.

We also conducted experiments with the time-varying §; = 0.5 — 1.5(¢t/T)? where we set X;; in the
control group to follow a mixture distribution 0.5N(u,1,,) + 0.5N (p + 6;(1,1) T, I,,) under Models (7.1),
(7.2) and (7.3) when there were non-linear effects of X;; or ¥;,—1(0) and the entirely linear model (S.1).
The average RMSEs of the estimated ATT over the post-treatment period (T' — Tp) are shown in Table
2 and estimated ATT over the post-treatment period for 500 simulations is depicted in Figure 2, from
which the performances were similar to those of the fixed § case. Specifically, the proposed semiparametric
DSC performed much better than the linear DSC (DSCpineqr; Zheng and Chen, 2024) for Models (7.1),
(7.2) and (7.3) when there were non-linear effects of X;; or ¥; ;—1(0). For the entirely linear model (S.1)
(linear in X;¢ and Y;+—1(0)), the performances of the proposed semiparametric DSC and the linear DSC
(DSClinear; Zheng and Chen, 2024) were similar, with slightly lower RMSEs of the proposed method due
to §; # 0, which was in accordance with the performance in Table S.3.1.

Table 2 The average RMSEs of the estimated ATT over the post-treatment period (7" — Tp) by the proposed
semiparametric DSC (DSCy,), the linear DSC (DSCjineqr; Zheng and Chen, 2024) and the Raw-difference (Raw-diff) for
Model (7.1) (non-linear in the lagged outcome), (7.2) (linear in the lagged outcome), (7.3) (linear in the lagged outcome
with stronger non-linearity in X;) and the entirely linear model (S.1) (linear in X;+ and Y; ;—1(0)) with disparity (d¢) in
the means between the treatment and control groups varying with time §; = 0.5 — 1.5(t/T)? for N¢o = N = 100.

Methods Model (7.1) Model (7.2) Model (7.3) Model (S.1)
DSCx 0.1681 0.1752 0.1765 0.3299

DSCrincar 0.4121 0.2506 0.4704 0.3526
Raw-diff 0.6462 2.9894 0.9982 3.7368

8 Case Study

In Beijing, air pollution alerts are categorized into blue, yellow, orange, and red in ascending severity and
specific emergency measures would be implemented accordingly. We applied the proposed DSC method to
evaluate the effects of two air pollution alerts, an orange alert beginning at 00:00 on November 17th, 2016
and a red alert at 20:00 on December 26th, 2016, on hourly PMs 5 concentration over the 24 hours after
the alerts. During the studied alerts, emission-reduction measures were implemented only in Beijing (the
treated area) where we considered 20 air quality stations. The control units were 74 air quality stations
in the neighboring Tianjin municipalities, Hebei, Shandong and Shanxi provinces due to the absence
of air pollution alerts in these regions during the two concerned alerts. This made N = 94 air quality
stations in total, with Ny, = 20 in the treated group in Beijing and N., = 74 sites in the control group,
respectively.

The outcome variable was hourly PMs 5 concentration measured in pug/m? at each monitoring station.
Four meteorological variables, wind speed (WSPM), humidity (HUMI), dew point temperature (DEWP)
and air pressure (PRES), which are known to influence PMj; 5 levels (Liang et al., 2015), together with
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Figure 2 The estimated ATT (the grey dashed lines) for 500 simulations by the proposed semiparametric DSC (DSCy,),
the linear DSC (DSCjinear) and the Raw-difference for Models (7.1) (non-linear in the lagged outcome), (7.2) (linear in the
lagged outcome), (7.3) (linear in the lagged outcome with stronger non-linearity in X;) and the entirely linear model (S.1)
(linear in X4 and Yj; ;—1(0)) with disparity (d;) in the means between the treatment and control groups varying with time
0t = 0.5 — 1.5(15/T)2 for Neo = Nt = 100. The true treatment effects are shown in the red solid curves.

the lagged PMs 5 were included in Model (2.2). To verify Assumption 2.1(ii), we chose T = 48 hours
before the alerts as the pre-treatment periods. We applied the proposed semiparametric DSC to estimate
the effect of pollution alerts on the hourly PMs 5 for the 24 hours after the alerts.

Figure 3 displays the estimated additive functions of the time, the four meteorological variables and
the lagged PMs 5 for the red alert. It suggests the lagged PMs 5’s effect was linear, which was empirically
confirmed by the bootstrap test given in Section 6.1 with the p-value close to 1. Panels (b)-(e) of Figure
3 show that the estimated meteorological effects {my(, ~)}i=1 were quite non-linear, implying that Model
(2.2) was more suitable than the entirely linear models as assumed in Abadie et al. (2010) and the linear
DSC (Zheng and Chen, 2024). Similar results for the orange alert were shown in Figure S.3 of the SM.

Figure 4 displays the estimated optimal DSC weights {w;"t}f\i{f: 1 by the EL for the two alerts, which
shows that only a handful of sites had larger weights (red) with the rest of the stations given weights close
to zero (light yellow) at each time ¢. For instance, at t = 1, during the orange alert, only three of the 72
weights exceeded 0.1, at 0.217, 0.384, and 0.399, while the remaining weights were all below 1070, This
implies that the scenarios for the two alerts corresponded to the case of E(f(it |D; = O)—E(f(it |D; =1) #0
in Lemma 5.4(ii).

Figure 5 presents the estimated average potential outcomes and the ATT by different methods for the
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Figure 4 The DSC weights {w:‘t}i\if ’3;1 at each time t = 1,---,72 for the orange and red alerts.

two pollution alerts. From Figure(a)(c), before the alerts, the DSC estimates closely tracked the trajectory
of the observed concentration of PMsy 5 for both alerts, which also implies that the estimated treatment
effects for both alerts were around zero before the air pollution alerts as shown in Figure 5(b)(d). The
RMSEs of the semiparametric DSC in the pre-intervention periods were 80.5ug/m? and 324.8ug/m?
for the orange and red alerts, respectively, which were lower than their linear DSC counterparts at
104.51g/m3 and 332.5ug/m?3, respectively. Thus, the incorporation of non-linear effects enhanced the
quality of the synthetic controls. In the post-intervention periods, both the semiparametric and linear
DSC estimates of p;(0) showed substantially higher PM, 5 levels than the observed, suggesting that the
air pollution alerts had caused the decline in the PMs 5 concentration, which was also reflected by the
negative treatment effects after the alerts as seen in Figure 5(b)(d). In particular, the semiparametric
DSC estimates of u:(0) tended to be above those of the linear DSC in the intervention period except
toward the end of the red alert. These suggest that considering the non-linear meteorological effects in
the DSC formulation can improve the estimation of the dynamic treatment effects for the air pollution
alerts.

For the orange alert, the average observed PMy 5 over the post-treatment period was 105.28 pg/m?,
while the potential average PMy 5 without the alert was 152.24 ug/m? by the semiparametric DSC. This
suggests the emission reduction measures could reduce the PMy 5 by 46.96 1g/m?> on average (standard
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Figure 5 The estimated average potential outcomes fi:(0) by the proposed semiparametric DSC (solid lines) and by
the linear DSC (dotted lines) and the observed average treated values > ;. N 'Vi; (dashed lines), and the estimated

treatment effects 73 by the proposed semiparametric DSC, the linear DSC and Raw-difference for the orange and red alerts,
respectively.

error=4.98 p1g/m?), accounting for 30.8% of the potential concentration. For the red alert, PMy 5 was
reduced by 67.64 pg/m?3 on average.
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Figure 6 The estimated effects 7; (black lines) and the normalized differences {ng)}zozol for the placebo treatment group
(grey lines) for the orange and red alerts.

We adopted the test in Section 6.2 to evaluate Assumption 2.1(ii) by verifying E(7;) = 0 for ¢ < Tp.
The sorted p-values for both alerts at each time are shown in Figure S.4 of the SM and we could not
reject the null hypotheses while maintaining the FDR, control at level 0.05, which provided support for
Assumption 2.1(ii). We then performed the normalized placebo experiment 500 times to test whether
the effects of the two alerts were significant. It can be seen from Figure 6 that the estimated treatment

effects 7; (black lines) were situated in the middle of the distribution of normalized placebo z,gk) (grey
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lines) before the start of the two alerts and began to deviate from the distribution of z,gk) after the alerts.
The p-values for the orange and red alerts are shown in Tables S.2 and S.3 of the SM, which implies that
the orange and red alerts had the most significant effects in the next 6-15 and 3-17 hours, respectively,
since the start of the alert.

9 Conclusion

We propose a DSC method for the semiparametric time-varying additive autoregression outcome model,
which allows for micro-level data with non-linear time-varying confounders, multiple treated units and
spatial correlations in the data. The use of a semiparametric additive model provides much flexibility in
both modeling and estimation processes, which potentially allows the approach to be applied to evaluate
treatment effects in broader situations than the linear DSC. The proposed semiparametric DSC is also
suitable for scenarios where different treated units are assigned to the treatment at different times.
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