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Summary. We consider testing regression coefficients in high dimensional generalized linear
models. By modifying the test statistic of Goeman and his colleagues for large but fixed dimen-
sional settings, we propose a new test, based on an asymptotic analysis, that is applicable for
diverging dimensions and is robust to accommodate a wide range of link functions. The power
properties of the tests are evaluated asymptotically under two families of alternative hypotheses.
In addition, a test in the presence of nuisance parameters is also proposed. The tests can pro-
vide p-values for testing significance of multiple gene sets, whose application is demonstrated
in a case-study on lung cancer.
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1. Introduction

Owing to the surge of high dimensional data collection and analysis in bioinformatics and
related fields, generalized linear models (McCullagh and Nelder, 1989) are widely used in high
dimensional settings. High dimensionality can arise in at least two forms. The first form consists
of multiple response variables but with low dimensional covariates. In this form, the responses
represent readings for large numbers of genes and the covariates represent certain design and
demographic variables. The second form consists of low dimensional response (an indicator
for a disease) with high dimensional covariates, for instance gene expression levels. The current
paper considers the second form of high dimensionality for generalized linear models.

The paper is focused on testing for significance of the regression coefficients in high di-
mensional generalized linear models, which has a range of applications including discovering
significant gene sets. Statistical inference for generalized linear models under high dimensional
settings has been the focus for a set of recent research references. van de Geer (2008) considered
variable selection via a lasso approach. Fan and Song (2010) and Chang et al. (2013) proposed
approaches via the sure independence screening of Fan and Lv (2008).

Biologically speaking, each gene does not function individually but tends to collaborate with
other genes to achieve certain biological tasks. Gene sets are structured vocabularies in gene
ontology (GO) systems that provide names of GO terms (sets of genes with shared annotation
or functionality) (Barry et al, 2008). The inferential context of gene set testing encounters
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both high dimensionality and multiplicity, as the number of genes in a set can be much larger
than the sample size and genes in different gene sets can overlap. These two features call for
methods which can produce p-values for the significance of gene sets. For fixed dimensional
data, the likelihood ratio test and the Wald test have been popular choices (McCullagh and
Nelder, 1989). However, the high dimensionality renders these tests inapplicable. There is a set
of references on testing the coefficients of high dimensional linear regression, which includes
the tests of Goeman et al. (2006) for an empirical Bayes formulation, and Zhong and Chen
(2011) that accommodates factorial designs. See also Lan et al. (2014). There are references on
the inference of the regression coefficients associated with the lasso and other variable selection
methods for linear models, for instance van de Geer et al. (2013), Lee et al. (2014), Taylor et al.
(2014), Voorman et al. (2014) and Zhang and Zhang (2014).

In this paper, we consider testing high dimensional regression coefficients of generalized linear
models without the sparsity assumption. In an important work, Goeman et al. (2011) proposed
a test for high dimensional generalized linear models in the presence of nuisance parameters.
The test provided a critical tool for performing multivariate tests when conventional likelihood
ratio and Wald tests are not applicable. By allowing the dimension p to be larger than the sample
size n, the test of Goeman et al. (2011) was formulated effectively for fixed p.

We propose tests for both the whole and partial regression coefficients for high dimensional
generalized linear models with diverging p. We modify the test statistic of Goeman et al. (2011),
which is designed to develop tests with accurate size and satisfactory power when p diverges along
with the sample size. Our asymptotic analysis shows that this modification is critical for models
with unbounded link functions, such as the log-link in Poisson or negative binomial regression.
The tests proposed are studied by both asymptotic analysis and numerical simulations. The tests
are applied to find significant gene sets in an empirical study on lung cancer. It is shown that the
p-values from the tests, when used in conjunction with a proper control of the false discovery
rate (FDR) (Storey et al., 2004), can be used to select significant gene sets.

The paper is organized as follows. In Section 2, we review the inferential setting for generalized
linear models. Section 3 studies the asymptotic properties of the test of Goeman et al. (2011)
when p is diverging. Our proposed global test is outlined in Section 4, and the test in the presence
of nuisance parameters in Section 5. Results from simulation studies are presented in Section 6.
Section 7 details the case-study on lung cancer. All technical details and proofs are relegated to
on-line supplementary material.

The data for the simulation studies and the programs that were used to analyse them can be
obtained from

http://wileyonlinelibrary.com/journal/rss-datasets

2. Models and existing test

Let Y be a response variable to a p-dimensional covariate X. Generalized linear models (Mc-
Cullagh and Nelder, 1989) provide a rich collection of specifications for the conditional mean
of Y given X. Although they are connected to the exponential family of distributions, a more
general view can be entertained via the semiparametric quasi-likelihood of Wedderburn (1974).

Conditioning on X, there is a monotone function g(-) and a non-negative function V(-) such
that E(Y|X) = u(8) =g(XT3) and var(Y|X) = V{u(B); ¢}, where 3 is a p-dimensional vector of
regression coefficients, g~ ! (-) is the link function and ¢ is a dispersion parameter.

Let (X1,Y1),...,(Xy,Y,) be independent copies of (X,Y). The maximum quasi-likelihood
estimator Bn of 8 can be obtained by solving the quasi-likelihood score equation
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n {Yi—g(XIB)}g (X]B)X;:
ln( ): ~
B El V{ni(B); o}

where p;(3) = g(X,.Tﬂ) and ¢ is an estimator of ¢, which can be obtained via the method of
moments, such as given in Chen and Cui (2003). The consistency and asymptotic normality of
ﬁn are established for fixed dimensional covariates (McCullagh and Nelder, 1989).

Let 3= (80T, BOT)T be a partition of the coefficient vector and X; = (X' T x (2)T)T be the
corresponding partition of the covariates, where 31 and X; D are D1 dlmensmnal 5(2) and X; @
are pp dimensional and pj + p» = p. Suppose that we are mterested in testing

-0, Q.1

2 2
Hy: P =ﬁ(() ) versus  Hy: 3% ;ﬁﬁ(() )

on the effect of the covariate X 1(2), while treating 31 as the nuisance parameter.

When the dimensions p; and p» are fixed, the modified Wald and the score tests based on the
asymptotic y2-approximations (Fahrmeir and Tutz, 1994) can be performed to test the above
hypothesis. However, the high dimensionality often ensures that p; >n (Pan, 2009). When
p2 > n, the modified Wald and the likelihood ratio tests are inapplicable since the invertibility
of the Fisher information matrix is not attainable and the maximum likelihood estimators for
the parameters cannot be obtained.

Goeman et al. (2011) considered the following test formulation in the case of p, >n with g~ ()
being the canonical link. To ensure its general application, non-canonical links are considered by
defining ¥ (X;, 5o, ¢) =g’ (X; T50)/ V{ui(Bo); ¢} where ¢’ denotes the derivative of g. For canonical
links, 1/J(X,, 050, ?) becomes constant.

Let ﬂ and qSO be the estimators of the nuisance parameters BD and ¢ under Hy, 50

(B(I)T 5(2)T , foi = (B, fio = (fgps- - » Mon) and ‘Ifo = (W(X1, B0, D0)s - - -» ¥ (Xn, By,
¢o))T Moreover, let X® (X(z) LX), YV =(vy,...,Y,)T and D be the n x n diagonal
matrix that collects the dlagonal elements of X(Z)X(Z)T The test statistic of Goeman et al.
(2011) is

(Y = ig) 0 ) TXOXOT((Y — fig) 0 W)

(Y = fig) o ¥)TD((Y — fig) o Wo)
where A o B=(a;b;;) for matrlces A (a, 5) and B=(b; 7)- Under the null hypothesis Hy, the
score function of 5 is lz(ﬁo ﬁo AT((Y — fig) o ¥o). Hence, the numerator of S, is a

quadratic form of the score function, whereas the denominator is a plug-in estimator of the
mean of the numerator for standardization.

2.2)

3. Test of Goeman et al. (2011) when p — co

The proposal of Goeman et al. (2011) was formulated for fixed dimension p while allowing
p>n. In this section, we analyse its properties for diverging p as n — oo. It will be shown
that the test of Goeman ef al. (2011) remains powerful for diverging p when either g or ¢’ is
bounded, for instance, logistic or linear regression. However, it will be shown that there is a
loss of power for the test for unbounded link functions such as Poisson or negative binomial
regression with log-link. The analysis will provide useful insights for alternative formulations
when p is diverging.

To make the discussion focused, we concentrate on testing the global hypothesis without the
nuisance regression parameters, namely

Hy:B=p0 versus Hy:B%# .



1082 B. Guo and S. X. Chen

Without loss of generality, we assume that E(X) =0 as otherwise X can be recentred by its mean.
We denote Xy =cov(X), e=Y —g(XTf) and eg =Y — g(XT 5y), we use || - || for the Euclidean
norm and, for two sequences {a, } and {b,}, a, < b, means a, = O(b,) and b, = O(ay).

Our analysis makes the following assumptions.

Assumption 1. There is an m-variate random vector Z; = (zi1, . . ., Zim) | for some m > p such
that X; =T'Z;, where I is a p x m constant matrix with TT'T =X, E(Z;) =0 and var(Z;) =1,,,
where [, is the m x m identity matrix. Each z;; has finite eighth moment and E (zf/) =3+ Afor
a constant A > —3. For any integers /, > 0 and distinct jy, ..., j, with EZ:l 1, <8,

0

I l I l [}
E(Z,’jlzii-z. 4 a )ZE(Zil )E(Zliz) .. E(Zifll'q)'

ijg J1
Assumption 2. Asn— 00, p— 00, tr(E%) — 00 and tr(Z‘,‘() = o{tr2(2§()}.

Assumption 3. Let f, be the probability density of X and D( fy) be its support. There are pos-
itive constants K| and K such that E(e?| X =x) > K1 and E(e3| X = x) < K, almost everywhere
for x € D(fy).

Assumption 4. There are positive constants ¢; and ¢, such that ¢; <?(x, B9, ¢) < ¢ almost
everywhere for x € D(f;), and g is continuous differentiable, V(-) > 0.

Assumption 1 has been adopted by other prominent researchers, such as Bai and Saranadasa
(1996) and Zhong and Chen (2011) to facilitate the analyses in ultrahigh dimensional tests for the
means and linear regression. The model contains the Gaussian and other important multivariate
distributions as special cases, which was also discussed in Chen et al. (2009). Assumption 2 is
weaker than assuming explicitly the relative growth rates between p and n. It is noted that,
when all the eigenvalues of Xy are bounded, tr(E‘)‘() = o{tr2 (2%)} is true for any diverging p.
Assumptions 3 and 4 are standard in the analysis of generalized linear models, for instance,
assumption G in Fan and Song (2010). Assumption 4 is satisfied if Y is from the exponential
family with canonical links.

To reduce the amount of notation, we assume that the dispersion parameter ¢ can be ignored
in the inference for 3. We shall reconsider ¢ in Section 5 when treating the nuisance parameters.
To facilitate the analysis, we define three matrices:

Ap g =E[{g(X"B) — g(XT Bo) } (X, Bo) X1,
S5(60) = E[V{g(XT B} (X, Go) X XT]
and

Z5.50 = EH{g(XT ) — g(XT B0) 2 > (X, Bo) X XT].

The test statistic S, of Goeman et al. (2011) can be expressed as
Sp=1+ Un/An
where
1 n
Un="- S A = po) (Y — 110)) (X1, Bo) (X j, Bo) X X j}
i#]
and

1
Ar= 3 (0= ) 02K A KT X

1
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Insights on S, can be gained via the means of U, and A,. Lemma A.l in the on-line supple-
mentary material shows that the means are respectively

py, =(n— I)AE,%A@(J@,
pa, =tr{E3(80) +E5,5}-

We note that for generalized linear models, as far as testing is concerned, the identification
between (3 and 3 is made via the closeness of ¢(XT3) and ¢g(XT 5y), namely by Ag.5,-
Lemma A.1 also gives the variances of A, and U,,, which are respectively

o5, =n"E{egv* (X, B0) (X X)) — EX{ v (X, Bo) (X" X) }1,
op, =4 -1 —n"Heg +2(1-n"He,

3.1

(3.2)

where &1 = A 5.0 1260B0) + Zp.5 1 As.5 — (A 5 Apa)® and & = tr{S5(00) + g5} —
(AS,HOAﬂaﬁO) N
By Taylor series expansion,
Sw=1+py) v, — pia- v, (An — pa,) + g (Un = po,) + iy i, (An — pa) >+ (3.3)

The high dimensionality makes a general identification of the leading order term of expan-
sion (3.3) quite challenging. We consider two families of alternative hypotheses, which allow
identification of leading order term. One is the so-called ‘local’ alternatives:

Ly={Boe RP|A} 5 XxAg =0{n""tr(%)} and either {g(X"3) — g(X" 5o) }* = O(1)
almost surely or (8 — ﬁO)TEX(ﬂ —B0)=0(1) and |¢' ()| < Cy for any t € (—00,00) }
for a positive constant Cy. The other is the so-called ‘fixed’ alternatives:
Ly ={Po € RPN} 4 o+ 055 =0{n~ tr(Ef 5} and w(EF) =o{tr(E} 4)}}-

We use the term local because Hy is part of Z3. To gain insight on £, we note that, for the
linear model, the first condition in £ becomes

AL s ExDs.5=(B— B0 SX(B—Bo)=of{ntr(Z3)}:
and the second condition becomes, given that ¢’ () =1,

(B = B0) =x(B—Bo) = 0(1). (3.4)

These two restrictions prescribe that |3 — Gyl is relatively small. For the logistic and probit
models, as ¢(#) are uniformly bounded, the first option of the second condition in .Z5 is satisfied.
The first requirement of £ implies that ||Ag g, || is relatively small. Note that, for non-linear
g, the ‘localness’ of 3y to (3 is written via Ag g, rather than ||3 — (|| as in the linear case.

The fixed alternatives xF prescribe larger values for Ag 5. To appreciate this, we note that
for the linear model

Zp.5 =E{(X"B—X"B)>xX"}.

Suppose that the largest and smallest eigenvalues of 25 g, are of the same order, and let Apax (Xx)
be the largest eigenvalue of X x. Then, sufficient conditions for the two requirements in ffg are

1 Amax (Zx) =0{(B— B0) TS% (B~ 6o)},
trl/2(23) =o{(B— B0) T'S% (B Bo)}, }

p/n— oo.

(3.5)
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For non-linear link functions, the sufficient conditions to ensure .,%g are

1 Amax (Zx) =01 A5, I1°),
trl/2(23) =o(I1Ap.5 1), (3.6)

p/n— oo

provided that the largest and smallest eigenvalues of =g g, are of the same order. It is noted that
conditions (3.6) are applicable to the Poisson or negative binomial model which has unbounded
link function. An unbounded link function makes [|Ag g, |2 more likely to be large.

The two families of the alternative hypotheses have different implications for the asymptotic
behaviour of S,,. If 8y € £, according to theorem 1,

Sn=1++ i, 1w, + iz, (Un = pu,) +0p (13, 00,), (3.7)

namely S, is primarily composed of the linear term /LZ’}(UH — py,). This is the same as the
fixed dimensional case, which provides the foundation for the proposal of Goeman et al
(2011). However if By e 23, the analy51s leading to theorem 2 shows that the other linear
term /1, ,LLUn (Ap — pa,) can join py, A, (Un uy,) as the leading order terms of S,. When this
happens the power of the test will be reduced as shown in theorem 2.

Let a%ﬂ =2tr{X3(50) +Z3,5, 12 tr‘z{Eg(ﬂo) +EZ3,5, - The following theorem establishes the
asymptotic normality of S, under the local alternatives.

Theorem 1. Suppose that assumptions 1-4 hold; then, for Gy € £,
US_nl(Sn—l—u/_{iuun)—%N(O,l) asn— oo and p — oo.
Under the null hypothesis Hj, /,LZ,} uy, =0 and O'%ﬂ = 2tr{2é0 (ﬂg)}tr_z{EgO (Bo)}- To for-

mulate a test procedure based on asymptotic normality, we need to estimate o, and hence
tr{E% (Bo)} and tr*{¥5,(B0) }. Let

n

tr{E ,(F0)} = m;[{Yi—g<XFﬂo>}2{Y;—g(X,Tﬂo)}zw%xi,ﬁowz(xj,ﬁo)(X,-TX,-)z]
i#]
and
tr2 {55, (Bo)} = Z[{Y — g(XT B (Y} — g(X] 6y Y 4 (Xi., o)

nn —1)
X (X,,ﬂo)(xfxi)(X}X./)]-

Under the null hypothesis, lemma A.3 in the on-line supplementary material shows that

tr{z (ﬂO)} P 21 and tr {Zﬁo(ﬁo)} P Le
tr{22 (Bo)} w2 (S5, (B0}

Then, theorem 1 and Slutsky’s lemma lead to an asymptotic a-level test that rejects Hy if

S0 > 1+ za240 {2, (G0 /{25 Bo) )] 12, (3.8)

where z,, is the upper a-quantile of N(0, 1).

Goeman et al. (2011) approximated the null distribution of S, by a ratio of quadratic forms
based on normally distributed variables, which involves numerical inversion of the character-
istic function. The critical value that is obtained via the procedure of Goeman et al. (2011) is

asn— oo and p — oo.
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asymptotically equivalent to the right-hand side of inequality (3.8) under hypothesis Hy in the
case of p— oo, which is confirmed by our simulation study. We shall use inequality (3.8) in the
following power analysis.

Define the power of the test in inequality (3.8) under £ as

Q3. o) = P(Su > 1+ zal2tr{Z2, (50) }/tr*{ S5, (Bo) 11210 € ZL).
Corollary 1. Under assumptions 1-4 and for ) € £,

nllAg g2
2tr{33(30) +Z3,5, }21'/

Q(ﬂ,ﬂo)=‘1’< a+t ){H—o(l)} asn— oo and p — oo.

Corollary 1 shows that the power of the test in inequality (3.8) is determined by

nllAg g 17
[2tr{Z3(00) +Zp.3, }*11/?

We note that | Ag g, I2=1E[{g(XT3) — g(XT5o) } ¥(X, Bp) X]||* measures the difference between
Hp and H, and can be viewed as the signal of the test problem. At the same time, [2tr{33(5o) +
Z3.6, 1]'/? can be regarded as the noise due to its connection to the standard deviation of .
Hence, SNR (5, §p) is the signal-to-noise ratio of the test.

Let us evaluate the power of the test under the fixed alternatives 25, which is denoted

SNR(33, Bo) =

OF (8, B0) = P(S > 1 +za[2r{%} (ﬂo)}/trz{Zﬁo(ﬂo)} 1216y e £5).

As stated earlier, under the fixed alternatives, the leading order terms of S, may involve
/JZf tu, (A, — pa,) and other terms in expansion (3.3). These terms are smaller order terms in
the fixed dimensional case or the local alternatives considered above. However, they may no
longer be smaller order terms under the fixed alternatives when p diverges. To appreciate this,
rewrite expansion (3.3) as

sn=1+u;1uu — a1 (A — pia, )/oA,,+anz<U —/JU,I)/UU +an3(Ap = pia,)? /oy, +... (3.9)

where ;| =, A, /LUHO'An, Qn2 = fly, aUn and a3 =, A yUn o2 4, To control the quadratic term
and beyond, we "need to impose

2 2 T
O _ 4 Eieoz%(x TX) bl o, (3.10)
a2 n B (XTX))
where 1o =g' (X" 80)/V{1(Bo)}. Define
K =0m [y = iy 04, (5, 07 )- (.11

Under condition (3.10), and if x2 is bounded, the asymptotic properties of S, will depend on
#2 as shown in the following theorem, which requires the following assumption.

Assumption 5.

(a) Asn— 00, p— 00, tr(uﬁﬁ)%ooandtr( =56 )—o{trz(” )}
(b) E(egl XT{E[}(,BOH% WYX =o(n B2 XT{EMOH 5,60 1 XD
() E{(coreo2tbo1v02X | X2)*} = o[n® Ez{(601€02¢01¢02X X%}

Assumption 5 is required to control properly the quadratic term and beyond in expansion
(3.3) so that an asymptotic distribution can be established for S,,. Assumption 5, part (a), is
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analogous to assumption 2 in the local case, which is trivially true if all the eigenvalues of 23 5,
are of the same order. Assumption 5, parts (b) and (c), are needed to control the higher order
moments of U, in the derivation of its asymptotic distribution by using the martingale central
limit theorem.

Theorem 2. Under assumptions 1-5 and condition (3.10) and for 8y € £%, and if nfl =0(1),

QF(ﬁaﬁo)Z(I)( nlds,512 ]){l—l—o(l)} asn— oo and p— oo.

1
(1+“121)1/2[ {2tr(Z] 50312

The reason for obtaining the power expression QF (3, 5y) is that

S =1+ 13} v, = Har fi0, (An = Hia,) + tia) (Un — pu,) +0p (151 00,) (3.12)

and the fact that »2 defines the ratio of the variances of the two linear terms. Theorem 2 implies
that the power of the test based on S, is reduced from that under the local alternatives because
of the effect of y " /lUn (Ap—pa,). The degree of the power reduction depends on n . For larger

#2, namely when 'the variance of Kl HU,, (Ap — pa,) is relatively larger than that of the linear
term involving U,, there will be more power reduction, and vice versa.

4. A new proposal
An important insight acquired in the previous section is that the A,-term in the statistic
Sn =1+ Un/An

does not contribute to the signal of the test but rather can increase the variance and hence can
adversely affect the power as revealed in theorem 2.

The role of A,, is to standardize so that the final test statistic is invariant under the scale trans-
formation of Y. Indeed, in conventional inferential situations, the standardization is commonly
used to produce invariance, which is known to be beneficial in fixed dimensional situations.
However, for high dimensional data, the standardization developed under the fixed dimension-
ality may create some problems. One such case is the F-test for linear regression as shown in
Zhong and Chen (2011). The statistic S, under current study is another. We are not suggesting
that there is no need for standardization. We actually standardize the proposed test statistic U,
by its standard deviation so that the final test statistic is asymptotically pivotal.

Our approach is to remove A, from S, and then to normalize at the end by taking into account
the high dimensionality. Speciﬁcally, we use

;{(Y 10D (Yj = o) (Xi, o) (X j, Bo) XT X}

i#]

as the test statistic. Compared with the expansion (3.3) of S, involved, it is much simpler. Despite
being simpler, U, captures the signal of the test since E(U,) = (n — l)||Ag7[;0||2, as shown in
expression (3.1). We shall demonstrate that a test based on U,, attains better power than the
test of Goeman et al. (2011) for diverging p under .ﬁfg, while maintaining the same asymptotic
power under Z3. '

We consider testing the global hypothesis Hy : 5= (3 in this section. A test in the presence of the
nuisance parameters will be proposed in the next section. Let 0’%,” =2tr{33(5o) + =53, 121+
o(1)}, which is the variance of U, under £, according to lemma A.2 in the on-line supplemen-
tary material.
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Theorem 3. Under assumptions 1-4 and for ) € £3,

Un —nll D517

d
2tr{X5(B0) + 2.4 121172 — N(0,1) asn— oo and p— co.

Theorem 3 implies that, under the null hypothesis Hy,

Un

d
N, 1 d '
[2tr{2é0(/60)}]1/2 — N(0,1) asn— oo and p— oo

Using tr{E%o (Bo)} given in Section 3 to estimate tr{E%O (Bo)}, the a-level test proposed rejects
Hy if

Uy > za[200{Z3 (B 1. @1
Let Q(8, o) = P(U, > Zal2 tr{Z%,O (ﬁo)}]l/2 | Bo € £3) be the power of the above test under

the local alternatives .£.

Corollary 2. Under assumptions 1-4 and for ) € £,

nl|Ag g lI?
2tr{323(30) +Z5,4 }°]

Q(ﬁaﬁo)=¢(—za+ l/2>{1+0(1)} asn— oo and p — oo.

We note here that the power of the test proposed is asymptotically equivalent to Q(3, 8y) of
Goeman et al. (2011) given in corollary 1. This is expected since, in the case of £,

L+ o, + 13 Un = ) 4.2)

is the leading order term of S,,. Hence, the two tests are asymptotically equivalent.
From the proof of theorem 4 in the on-line supplementary material, the variance of U, under
the fixed alternatives fg is

op, =2tr(Z3 5 {1 +o(1)}.

Let QF(ﬂ, 6o) = P(U,, > z4[2 tr{EéO Bo) N80 € f};) be the power under :fg

Theorem 4. Under assumptions 1-5 and for 5y € <%,

nllAg g2

{2tr(E3, PRING

QF(ﬁ,ﬁ0)=q>—Za+ {I+o(1)} asn— oo and p— oo.

We note that the conditions of theorem 4 are much simpler than those in theorem 2, since the
condition (3,10) and that on 2 are no longer needed. A gain of power of the proposed test is
evident as (8, Bo) > QF (8, o) asymptotically, since QY (3, 3y) involves nﬁ.

To identify and estimate the parameters consistently as shown in Fan and Lv (2008) and Fan
and Song (2010), the sparsity assumption on (3 is explicitly needed for estimation and variable
selection of high dimensional regression parameters. However, for testing, identification is no
longer a major issue, as long as ||Ag, g0||2 is not 0, which allows consistent test formulation.
Sparsity is not explicitly needed in deriving a test as far as ensuring asymptotically correct size.
However, the sparsity may affect the power of the test via its effect on the signal-to-noise ratio
of the testing problem.
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Goeman et al. (2006) investigated the locally optimal property of the score test under an
empirical Bayesian framework by treating 3 as random such that

E(B) = B,
var(3) = 722,

where 72 >0 is a hyperparameter and ¥ is a semipositive definite matrix. Under this framework,
the original hypothesis Hy: 3= 0y versus H : 8 # [y is equivalent to

ﬁo:7'2=0 versus H 72> 0. “4.3)
Using the notation of Goeman et al. (2006), let f(3; Y) be the usual frequentist likelihood of
the p-dimensional /3 given data Y. The marginal likelihood of 72 is
F@Y)=E{f(B; I},
by taking conditional expectation on 3 given 72. Let S =d log{ £(0;Y) }/d7? be the score statistic;
and, for a non-negative k, let
w(B)=P(S=k|p)

be the power function of the score test of size a, denoted as 7', and w(/3) be the power function
of any other test T for Hy: 3= [ such that the size of T is bounded from above by the size of
the score test T, namely w(Gy) < w(5y) for any k > 0. Suppose that

B=/o+b (4.4)

where b is uniformly distributed on the p-dimensional unit sphere. Rewrite the power functions

of the tests 7 and T as functions of 7 under the local alternative model (4.4), i.e.
Vi’b(T) = lf(ﬁo +7b), @.5)
wp (1) =w(Bo + 7b).

Goeman et al. (2006) showed that, via the Neyman—Pearson argument,

d d _
Eb{deWb(O)} < Eb{dew"(o)}'

This means that the power of the score test has the largest expected gradient at 7=0 among all
tests of size a; hence it is the locally most powerful test according to Cox and Hinkley (1974).
We shall show that the test proposed based on U, is the locally most powerful test asymptot-
ically under the framework specified by expressions (4.3)—(4.5). To achieve this, we restrict Y
(defined in Section 2) to the given covariates X as from the exponential family such that either

V{g(®), ¢} =g’ (1) (4.6a)
or
tr’(Sx) =o{ntr(X3)}. (4.6b)

Condition (4.6a) is satisfied under the canonical link, which implies that (X, ) is a con-
stant function. If condition (4.6a) is not satisfied, then the locally optimal test depends on
o{g()}/ot|,_xt - In this case, condition (4.6b) is needed to control the influence of ¥ (X, 3).

Let 0,,(3) be the likelihood function of S under the exponential family: the following corollary
shows the local optimality of the test proposed.
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Corollary 3. Under assumptions 1-4 and (4.4) and either condition (4.6a) or (4.6b), suppose
that the first two derivatives of log{ Q,(5)} are bounded almost everywhere in a neighbour-
hood of 3=/, and there is a positive constant ¢ such that [B;ZJ{g(t)}>/8g(t)]2I,:)CTﬁ0 < ¢ almost
everywhere for x € D(fy). Let

07 = Pyyg(Un > za2tr{23, (B ')

be the power function of the proposed test with nominal size o and wp(7) be the power function
of any test of Hy such that wp(0) =wp(0) = «; then, as n — oo and p — oo,

d d .
Ey {d( 2)wb( )}gEb{d(Tz)Wb(O)}

Corollary 3 indicates that the power function of the test has an asymptotically optimal ex-
pected slope. Hence, it is asymptotically the locally most powerful test.

5. Test with nuisance parameter

We consider testing for parts of the regression coefficient vector. This is motivated by practical
needs to consider the significance for a subset of covariates X®, in the presence of other co-
variates X1, For instance, we may have both gene expression levels and demographic variables
collected in a study of a disease. The researcher may be interested only in the genetic effect,
which means that the demographic coefficients together with the dispersion parameter ¢ may
be treated as nuisance parameters.

Without loss of generality, we partition 8= (8T, 3@T)T and denote the nuisance parame-
ters 0 = (6T, $)T. Suppose that the dimension of 6 is p; and that of 32 is p,. It is of interest
to test

2 2
Ho1 :B(z) =ﬁ(<) ) versus Hy :6(2) 755(() ),

A test statistic along the lines of the global test statistic U, will be proposed. The nuisance
parameters 5 and ¢ must be estimated first under Ho;. The quasi-likelihood score of 31 is

1 (BY, 3P, ) =XDT((Y — ) o W),

where X s similarly defined as X®@ in Section 2, ¥ = (V(X1,8,9),..., (X, 0,¢)T and
w=p1(B),..., (8))T. The maximum quasi-likelihood estimator of ﬁ(l) under Hy; solves

18D, 5%, dg) =0,

which is denoted as B(()l), by plugging in qSO, which can be either a maximum likelihood estimator
or a moment estlmator of ﬁ as elaborated in McCullagh and Nelder (1989) or Chen and Cui

(2003). Let o=y BT, fo=By )T and figy = pi(y)-
We consider a statlstlc Wthh is similar to the global test statistic U,,

;{W fio) (Y — i) ¥(Xi. By o) (X . Bo. o) XV T X P} 5.1)
l]

Let Xyo = E(X®XDT) for i=1 and i =2. The following assumptions are needed.
Assumption 6. As n— 00, py — 00, tr(Eim) — 00 and tr(E‘)‘(@)) = O{n’1 trz(Ei@)}.

Assumption 7. As n— oo, pin~ /% — 0 and there is a 0* = (6*(DT, ¢*)T € RP1 such that
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160 — 6* | = 0,(p1n~"/?) and, in particular under Hp, 6* =0, where 6 = (3DT, ¢)T is the true
value of the nuisance parameter.

Assumption 8. There is a positive constant )y less than 1 such that Ay < Ayjp(Z X(]))
Amax (X x1) < )\0 < 00, where Apin (Xxm) and Apax (X xy) are the smallest and largest eigen-
values of ¥y« respectively.

Assumption 9. There are positive constants c¢; and ¢, such that, for §F = (ﬁ*(l)T B(Z)T)T
where 3*() is defined in assumption 7, ¢ <¢?(x, BF, ¢*) <z and [81/1{g(t)}/ag(t) |y g% <2
almost everywhere for x € D( f;) and for ¢ in a neighbourhood of x 50 !

These assumptions are variations of assumptions 2—4 that were listed in Section 3. Assumption
6 is a counterpart of assumption 2 in the case of the nuisance parameter. The requirement that
the growth rate of py is slower than n!/4 is to allow accurate estimation of the nuisance parameter
under the high dimensionality. Assumption 7 maintains that the initial estimator ) is c0n51stent
to a 0* which may deviate from the true parameter 0, when the discrepancy between ,6’0 and
(® is large. The * minimizes the Kullback—Leibler divergence between the misspecified model
under Hy; and the model under Hj; see van der Vaart (2000) for discussion on inference under
misspecified models. Assumption 8 is easier to be satisfied because X ya)’s dimension is much
more manageable than the case that was considered in Section 4. Assumption 9 is an updated
version of assumption 4 to adjust the case for nuisance parameters.

To analyse the power, we introduce two matrices

AT = EL{g(XTB) = g X0} (X, B, )X )]

and

5P (65) = EIV{g(X"B)} 2 (X, 5, 1) X DX ATy,

which are counterparts of Ag g, and ¥3(5p) used in the study of the global test. There is no
need to define a counterpart of =g g, since the local alternatives Z50) defined below make it

unnecessary.
The involvement of the estimated nuisance parameter 6y does complicate the power analysis.
To expedite the study, our analysis is confined under the following family of the local alternatives:

Lo ={B5 € R | A(Z)T ¥ X(Z)A i —o{n 'tr(Z2,)} and E{g(X"8) — g(XT 5}

=0(n_3/2)}.

We note here that the second component of £y is stronger than that in £ in Section 3,
which simplifies the analysis.

Theorem 5. Under assumptions 1, 3 and 6-9, and for ﬁ(()z) €Ly,

Un _n”Aﬁ’ﬂ* ||2 d
) 0 — N(0,1) asn— oo and p— oco.
[2tr{¥;"(B5)}*1"/2
To formulate a test procedure, we use
. 1
Ri=-o s 2 (Y — i) > (Y} — i )* ¥ (Xi. B, Do) (X j, B, do) (X T x )2
l#}

to estimate tr{Ef/,z) (ﬁ(’)")}z. Under Hyj, lemma A.7 in the on-line supplementary material shows
that ‘
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R, p

ﬁel asn— oo and p — oo.
tr{zﬂ (50 )}
Hence, an asymptotic a-level test rejects Hy; if U, > 7a(2R,)Y? and the proofs of theorem 5
and lemma A.7 show that the test procedure is invariant to the scale transformation of Y.
Define the power of the test under the local alternatives £

~(2) - R
078,88 = P{U, > 2a QR8P € L400 ).

Corollary 4. Under assumptions 1, 3 and 6-9 and the local alternatives Ly,

A 2

- n|l ﬂﬁ*H

Q (ﬁ,ﬁ§)=®(—za+ (2)’ i 21/2>{1—l-0(1)} asn— oo and p— oo.
(=P 31

The power QQ) (8, B%) has a similar form to that of Q(8, By) in corollary 2. This is expected
because of the close connection between the two test statistics. We note that the denominator
inside ® involves only Eg) (B5) because of the assumption in the second part of L.

We did not study the power under the fixed alternatives for the nuisance parameter setting, as
we expect that the power performance would be largely similar to that reported in Section 4 for
the test proposed. We also did not study the power property of the test of Goeman et al. (2011)
with nuisance parameter, as the analysis would be quite involved because of the division of
the A, -term and the estimated nuisance parameter. However, we expect that the similar power
properties that were revealed in the previous section would prevail. This is indeed confirmed by
the simulation results that are reported in the next section.

6. Simulation studies

This section outlines results from simulation studies, which were designed to evaluate the per-
formances of the proposed high dimensional test procedures for generalized linear models. Both
the global test and the test in the presence of nuisance parameters were considered for both the
tests proposed and the test of Goeman et al. (2011). The R package globaltest is used to
carry out a version of the test of Goeman et al. (2011). We also carried out the test of Goeman
et al. (2011) via expression (3.8) based on asymptotic normality. Both approaches produced
similar empirical size and power, thus confirming that the two forms of the critical value lead
to equivalent tests.

Throughout the simulation experiments, the covariates X; = (X;1,..., X; [,)T were generated
according to a moving average model

Xij=p1Zij+ p2Zi(j+1) +- .-+ p1rZij+T-1)> i=L....p,

forsome T< p,where Z;=(Z;1,.. ., Zi(p+T,1))T were generated from the (p+ T — 1)-dimensional
standard normal distribution N(0,1,47_1). The coefficients { pl}szl were generated indepen-
dently from the U(0, 1) distribution and were kept fixed once generated. Here, T was used to pre-
scribe different levels of dependence between the components of X;. We experimented with 7 =
5,10, 20, and we report the results for 7 =5 since those for 7 =10 and 7 = 20 were largely similar.

Four generalized linear models were considered in the simulation study: the logistic, linear,
Poisson and negative binomial models. In the logistic regression model, the conditional mean
of the response Y was given by
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exp(X )

E(YiIX)=g(X[ B} = o5’

and Y;|X; ~ Bernoulli{1, g(XiTﬂ)}. In the linear regression,
E(Y;| X)) =g(X] B)=X] 3,

and Y;|X; ~ N(Xl-Tﬁ, 1). We note here that the test is invariant with respect to the nuisance
dispersion parameter o2. Hence, we chose o = 1. In the Poisson regression,

E(Yi|X))=g(X] ) =exp(X] ),
and Y;| X; ~ Poisson{g(XiTﬁ)}. In the negative binomial model,
Y|\ ~ Poisson(\) A~ gamma{exp(XTﬁ), 1},

and Y;| X; ~ NB{exp(X,.Tﬁ), %}, which prescribes overdispersion to the Poisson model.

To create regimes of high dimensionality, we chose (p,n) according to p =exp(n®*) and
specifically considered (n, p) = (80, 320) and (n, p) = (200, 4127) in the simulations. Both sparse
and dense signals were experimented with; their details will be provided shortly. Seven nominal
type I errors ranging from 0.05 to 0.2 were considered, and the corresponding empirical sizes
and powers were evaluated from 2000 replications.

We first considered testing the global hypothesis

Hy:B8=0,x1 versus Hi:B3#0,. 6.1)

In designing the alternative hypothesis for the linear model, we set [|3]|> =0.2, the first five
coefficients in [ to be non-zero of equal magnitude and the rest of the coefficients to be 0.
Hence, the non-zero coefficients were quite sparse. For the other three models, we impose the
same sparsity on /3 as in the linear model but made ||3]|> =2. To have a reasonable range for
the response variable, as in Goeman et al. (2011), we restricted E(Y;|X;) between exp(—4)/{1+
exp(—4)} =0.02 and exp(4)/{l +exp(4)} =0.98 for the logistic model, between —1000 and
1000 for the linear model, and between exp(0) = 1 and exp(4) = 55 for the Poisson and negative
binomial models respectively.

Fig. 1 displays the power-size profile (curves that link the empirical power and the corres-
ponding empirical size). It can be seen that the global test proposed and the test of Goeman
et al. (2011) had largely similar power profiles for the logistic and linear models as displayed
by Figs 1(a)-1(d). We collected, under the linear and logistic models, the simulated averages
of [|Ag g, %, which were 7.00 and 0.17 respectively. These averages may be used to argue that
the simulation settings were in the regime of the local alternatives, which explained according
to corollaries 1 and 2 that both tests had similar powers. Figs 1(a) and 1(b) show that the test
proposed had a slightly higher power than that of Goeman et al. (2011) in the case of the logistic
model. This may be understood as the effect of the A,-term on the variance of S, despite its
being second order under the local alternatives.

Figs 1(e)-1(h) show a much larger discrepancy in the power profiles between the two tests
for the Poisson and negative binomial models with the test proposed being significantly more
powerful. For these two models, the averages ||Ag, ﬂo||2 were respectively 310.27 and 302.40,
which were much larger than those under the linear and the logistic models that were reported
in the previous paragraph. The large ||Ag, ,30||2 implied that the simulations were in the family
of the fixed alternatives $5 The simulated power profiles confirmed the findings in theorem 2
that, under _%g, the power of the test of Goeman et al. (2011) can be adversely affected by the
high dimensionality, whereas the test proposed withstands the high dimensionality quite nicely.
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We then conducted simulations for testing
Holﬁ(z)zﬂple versus H\ :ﬁ(2)7é0p2><1 (6.2)

in the presence of nuisance parameter 51 for the same four generalized linear models as con-
sidered above. The nuisance parameter 51 was 10 (p;) dimensional, generated randomly from
U(0, 1). We chose (1, p») = (80, 320) and (n, p») = (200,4127) via p» =exp(n®*). To evaluate the
power of the test, the first five elements of 5 were set to be non-zero of equal magnitude with
3@ 12 =0.5 for the linear model and |3 ||> =2 for the other three generalized linear models,
whereas the rest of the 3®s were 0s.

The power profiles of the test proposed and the test of Goeman ef al. (2011) are displayed
in Fig. 2. It can be seen from Fig. 2(a) that, for the logistic model with n =80 and p; =320,
the test of Goeman et al. (2011) had a very severe size distortion. When the sample size was
increased to n =200, Fig. 2(b) shows that the size distortion was reduced in comparison with
that of n =80. The size distortion with the test of Goeman ez al. (2011) was largely absent for
the test proposed. Fig. 2 shows that the test proposed had quite reasonable power with good
control of the empirical size. For the Poisson and negative binomial models (Figs 2(e)-2(h)), it
is observed that the test proposed had more advantageous power profiles than those of the test
of Goeman et al. (2011). The large discrepancy in power profiles shown in Figs 2(e)-2(h) was
similar to the global tests as demonstrated in Fig. 1.

As the simulation results conveyed in Figs 1 and 2 were based on designs where the signals
(non-zero coefficients) under the alternatives were sparse, we experimented with dense signals
settings. Specifically, we set all the components of 3 or 3® to be non-zero under the alternatives
in both the global test and the test with nuisance parameters, while replicating the other aspects of
the simulation designs for Figs 1 and 2 reported above. The empirical power profiles for the global
test with dense signals are shown in Fig. SM1, whereas those for the nuisance parameter are
reported in Fig. SM2 in the on-line supplementary material. Both figures respectively conveyed
very similar patterns to those in Figs 1 and 2 under sparse signals. It was fair to say that neither
the test proposed nor the test of Goeman et al. (2011) was sensitive to the signals being sparse or
dense. Whereas the test proposed and the test of Goeman et al. (2011) had similar performances
for the logistic and linear models, their performances were sharply different for the Poisson
and negative binomial models, where the test proposed outperformed the test of Goeman et al.
(2011) with much higher power.

7. Empirical study

We analyse a data set that contained microarray expressions for 22283 genes in a study on the
large airway epithelial cells for smokers, which is available from http://www.ncbi.nlm.
nih.gov/geo/ with access label GDS2771. The study consisted of 187 smokers, of whom
the treatment group consisted of 97 smokers with lung cancer, and the control group consisted
of 90 non-cancer smokers. The data set included information on participants’ age and gender,
and a binary indicator on whether a participant had quit smoking for less than 10 years or not.
The data set has been analysed in Spira et al. (2007) and Danaher et al. (2014), with different
inferential purposes.

Each gene tends to work collaboratively with other genes to perform certain biological tasks
and biologists have defined gene sets under the GO system. The gene sets, which are also called
GO terms, have been classified into three broad functional categories: biological processes,
cellular components and molecular functions.

The main purpose of the case-study is to demonstrate the test procedures proposed, and in
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particular their ability to provide p-values for the significance of gene sets in the context of
high dimensional generalized linear models. Without p-values, it is difficult to argue for the
significance of any gene sets under both high dimensionality and multiplicity.

After preliminary gene filtering by using the algorithm proposed in Gentleman et al. (2005),
there were 2249 unique gene sets in biological processes, 320 in cellular components and 411 in
molecular functions, which involved 10 114 unique genes in total. The study’s aim was to identify
gene sets which were significantly expressed between the lung cancer and the control group for
each functional category. We formulated the analysis as a binary regression problem with the
response Y; being 1 if the gartlclpant was in the lung cancer group and 0 if in the control. The
covariate X;; = (X; (HT ( )T )T for the ith participant’s profile corresponding to a gene set g,
where X @ contalns a gender age and a binary indicator for quitting smoking for less than 10
years, and X ) is the vector of gene expressions of the gth gene set.

We con51dered the logistic regression model

exp(X(l)Tﬁ(l) + X(Z)Tﬂ(z))
X(l)T (1) X(Z)Tﬂ(z)

Evix", x)= (7.1)

1 +exp(

The focus of the study was to find significant gene sets, while considering the effects of the
three non-genetic covariates in XV, The study was carried out by treating 5!) as the nuisance
parameter and testing the hypothesis

Ho:ﬂ!(lz) =0 versus H; :ﬂ;z) #0.

The FDR (Benjamini and Hochberg, 1995) is widely used in multiple-hypothesis testing to
control the expected proportion of false positive results among all rejected null hypotheses.
Storey et al. (2004) proposed a procedure which can incorporate dependence between p-values
and is shown to be less conservative than the original FDR control method of Benjamini and
Hochberg (1995). By controlling the FDR by using the procedure of Storey et al. (2004) at 1%,
1108 gene sets in the functional category of biological processes, 183 in cellular components
and 186 in molecular functions were found significant.

Fig. 3 displays the p-values and the standardized test statistics. Among those significant gene
sets in biological processes, there was one with identifier GO 0007049. The GO term has a close
relationship with the phosphatidylinositol 3-kinase pathway. The activation of the pathway is
significantly increased in the cytologically normal bronchial airway of smokers with lung cancer
(Gustafson et al., 2010).

We also carried out the global test for the significance of the entire regression coefficient
vector B, = (ﬁ;l)T, ﬁ;z)T)T by performing tests on

Hy:3,=0 versus Hy:3,#0.

Fig. 4 displays the histograms of p-values and the standardized global test statistics. It can be
seen that the bulk of the test statistics (Figs 4(d)—4(f)) took extremely large values in the scale of
the standard normal distribution, implying that most of the p-values would be very small around
zero and the significance of many sets of genes. Comparing Fig. 3 with Fig. 4, it is found that the
bodies of the histograms were much less extreme in Fig. 3 than those in Fig. 4. By controlling
the FDR at 1%, 1608 gene sets in the functional category of biological processes, 245 in cellular
components and 281 in molecular functions were found significant. Comparing these with the
test results for Hy: 5(2) =0 by treating 51 as the nuisance parameter, we see a substantial
increase in the number of significant gene sets. The increase was largely driven by the difference
in the three non-genetic covariates, rather than the genetic aspects. This highlights that filtering
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out the effect of the three non-genetic covariates was necessary when considering the effect of
the gene sets between the lung cancer group and the controls. The approach proposed offers a
way to do this.

8. Discussion

As generalized linear models are widely used tools in analysing genetic data, the tests proposed,
as they are more adaptive to the high dimensionality, are useful additions to the existing test
procedures for the significance of regression coefficients for generalized linear models. As shown
in the case-study, testing for the significance of gene sets requires high dimensional multivariate
test procedures, which can produce p-values under both high dimensionality and multiplicity.
The tests proposed and the tests of Goeman et al. (2011) may be used for gene sets testing,
in conjunction with an FDR control procedure, when testing a large number of hypotheses
simultaneously.

The test of Goeman et al. (2011) was proposed for fixed dimension p. We have found that it is
quite resilient to diverging p in both theoretical analysis and numerical analysis, as long as either
the inverse of the link function or its derivative is bounded. The latter encompasses the logistic
and linear regression models. The tests proposed are designed to improve the performance of
the test of Goeman et al. (2011) for diverging p. This is especially so when the difference between
g(XTp)and g(XT3y) is large, since the high dimensionality can exert an adverse influence on the
test of Goeman et al. (2011). The test statistics proposed, owing to their simpler formulations,
can avoid some of the high dimensional effects, and hence lead to better performance with more
accurate size approximation and are more powerful. When the dimension p is much smaller
than the sample size n, the test that was given in McCullagh and Nelder (1989) and the test of
Goeman ef al. (2011) may be used as the test proposed may not be operational under the smaller
dimensionality.

There have been studies on the inference of the regression coefficients associated with the lasso
and other variable selection methods for linear models. Most of these methods are based on the
sparsity assumption such that the non-zero regression coefficients are sparsely populated; see
van de Geer et al. (2013), Voorman et al. (2014) and Zhang and Zhang (2014). However, the
sparsity assumption is quite difficult to validate from data. Our proposed tests are valid without
the sparsity assumption and may be used first when the sparsity level of a testing problem is
unknown. More research is needed on how to combine the two strains of inference methods in
the setting of high dimensional generalized linear models.
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