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Nonparametric Estimation of Expected
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ABSTRACT

The expected shortfall is an increasingly popular risk measure in financial risk
management and it possesses the desired sub-additivity property, which is
lacking for the value at risk (VaR). We consider two nonparametric expected
shortfall estimators for dependent financial losses. One is a sample average
of excessive losses larger than a VaR. The other is a kernel smoothed version
of the first estimator (Scaillet, 2004 Mathematical Finance), hoping that more
accurate estimation can be achieved by smoothing. Our analysis reveals that
the extra kernel smoothing does not produce more accurate estimation of the
shortfall. This is different from the estimation of the VaR where smoothing has
been shown to produce reduction in both the variance and the mean square
error of estimation. Therefore, the simpler ES estimator based on the sample
average of excessive losses is attractive for the shortfall estimation.

KEYWORDS: expected shortfall, kernel estimator, risk measures, value at
risk, weakly dependent

The expected shortfall (ES) and the value at risk (VaR) are popular measures of
financial risks for an asset or a portfolio of assets. Artzner, Delbaen, Eber, and
Heath (1999) show that VaR lacks the sub-additivity property.! The sub-additivity
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implies convexity of a risk measure which is used to define a risk measure being
coherent; see Artzner, Delbaen, Eber and Heath (1999) for details. In contrast, ES is
coherent (Follmer and Schied, 2002) and has become a more attractive alternative
in financial risk management.

Let { X;}_, be the market values of an asset or a portfolio of assets over 1 periods
of a time unit. Let Y; = —log(X;;/ Xj;—1) be the negative log return (log loss) over the
tth period. Suppose {Y;}]_; is a stationary process with the stationary distribution
function F. Given a positive value p close to zero, the VaR at a confidence level
1-pis

vy =influ: F(u) > 1— p} 1)

which is the (1 — p)th quantile of the loss distribution F. The VaR specifies a level
of excessive losses such that the probability of a loss larger than v, is less than p.
See Dulffie and Pan (1997) and Jorion (2001) for the financial background, statistical
inference, and applications of VaR. A major shortcoming of VaR, in addition to not
being a coherent risk measure, is that it provides no information on the extent of
excessive losses other than specifying a level that defines the excessive losses. In
contrast, ES is a risk measure that is not only coherent but also informative on the
extent of losses greater than v,.

The ES associated with a confidence level 1 — p, denoted as v, is the condi-
tional expectation of a loss given that the loss is larger than v, that is,

Hp = E(Yi|Y: > Vp)~ 2)

Estimation of the ES can be carried out by assuming a parametric loss distri-
bution, which is the method commonly used in actuary studies. Frey and McNeil
(2002) propose a binomial mixture model approach to estimate ES and VaR for a
large, balanced portfolio. The extreme-value theory approach (Embrechts, Klup-
pelberg, and Mikosch, 1997) can be viewed as a semiparametric approach, which
uses the asymptotic distribution of exceedances over a high threshold to model the
excessive losses and then carries out a parametric inference within the framework
of the generalized Pareto distributions. Recently, Scaillet (2004) has proposed a
nonparametric kernel estimator and applied it to sensitivity analysis in the context
of portfolio allocation.

An advantage of the nonparametric method is that it is model-free and hence
is model robust and avoids bias caused by using a mis-specified loss distribution.
Financial risk management is primarily concerned with characteristics of the tail
part of the loss distribution. However, data are generally sparse in the tail and
hence finding a proper parametric loss model that is adequate for the tail part is
not trivial. This is where the nonparametric method can play a significant role.
Another advantage of the nonparametric approach is that it allows a wide range of
data dependence, which makes it adaptable in the context of financial losses. The
nonparametric estimators considered in this paper can accommodate data depen-
dence explicitly since the effect of dependence on the variance of ES estimation can
be clearly spelled out in the variance formula. This is different from the extreme-
value approach as the latter effectively treats high exceedances as independent
observations, which is true asymptotically under the so-called D and D’ conditions
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(Leadbetter, Lindgren, and Rootzén, 1983). An empirical study by Bellini and Figa-
Talamanca (2002), carrying out a nonparametric runs test, has shown that financial
returns can exhibit strong tail dependence even for large threshold levels. This in-
dicates the need for considering the dependence in financial returns directly, which
is the approach taken by the nonparametric estimators considered in this paper.

In this paper, we evaluate two nonparametric ES estimators. One is based on a
weighted sample average of excessive losses defined by a VaR estimator d, based
on an order statistic. The other is the kernel estimator proposed in Scaillet (2004)
which employs kernel smoothing in both the initial VaR estimation and the final
averaging of the excessive losses. It was hoped that the kernel smoothing would
produce a more accurate estimator, like the case of VaR estimation studied by Chen
and Tang (2005).

A main finding of the current paper is that the variance and the mean square
error of the kernel estimator proposed by Scaillet (2004) is not necessarily smaller
than those of the sample weighted average estimator. This is because the second
order variance term of the kernel ES estimator vanishes instead of taking a negative
value as in the case of VaR estimator. This indicates no meaningful variance reduc-
tion due to the kernel smoothing. As kernel smoothing introduces a bias, the lack
of variance reduction makes the smoothing not worthwhile as the overall mean
square error increases. Another finding is that the weighted average estimator has
the same asymptotic variance as the kernel estimator. Therefore, for estimation of
the ES, the sample weighted average of excessive losses is attractive as it is easy to
compute as far as point estimation is concerned. This may be surprising consider-
ing that kernel smoothing leads to smaller variance in quantile estimation for both
independent (Sheather and Marron, 1990) and dependent (Chen and Tang, 2005)
observations. The underlying reason that these different effects of kernel smooth-
ing happen is that the unconditional ES is effectively a mean parameter, which can
be estimated accurately by simple averaging.

The paper is structured as follows. We introduce the two nonparametric ES
estimators in Section 1. Their statistical properties are discussed in Section 2. Vari-
ance estimation for the purpose for supplying standard errors for the ES estimates
is discussed in Section 3. Section 4 reports simulation results, which is followed by
an empirical study on two financial series in Section 5. All the technical details are
given in the appendix.

1T NONPARAMETRIC ESTIMATORS

The first nonparametric estimator of the ES considered in this paper is

= I > D))
i1 [(Yi = D))

=
<
I

([mp]+ 1) Y YI(Y: = 9,) €)
t=1

which is a weighted average of excessive losses larger than 7, where I(-) is the
indicator function, ¥, = Y{ju1-p)+1) is the sample VaR (quantile) estimator of v,
and Y{; is the rth order statistic of {Y;}};.
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The kernel estimator proposed by Scaillet (2004) is the following. Let K be
a kernel function, which is a symmetric probability density function, and G(f) =
[ K(u)du and Gp(t) = G(t/h) where h is a positive smoothing bandwidth. The
kernel estimator of the survival function S(x) =1 — F(x) is

Si(z)=n""Y Gz —Y). (4)
t=1

A kernel estimator of v, denoted as ¥, j, is the solution of S;(z) = p, as proposed
by Gourieroux, Laurent, and Scaillet (2000).> By replacing the indicator function
and D, with the smoother G, and 9, , respectively in Equation (3), Scaillet (2004)
proposed the following kernel estimator

fpn = (p)™ Y " YiGu(dpn — Yi). ©)

t=1

Based on the improvement of the kernel VaR estimator ©,; over b,, it is
expected that the kernel ES estimator /i, , would improve the estimation accuracy
of the unsmoothed estimator (i ,. Confirming this or otherwise is the focus of the
next section.

The commonly employed stochastic models in financial data modeling and
risk assessment can generate data to which the proposed ES estimation may be
applied. These models include the linear process

Y = thfs%_s
5=0

with independent and identically distributed innovation {&}22,; the Markov pro-
cess

Y = m(Yt_l,,,) + U(?t—l,p)et

where ?t,llp =(Yi-1,..., Yip) are p-lagged values of Y; and {et}szl are indepen-
dent and identically distributed random variables, and m(-) and o(-) are respec-
tively the conditional mean and volatility functions of Y; given Yt—l, p; the GARCH
(p, q) model

9 P
EYIYis) =0 and Var(G[Yi—1) =h =i+ ) o Y2+ ) Bihi-j
i=1 j=1

where ¢, «;, and §; are all positive parameter; as well as the continuous-time
diffusion models and the stochastic volatility models.

2Its statistical properties and how to obtain the standard errors are considered in Chen and Tang (2005).
See also Cai (2002) and Fan and Gu (2003) for kernel conditional quantile estimation. A kernel estimator
of conditional ES is proposed in Scaillet (2005). See Fan and Yao (2003) for other applications of the kernel
method for nonlinear time series analysis.
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2 MAIN RESULTS

The properties of these two nonparametric ES estimators are evaluated in this
section. We start with some conditions.

Let ]—",i be the o-algebra of events generated by {Y;, k <t <!} for I > k. The
a-mixing coefficient introduced by Rosenblatt (1956) is

ak)y=sup |P(AB)— P(A)P(B)|.

AeF], BeFy

The series is said to be a-mixing if limy_, (k) = 0. The dependence described by

the a-mixing is the weakest as it is implied by other types of mixing; see Doukhan

(1994) for a comprehensive discussion. The following conditions are assumed in
our study:

(i) There exists a p € (0, 1) such that a(k) < Cp* for all k > 1 and a positive con-
stant C.

(ii) The stationary distribution F of the stationary process {Y;} is absolutely con-
tinuous with probability density f which has continuous second derivatives
in B(vp), a neighborhood of v,; for k > 1, Fy, the joint distribution func-
tions of (Y1, Yx11), have all its second partial derivatives bounded in B(v,);
E(|Y;]**%) < C for some § > 0 and a positive constant C.

(iii) K is a symmetric probability density satisfying the moment conditions
/_11 uK(u)du=0 and f_ll u?K(u)du = 0% >0, and K has bounded and
Lipschitz continuous derivative.

(iv) h satisfies h — 0, nh®# — oo for any B > 0 and nh*log®(n) — 0 as n — oo.

Condition (i) means that the time series is geometric a-mixing, which is satis-
fied by many commonly used financial time series; some of them are listed at the
end of last section. For instance Carrasco and Chen (2002) established the o-mixing
for ARCH model; and Genon—Catalot, Jeantheau, and Larédo (2000) for diffusion
models. Conditions (ii) contains standard conditions, which requires underlying
smoothness for the marginal and pair-wise joint densities together with finite mo-
ments for the absolute returns. Conditions (iii) and (iv) are extra ones required
by the kernel estimator. While Condition (iii) has the usual requirements on the
kernel, Condition (iv) specifies a range for the bandwidth which includes O(n~1/3),
the optimal order for estimating VaR estimation. These conditions are comparable
to conditions imposed by other authors.

Let y (k) = Cov{(Y1 — vp)I(Y1 = v}), Y1 — vp)I (Yiy1 > v})} for positive inte-
gers k and

n—1
od(p;n) = {Var{(lﬁ —vp) (Y1 > vp)} + ZZV(k)} .
k=1

Assumption (i) and the Davydov inequality (see Bosq, 1998) imply that oZ(p, n) is
finite for each n and is converging as n — oo.
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We start with evaluating the unsmoothed estimator /i, to provide a point of
reference for the kernel estimators. Derivation given in the appendix shows that
under conditions (i) and (ii), and for an arbitrary positive «,

Pp—mp = p T Y (Y = vp) LY = vp) = pluy = vp) 0, (n7H). (6)
i=1

This is a Bahadur-type expansion (Bahadur, 1966) which leads to the following
theorem regarding the asymptotic normality of /i,.

Theorem 1. Under conditions (i) and (ii), as n — oo

Jipoy N(pim iy — ip) > N(O,1). @)

This theorem indicates that the asymptotic variance of fi, is o3 (p;n)/(np?), which is
the variance of p~{n™* Y1 (Y — vp)I(V; = v,) — p(ip — vp)}, the leading order term
in expansion (6). The dependence in the original time series is reflected in the asymptotic
variance through the covariance in ol (p;n). This means that we need to accommodate the
dependence in further statistical inference for the shortfall estimation; see Section 3 for
estimation of the variance. We note also that the effective sample size for the ES estimation
is np®. As p is small ranging between 1% and 5% as commonly used in financial risk
management, the ES estimator is subject to high volatility, which is a common challenge
for statistical inference of risk measures.

The following theorem summarizes the properties of the kernel estimator (5).

Theorem 2. Under conditions (i) and (iv), as n — oo

pog (i) — 1p) > N(O, 1) ®)

and furthermore,
Bias(ip,n) = —2p lozh?f(vy) +o(h?) and )
Var(iy) = p~2n~" o3 (pim) + o(n'h). (10)

By comparing with Theorem 1, it is found that the kernel estimator has the
same asymptotic normal distribution as the unsmoothed sample estimator /i ,. This
is similar to the corresponding results for VaR estimation as reported in Chen and
Tang (2005). We also note that both /i, and {1, ;, converge to i, at the rate of /1 or
more precisely at the rate of ,/np; whereas the VaR estimators ¥, and ¥, ; converge
to v, at the rate of \/n or, more precisely, at the rate of \/nf(v,) where f is the
probability density of Y;.

The second part of the theorem conveys a story different from VaR estimation.
First of all, unlike the VaR estimation, the kernel estimator does not offer a variance
reduction at the second order of 1~ '/ as the second order term vanishes. At the same
time, the smoothing brings in a bias that leads to an overall increase in the mean
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square error. Therefore, for the purpose of estimating the ES, the kernel smoothing
is counterproductive. The underlying reason is the fact that the ES is effectively
a mean parameter, which can be estimated rather accurately without smoothing.
The situation is similar to nonparametric estimation of the mean parameter, which
can be estimated well by the sample mean.

It should be noted that our above conclusion is only applicable for point
estimation of ES. For constructing confidence intervals and testing hypothesis on
up in the presence of data dependence, the kernel smoothing as shown in the
next section will play a significant role in estimating o7 (p;n). For estimation of
conditional ES (Scaillet, 2005), smoothing is needed due to the involvement of
conditioning variables.

3 STANDARD ERRORS

In this section we introduce a method of obtaining standard errors for the non-
parametric ES estimates considered earlier. Although it has not been advised for
point estimation of ES, smoothing is needed for variance estimation so as to supply
standard errors for the ES estimates. A similar approach is used in Chen and Tang
(2005) for obtaining standard errors for VaR estimates.

Let ¢ be the spectral density of {(Y; — v,)I(Y; > v,)}. From Brockwell and Davis
(1991),

Hm nVar 3n' Y (Y, —v)I(Y; > vp)} = 27¢(0)

n—0o0
i=1
which means that the leading order Var(f,) is 27 ¢(0)(np?) ™
estimating ¢(0).

Let Z; = (Y; — D,)I(Y; > Dp) for t =1,...,n. We propose estimating ¢(0) by
smoothing a set of sample periodograms close to the zero frequency of {Z;} ;.
One may use G, (Y; — v,) to replace I(Y; > ¥,) in order to reduce the variability in
the estimation of ¢(0). Let

. Hence, the key is

2

Lwj)=n"" , j=0,%1,...,£[n/2] (11)

n

X —itw,-
E Zie
t=1

be the sample periodograms at frequency w; =2mj/ne[-mn, x] for jeT =
+1,..., £[n/2].

Let W; = log{l(w;)/(2m)} + 0.57721 and m(w) = log{¢(w)}. Following the lines
of Fan and Gijbels (1996) and Chen and Tang (2005), a Nadaraya-Waston kernel
estimator of m(0) based on a symmetric kernel K; and a smoothing bandwidth  is

s (@) = ZjeT Ky (wxai ) W;
Z/‘ET Ky (%)

(12)
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where » — 0 and 1A — oo as n — oco. Then, an estimator of ¢(0) is $(0) =
exp{iit; (0)).

An important issue here is the selection of . An objective function we may
use in guiding the bandwidth selection is to minimize

1
RG) = =3 dujlm(e;) = iy o))} (13)

jeT

by defining weights g,; = I(|j| < [k.]) where k, is an n-dependent integer. We
choose k, = [0.05n], which means that only the 10% sample periodograms close to
the zero frequency are considered. It may be shown that an unbiased estimate of
R(})is

2
r(d) = :l an]{w - mk(wj)} -z (1 - 4]TK(O)> Z%]‘ (14)

jeT na jeT

Ignoring the term not involving A, the object function to be minimized for A selec-
tion is
272' K@

*Z‘h Wj — 1 () )N + Z‘h

jeT jeT

The proposed standard error estimation method with the proposed bandwidth
selection will be applied in analyses of some financial data sets in Section 5.

4 SIMULATION STUDY

In this section we report results from a simulation study which evaluates the
performance of the nonparametric ES estimators. The main objective is to confirm
our theoretical findings in the preceding section.

The models chosen for the log loss Y; in the simulation are

an AR(1) model: Y = 0.5Yi_1 + ¢, & S N(0, 1); (15)
an ARCH(1) model: Y; = 0.5Y,_1 +e, €2 =4+04¢, +n, n < N@©,1). (16)

We are interested in estimating (10,01, the 99% ES. In constructing the kernel estima-
tor, the Gaussian kernel K (1) = (1/+/27) exp(—u2/2) is employed. The sample size
considered in the simulation are 250 and 500. The number of simulation is 1000.
Figures 1 and 2 display the bias, variance, and mean square errors of /i, and
the kernel VaR estimator i, over a set of bandwidth values. For comparison, the
figures also include the bias, variance, and mean square errors of the unsmoothed
VaR estimator ¥, and the kernel estimator ¥, 5, respectively. Although the sample
size considered in these figures is 250, the same pattern of results is observed for
the sample size 500 as well. One feature that is worth noting from Figures 1 and
2 is that a large bandwidth increased both the variance and MSE of the kernel ES
estimator. At the same time, the impact of a large bandwidth on the bias was quite
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Figure 1 Simulated average standard deviation (SD) and root mean square error (RMSE) of the
kernel 99% ES estimator 9011 in (a) and (b) and 99% kernel VaR estimator 91,5 in (c) and (d),
and their unsmoothed (with legend sample) counterparts f19.01 in (a) and (b) and g1 in (c) and
(d) for the AR model with n = 250. And 9,01 = 3.078 and vy 91 = 2.686.

limited as shown by the drop of the bias for large &. The main revelation of the
simulation is that (1, has a larger variance and, to a large extent, a larger MSE
than &, for both models. In contrast, the kernel VaR estimator 7, ; delivers both
variance and mean square error reduction as revealed in Chen and Tang (2005).
This confirms that there is no need to smooth the data for ES estimation.

5 EMPIRICAL STUDY

We apply the proposed kernel estimator to estimate the ES of two financial
time series. The two financial series are the CAC 40 and the Dow Jones series
from October 1st 2001 to September 30th 2003, which consist of 500 observations
(2 years’ data). The log-return series are displayed in Figure 3 together with their
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Figure 2 Simulated average standard deviation (SD) and root mean square error (RMSE) of the
kernel 99% ES estimator /19,01, in Panels (a) and (b) and 99% kernel VaR estimator 1,5 in Panels
(c) and (d), and their unsmoothed (with legend sample) counterparts (1,01 in (a) and (b) and ¥o.01
in (c) and (d) for the ARCH model with n = 250. And .01 = 5.8042 and vy g1 = 5.6647.

sample autocorrelation functions (ACFs). To confirm the existence of dependence,
we carry out the Box—Pierce test with the test statistic Q = n Zigzl P2(k) where p (k)
is the sample autocorrelation for lag k. The statistic Q takes value 51.146 for the
CAC 40 and 43.001 for Dow Jones, which produces p-values of 0.0068 for CAC 40
and 0.0455 for Dow Jones, respectively. Therefore, the dependence is significant for
both series at 5% level of significance.

We carry out analysis over three periods on each series, which are the first year
(2001-2002), the second year (2002-2003), and the entire two years (2001-2003),
respectively. Table 1 presents the ES estimates fip01 and their standard errors.
The standard errors were obtained by using the approach outlined in Section
3. The table also provides the kernel estimates for the 99% VaR. It is observed
that for both indices the year 2001-2002 had the largest estimates (risk) of the
ES and the VaR, and hence the highest risk, which reflected the high volatility
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Figure 3 The two financial return series in (a) and (c) and their sample autocorrelation functions
(ACF) in (b) and (d).

after the setback in the “.com” business and the September 11. The level of risk
settled down in the year 2002-2003. It is interesting to see that the CAC was more
risky than Dow Jones as the estimates of the ES and the VaR were all larger than
their counterparts in Dow Jones. The variability of the ES estimate for Dow was
much higher than that of CAC in the year 2001-2002; and the situation reversed
in the second year when the ES estimates of CAC became more variable. We
observed as expected that the variability for the ES estimates based on the entire
2-year observations were smaller than those of each individual year (Table 1).

We then extend the analysis for 20 equally spaced levels of p ranging from 0.01
to 0.03. The kernel estimates of /1, and their 95% confidence bands are displayed
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Table 1 Estimates for vy 1, 1001, and standard errors (SE).

CAC Dow Jones
Year 90_01 [Z p SE 90_01 [:Lp SE
2001-2002 0.0553 0.0571 0.0059 0.0378 0.0424 0.0135
2002-2003 0.0461 0.0510 0.0207 0.0292 0.0316 0.0231
2001-2003 0.0531 0.0567 0.0027 0.0331 0.0394 0.0065
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Figure 4 Expected shortfall estimates and their confidence bands for the two financial return
series.

in Figure 4. The confidence bands were constructed by adding and subtracting
1.96 times the standard errors. These plots show that, as expected, the ES estimate
declined as p increased. For both indices, the year 2001-2002 experienced larger
risk than the year 2002-2003. It reveals again that the CAC was more volatile that
Dow Jones as the ES estimates were always larger than those of Dow for each of
the three time periods and at each fixed p level.
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APPENDIX: PROOFS

Throughout this section we use C and C; to denote generic positive constants. The
proof of Theorems 1 and 2 requires the following lemmas.

Lemma 1. Under Condition (i), P(|D, — v,| > €,) — 0 exponentially fast as n — oo.

Proof. We only give the proof for ¥, = ¥, as that for ), can be treated similarly,
LetC; = infxe[vp_fmvﬁgn] f(x). It is easily shown that

P(Id, — vp| > €n) < P{{Fu(vp +e€n) — F(Vp + €n)| > Cr€,}
+ P{|Fu(vp — €1) — F(vp — €n)| > Crep}. (A.1)

Let Xi = I(Y; < vp +€,) — F(vp + €,). Clearly E(X_i) =0and | X;| < 2. Choose
q = bone,, p =n/(2q) and 1*(q) = maxo<j<zq-1 E(Z,[(:][";;)]ﬂ X;)?. From an equal-
ity given in Yokoyama (1980), u%*(q) < Cp. Apply Theorem 1.3 in Bosq (1998) for

a-mixing sequences,

P{|Fn(vy + €n) — F(Vp +€n)| > Cren}

C2e2g 12
<dexp <_8012€q)> +22 {1 + Cre } qa{[n/(29)1} (A2)
where 02(q) = 2p~2u?(q) + €, = Cey. It is obvious that
C?e2
4dexp (—SJZZJ)) < 4dexp{—Caeq} (A3)

where C, > 0. Since ne? — 0o means ge, — oo, the first term in (A.2) converges

to zero exponentially fast. On the second term of (A.2), the geometric e-mixing
implies that

12 :
22{“( ) galln/2q)]) = Ce;2gpl™ 106”72 (A4)

Cl €n

which converges to zero exponentially fast too. This completes the proof of
Lemma 1. n

Lemma 2. Under the Conditions (i) and (ii) and for any x > 0,
w30 = v (Y = 0,) = I(Y; = v,)} = 0, (n74),

Proof. Let W = (Y; — v ){I(Y; > D) — I(Y: = vp)}. Wefirst evaluate E(W;). Note that
E(W;) =: =1}, + I}, where
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Furthermore, let I;, = I, + Iy, and I;, = I, + I, where, fora € (0,1/2)and n > 0,
Iy = E{(Yt —vp)I(vp =Y < Dp)I(Dp = vp + nn)},
Iy, = E{(Ys —vp)I(vp < Y; < Dp)I(vy < Dp <vp+1""n)},
I, = E{(Y; —vp)I(vp > Y = Dp)I(Dp < v, —n ")} and

I, = E{(Y; —vp)I(v, > Y; = D) (v, > Dy > v, —n "))

Applying the Cauchy-Swartz inequality, for k = 1 and 2,

Lyl < E(0p = vp 2P0, — vyl = no).
Then Lemma 1 and the fact that E(9, — v,)?> = O(n™!) imply
I, > 0 exponentially fast. (A.5)

To evaluate I,, we note that |I,| < E{(Y; —v,)I(vp <Y; < v, +n"n)}. This
means

I, < / T - v,) f(2)dz = O(n2).

P

Using exactly the same approach we can show that I;,, = O(n~%) as well. These
and (A.5) mean, by choosing a = —1/2 4+ y where y > 0 is arbitrarily small,

E(W) = o(n™"*) (A.6)

for an arbitrarily small positive «, which in turn implies

E[”_l 2 = I = ) — I(Y; vp)}} =o(n~'*). (A7)

We now consider Var(W;). Fora € (0, 1/2),

E(W) = E[(Y = vp){L(Y; = D) = 21(Y; = 0,)1(Y; = vp) + 1(Y; = vp)}]
= E[(Y = vp){I(vp > Y; = ) + 1(9 > Y = v,)}]
= E[(Y; = vp)’1(0p < Vi < vp){I(Dp = vy = 17" n) + 1(Dp < vy — 1 ")}]
+E[(YG = vp)2 10y > Yo = vy (0p = vy +17"n) + 1(Dp < vp + 17 )},
Note that
E{I(dp =Y <vp)I(Dp <vp —n""n)} < P(IDp —vpl = n™"n) and

E{I(‘A)p >Y > Vp)l(f)p > Vp +n"n)} < P(|‘A)p — vyl > n="n)

which converge to zero exponentially fast as implied by Lemma 1. Applying the
Cauchy-Schwartz inequality, we have

v, —n"n)} and



CHEN | Nonparametric Estimation of Expected Shortfall 101

converge to zero exponentially fast as well. Then, applying the same method that
establish (A.6), we have

E{(Yi = vp)*1(0p < Vi < vp)I(0p = vy —n™"y)} = O(n™™) and
E{(Yi = vp)l’1(0p > Vi = vp)I(y < vy + 1 )} = O(n™>).
In summary, we have E(W?) =o(n~%?*<). This and (A.6) mean Var(W,)=

0(n~3/%t%). By slightly modifying the above derivation for Var(W;), it may be shown
that for any #, t, Cov(W;,, W;,) = o(n~%?+). Therefore,

Var [n—l S — v = ) — (% = vp)}} =o(n ). (AS8)

i=1

This together with (A.7) readily establishes the lemma. n

Lemma3. Let B = (np)™' Y YiGu(vy — Yy) and §j = (nh) 1 Y1, i Ku(v, — Y5). Un-
der the conditions (i)—(iv),

(@) Cov[B, {p — Sivp)Hf(vp) — fFp)}] = 0(n"'h),

(b) CovlB, (i = mip = Su(vp)ll = o(n”"h),

(c) Covl{p = Su(vp)}, (1 — m{p — Si(wp)}] = o(n'h).
Proof. We only present the proof of (a) as the proofs for the others are similar.
Define f = E(). Let f — f =11 X y1(Y0), f(vy) — f(v,) = n™1 ¥ 9a(¥i) + O(h?)
and p — Fy(vy) =n"1Y ¢3(Yy) + O(h?) for some functions v, j=1,2, and 3,
such that E{y;(¥;)} = 0. For instance, y»(Y;) = K(vy — ¥;) — E{Kj,(v, — ¥})} and
¥a(Y) = Gu(vp — Y2) — E{Gu(v, — Y1),

Using the approach in Billingsley (1968, p. 173),
A=t [E[(B = B)p = SiopHf(vp) = F )]
sn? o Y EW0M)Y0)s (Y6l + O 'ht +n7%h?) (A9)

iz1,j>1i+j<n

where [6] indicates all the six different permutations among the three indices.
Let p=2+8,g=2+8ands ' =1—p~' —g~! for some positive §. From the
Davydov inequality,

|E (v (Y)Y (Y)Y (Y ) < 12019 (Z0)p 12 (V) s (Zig ) Ig e/ ().
Since |¥3(Yix )| < 2 and E[yo(Y;)** < Ch1-,

N2 (Yo) s (Yiallg < Cllv2(Zigplly < Ch™%3.
This and the fact that [|y(Y1)||, = EYP[y1(Y1)]P < C lead to

|E {91 (Y)Y () ¥a (Y )} < 12Ch™ 75255 (i),
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Similarly, |E{y1(Y4)y2(Y:)¥s(Yii )} < 12CH 25 5 (). Therefore,
|E (W (Y)¥2(Y)ws(Yig )} < 12CH™ 75 min {77 (i), @77 (). (A.10)
From (A.9) and (A.10), and the fact that «(k) is monotonic non-increasing,
n—1

A< Crn2n7 5 3 @) = Darmi (j) + O h* + n~2h?)
j=1

= O(n2h~%3) + o(n""h) = o(n"'h)
since ) jad/(2 4 8)(j) < oo as implied by Condition (i). |

Lemma 4. Under the conditions (i)-(v) and for 1,1, = 0 or 1,

n—1

> (1 —k/m)[Cov{ IYI'Gu(vy — Y1), Y2, Gy — Yiern)}
k=1

—Cov{Y'I(Yi > vp), Y2 I(Yir1 > vp)}] = o(h).

Proof. The case of Iy =, = 0 has been proved in Chen and Tang (2005) and the
proofs for the other cases are almost the same, and hence are not given here. W

Proof of Theorem 1. Let¢1(t) =n~ 1 Y", V,I(Y; > t)and ¢o(t) = n 1 Y1 I(Y; > #).

Then, @, = ¢1(Dp)/$2(Dp). Note that E{p1(v,)} = pup, E{¢2(vy)} = p and ¢a(D)) =
([np] + 1)/n. From Lemma 2, for an arbitrarily small positive «,

$1(0p) = 1(vy) + vpla(Dp) — da(vy)} + 0, (n74F). (A.11)

These lead to

Ap=pp+ P71{¢1(Vp) — Pupt+ Pil‘)p{P - ¢2(Vp)} + Op(n73/4+l() (A.12)

n

= pp+p AT Y (Y= vp) (Y = vp) = pluy — vp) {40, (n ).
i=1

We need to employ the blocking technique and Bradley’s Lemma to es-
tablish the asymptotic normality. Write p~o, '(p;n)(2p — pp) =0 30 Tin +
0,4y where T, = o (p; ) p~H(Y; — vp)I (Vi = vp) — pliey — vp)}.

Let k and k’ be respectively positive integers such that k" — oo, k'/k — 0 and
k/n — 0asn — oo. Letr be a positive integer so thatr(k + k') <n < r(k + k" +1).
Define the large blocks

Vin = Tj-vne+rystn + -+ Ti-nkekyrkn for j=1,2,...,7;
the smaller blocks

Vi = Ttk rksin + -+ Tiogskyrksen for j=1,2,....r;
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and the residual block 8, = Ty (k4k)4+1,n + - - - + Tp,n. Then

n r r
Sp =: n1/? Z Ti,n =n"'2 Z an + n? Z Vj/n + n71/25n = Sn,l + Sn,z + Sn,3~
i=1 j=1 j=1

We note that E(S,2) = E(Sy3) =0and asn — oo,

2011
Var(S,,2) = M{l +0(1)} -0 and
np?oq(p;n)
_ / 2011 ’
Var(§,s) = K FE ))2%2(”’” FE+KD) 0 4oy - o,
np®o; (p;n)

Therefore, for] =2 and 3
S >0 as n— oo. (A.13)

We are left to prove the asymptotic normality of S, ;. From Bradley’s lemma
(see Bosq, 1998), there exist independent and identically distributed random vari-
ables W; , such that each W; , is identically distributed as V; , and

P(IVju — Wil < ev/n/r) < 186 25 25n 5 (E(V2,)} a(k)
< Cre 2P 13 2BK P (k') < Cre2Pr Pa(k’).  (A.14)

Let Ay =S, —n /2 er:l Wj,.. Then

,
P(|Axl > €) <Y P(\Vju — Wil < ed/nfr) < Cae >5r%pF  (A15)
j=1

By choosing r = n” fora € (0, 1) and k" = n° such that c € (0, 1 — a), we can show
that the left-hand side of (A.15) converges to 0 as n — oco. Hence

Ay50 as n— . (A.16)
Therefore, S,,1 = n~1/? Z;:l Wi =+ 0,(1).
By applying the inequality estbalished in Yokoyama (1980) and the construc-

tion of W;,, we have E(W;,)* = E(V},) < Cik* and Var(W;,) = E(V,) < Ck.
Thus,

ZElen|4 < C31’k N
{rVar(Wi,)}> = r2k?

as n — oo, which is the Liapounov condition for the central limit theorem of
triangular arrays. Therefore,

.
23 W, S NO, 1) as n— oo (A.17)
j=1
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Thus, the proof of the theorem is completed by combining (A.13), (A.16), (A.17)
and the Slutsky theorem.

Proofof Theorem2. We first derive (9) and (10). From derivations given in Chen and
Tang (2005), Dy, admits an expansion: D5 — v, = (Sy(v,) — p)/f (vp) + 0p(n~172).
From the bias of ¥, , given in Chen and Tang (2005)

E(Dpn) —vp = —%aﬁf/(vp)f‘l(vp)hz +o(h?). (A.18)

The kernel ES estimator

n

pip = (np)™ > (Gu(vy = Yo) = YiKi(vy = YOOy — )} + Op(n™h) + 0, ().
- (A.19)

Note that
E[op) ! 0Gu, — 0] = 7 [ 2610, — 2f (a2

=p! ” K(u)du [/oozf(z)dz—i—/vp zf(z)dz}

vy vp—hu

= up — 5P HPog vy f/(vp) + f(vp)) +o(h?). (A20)

Letn=E{p " YiKy(Y; —vp)t=p~" [(vp —hu)K(u) f (v, —hu)du=p~tv, f (v,) +
O(h?). Using a standard derivations for a-mixing sequences, for instance those
given in Bosq (1998), we have Cov{(np)™' Y Y;Ku(v, — ), Dy — vp} = O(n7?).
Hence, from (A.18),

E{mp) ™" Y2 YiK(vp = Y)(0p = vp)} = nE(@pn = v) + Ox)
= —3p v f (vp)hPog +o(h®) + O(m™).
(A.21)

Combine (A.19), (A.20), and (A.21),
E(fpp) = iy — 3p 02 h* f(vy) +o(h?) + O(n™Y),
which establishes the bias given in (9).
We now derive the variance of 2,5 Let A1 = (np)~' Y1 {Y;iGp(vy — V) —

Yi Ky (vy — Y1)(Op,n — vp)} be the leading order term of the expansion (A.19).
Then,

Var(A) = Var {(1p)™" Y YiGu(v, — Yo | + Var(ii(9,, = v))

—2Cov {(mp) 1 Y ViGulvy = Y0, Aoy v} (A22)
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It is easy to see that

n—1

Var {(1p) 1 3 %iGulv, = Yo} = n71p? [Varmcmp —Y))+2) (1~ k/n)
 CoV{Yi G, = 1), Ve Gty = Vi)
Letcx = [0 uK(u)du [*  K(v)dv. It may be shown that

Var(¥iGutvy — ¥0) = [ £GH(v, = 2) fz = pu + O

_ /:: K(u)du[/; K(v)dv :/m 2 f(2)dz + f: zzf(z)dz}

I

+ /um K()dv Um 2 f(dz + /; sz(z)dz}

— P, + O(h?)
= Var{Y,I(Y; = vp)} — 2hv2 f (v, )ck + O(1?). (A.23)

Equation (A.23) and Lemma 3 mean

Var {(np 'Y YiGivy - ) } = p 2Var{gi(vy)} — 207 W2 f (v, )ek (1) + o(n ).
(A.24)
The second term on the right-hand side of (A.22) is

Var{n(ﬁp,h - Vp)} + (7 — n)(ﬁp,h - Vp)}
= UZVar(ﬁp,h) + 2UCOV(‘A}p,h/ (n— 77)(0;7,11 - Vp)} + Var{(7 — n)(ﬁp,h - Vp)}~

It may be shown by using the fact that n = p~'v, f(v,) + O(h?)

nzVar(f)p,h) = p‘zv’%Var [n‘l Z I(Y; > vp)} — Zp_zn_lbvf,f(v,,)cK +o(n1b).

t=1

From the inequality given in Yokoyama (1980) for «-mixing sequences, (h2)
E@pn — up)4 <Cn? and E(j—n)*= O 2h?).

Applying the Cauchy-Schwartz inequality and Lemma 3,
Var((i — iy ) = OOr ) =o'l and  (A26)
Covin(dp = vp), ' (3 =)Dy = vp)} = 0™ 'h). (A27)

Combine (A.25), (A.26), and (A.27),

Var{fi(@pn — vp)} = p’zv;Var{dn(v,,)} — 2p’2n’1hv;f(vp)cl< + o(n’lh). (A.28)
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From Lemma 3, the covariance term on the right-hand side of (A.22) is

Cov {(”P)_l Z Yl’Gh(Vp -Y), ﬁ(ap,h - Vp)}

t=1

=Cov {(np)1 Y YiGuvy = Yo, nf " wp)n Tt Y Gulvy — m} +o(n'h)
t=1 t=1

=(np*) v, [Covmc;h(vp - Y,), Gr(vy — i)}

n—1

+2 (1 = k/m)Cov{Y1Gu(v, — Y1), Gi(v, — Yk+1)}] +o(n'h)
k=1

Since COV{YtGh(Vp -1, Gh(‘)p -Y)}=p(1 - p)ﬂp - vaf(‘)p)th +o(h),

Cov {(nzo)1 D YiGiu(vy = o), (np) ™ Y YiKy(vy — YDy — v;»}
t=1

i=1
= n‘lp_zupCov{¢1(vp), $2(vp)} — Zn_lp_2v§f(vp)hc1< +o(h). (A.29)

Substituting (A.25), (A.28), and (A.29) to (A.22), we note that all the second order
terms of O(n~'h) cancel out each other and therefore

Var(f,) = p’ln’looz(p, n) +o(n"'h), (A.30)

which establishes (10). |

The asymptotic normality of ¥, can be established from (A.19) by using the
same blocking method as that in the proof of Theorem 1.

Received July 12, 2006; revised April 16, 2007; accepted September 24, 2007.
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