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ABSTRACT
This article investigates the problem of matrix completion from the corrupted data, when the addi-
tional covariates are available. Despite being seldomly considered in the matrix completion literature,
these covariates often provide valuable information for completing the unobserved entries of the high-
dimensional target matrix A0. Given a covariate matrix X with its rows representing the row covariates
of A0, we consider a column-space-decomposition model A0 = Xβ0 + B0, where β0 is a coefficient
matrix and B0 is a low-rank matrix orthogonal to X in terms of column space. This model facilitates a
clear separation between the interpretable covariate effects (Xβ0) and the flexible hidden factor effects
(B0). Besides, our work allows the probabilities of observation to depend on the covariate matrix, and
hence a missing-at-random mechanism is permitted. We propose a novel penalized estimator for A0 by
utilizing both Frobenius-norm and nuclear-norm regularizations with an efficient and scalable algorithm.
Asymptotic convergence rates of the proposed estimators are studied. The empirical performance of the
proposed methodology is illustrated via both numerical experiments and a real data application.

1. Introduction

In recent years, the problem of recovering a low-rank data
matrix from relatively few observed entries has drawn signifi-
cant amount of attention. This problem arises from a variety of
applications including collaborative filtering, computer visions,
and positioning. In these applications, the low-rank assumption
is often used to reflect the belief that rows (or columns) are
generated from a relatively few number of hidden factors. For
instance, in the Netflix prize problem (Feuerverger, He, and
Khatri 2012), viewers’ ratings are assumed to be adequately
modeled by a few hidden profiles.

In the noiseless setting, earlier works (Candès and Recht
2009; Recht 2011) have established strong theoretical guarantees
on perfect matrix recovery. A typical form of this remarkable
result is stated as follows. An n1-by-n2 matrix A0 of rank rA0 ,
fulfilling certain incoherence conditions, can be recovered
exactly with high probability from c(n1 + n2)rA0 log

2(n1 + n2)
observed entries sampled uniformly at random via a convex and
tractable constrained nuclear norm minimization for a positive
constant c. As for the noisy setting where observed entries
are corrupted by noise, extensive works on matrix completion
(Candès and Plan 2010; Koltchinskii, Lounici, and Tsybakov
2011; Rohde and Tsybakov 2011) can be found under various
forms of noise assumptions.

Some applications come with the covariate information in
the form of additional row and/or column information. For
instance, the MovieLens 100 K dataset (Harper and Konstan
2016) has both viewer demographics (age, gender, occupation,
and zip code) and movie features (release date and genre).
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These row and column covariates play similar roles as covari-
ates in regression analysis and therefore can potentially lead
to significant improvements in matrix recovery. Recent works
(Abernethy et al. 2009; Natarajan andDhillon 2014) have shown
such promises. In the noiseless setting, theoretical guarantees
of the perfect matrix recovery with covariates are available (Xu,
Jin, and Zhou 2013; Chiang, Hsieh, and Dhillon 2015). Yet,
there have been limited attempts with theoretical results at the
more realistic setting where the observed entries are corrupted
by noise. One notable study is the work by Zhu, Shen, and Ye
(2016), which study a partial latent model for personalized
prediction and its likelihood estimation.

Moreover, the probabilities of observation may vary with
respect to the row and/or the column attributes. As suggested
by our real data analysis of the MovieLens data (Section 7),
the sampling mechanism of the ratings varies across different
viewer groups. The earlier literature of matrix completion
(Abernethy et al. 2009; Candès and Recht 2009; Keshavan,
Montanari, and Oh 2009; Recht 2011; Rohde and Tsybakov
2011; Koltchinskii, Lounici, and Tsybakov 2011) focused on
uniform sampling mechanism, where each entry has the same
marginal probability of being sampled. There are recent studies
(Srebro and Salakhutdinov 2010; Negahban and Wainwright
2012; Klopp 2014; Cai and Zhou 2016; Cai, Cai, and Zhang 2016;
Bi et al. 2016) devoted to relaxing such restrictive assumption
to the nonuniform case, where the probabilities of observation
are allowed to be different across the rows and the columns
to some extent. However, the covariates are not taken into
account in the modeling of the probabilities of observation.
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Driven by the aforementioned empirical observation, we model
the probabilities of observation with a missing-at-random
(MAR) mechanism, where the probability of observation is
independent of the matrix entry when conditional on the
covariates.

In this article, we use the covariate information in bothmod-
elings of the observation probability and the completion of the
target matrix. We focus on the use of only row (or equivalently
column) covariates and leave the joint usage of both the row
and the column covariates as a future work. More specifically,
we consider a column-space-decomposition model of a target
matrix A0 ∈ Rn1×n2

A0 = Xβ0 + B0,

whereX ∈ Rn1×m is a covariatematrixwith its rows representing
the row covariates of A0, β0 ∈ Rm×n2 is a coefficient matrix, and
B0 ∈ Rn1×n2 is a low-rank matrix. To ensure the identification,
the column spaces ofX andB0 are orthogonal. The abovemodel
shares some similarities with a recent work by Zhu, Shen, and
Ye (2016), but differs in the aspect that they did not impose the
orthogonality condition.

The purpose of considering the covariate information is
to improve the accuracy of the completion of A0 and B0. It is
achieved by estimating β0 and B0 via minimizing a regularized
empirical risk which allows separation with respect to β and
B. This means that the proposed estimators β̂ and B̂ can be
computed separately by two separate minimizations, which
is scalable and noniterative. Specifically, unlike many matrix
completion algorithms that involve multiple singular value de-
compositions (SVD), our computation requires only one single
SVD. This SVD can be reused in computations of the pro-
posed estimators with respect to different tuning parameters,
which leads to the significant computation reduction in tuning
parameter selection. In addition, our algorithm can be coupled
with the fast randomized singular value thresholding (FRSVT)
procedure (Oh et al. 2015) for efficient computation in the large
matrix completion problems.

As for theoretical properties, we first provide a general
asymptotic upper bounds for the mean squared error (MSE)
achieved by the completed matrices under a general missing
mechanism, followed by the specific results for uniformmissing
and MAR satisfying the logistic regression. To demonstrate the
benefits of including the covariate information, we show a faster
convergence of the covariate part X β̂ than the low-rank part B̂.
In addition, we provide a nonasymptotic upper bound for the
MSE of the completed matrix B̂ and show it is no larger than
the one by Koltchinskii, Lounici, and Tsybakov (2011) under the
uniform missingness. Besides, the proposed matrix completion
is shown to attain theminimax optimal rate (up to a logarithmic
factor) in the estimation of both the entire matrix and its lower
rank part B under the uniform missingness. Additional results
for nonuniform missingness are also provided.

The rest of the article is organized as follows. The proposed
model is constructed in Section 2. The associated estimation,
computation, and tuning parameter selection are all devel-
oped in Section 3, while the asymptotic convergence rates are
given in Section 4. In Section 5, we discuss the benefit of the

covariate information with a set of theoretical results. Numer-
ical performances of the proposed method are illustrated in a
simulation study in Section 6 and an application to a Movie-
Lens dataset in Section 7. Concluding remarks are given in
Section 8, while all technical details are delegated to a supple-
mentary material.

2. ProposedModel

Let A0 = (A0,i j) ∈ Rn1×n2 be an unknown high-dimensional
matrix of interest, and Y = (Yi j) be a contaminated version of
A0 where only a portion of {Yi j} is observed. For the (i, j) th
entry, consider the sampling indicator ωi j = 1 ifYi j is observed,
and 0 otherwise. The contamination follows the model

Yi j = A0,i j + εi j, for i = 1, . . . , n1; j = 1, . . . , n2, (1)

where {εi j} are independently distributed random errors
with zero mean and finite variance. We assume that {εi j} are
independent of {ωi j}.

In addition to the incomplete matrix Y , we have an accom-
panying covariate matrix X = (x1, . . . , xn1 )ᵀ ∈ Rn1×m, where
xi ∈ Rm×1 for i = 1, . . . , n1. Each row of X , namely xᵀi , records
m covariates associated with the corresponding row of A0. We
assume that A0 is nonrandom given the covariates X . For nota-
tional simplicity, X is assumed to be nonrandom. Compared
with common settings of matrix completions, our setting has an
additional covariate matrix X , which is treated as an additional
piece of information for the recovery of A0.

Regarding the sampling (or missingness) mechanism, we
adopt the Bernoulli model ωi j ∼ Bernoulli(θi j(xi)), where the
observation probabilities may depend on the covariate. For the
notational simplification, we denote θi j = θi j(xi) in the rest of
the paper. The detailed assumptions of {εi j} and {θi j} are speci-
fied in Conditions C1 and C4 in Section 4.

Prior to the discussion of our model, we briefly present two
existing models of A0. The first one is a low-rank model of A0
which assumes each row (or column) of A0 is a linear combi-
nation of a small number of hidden factors. This assumption
stems from the classical factor model. The second one assumes
A0 is modeled as Xβ0 with a coefficient matrix β0 ∈ Rm×n2 ,
where the problem of recovering A0 can be treated as a classical
multivariate regression (Mardia, Kent, and Bibby 1980; Freed-
man 2009) (with missingness). This linear modeling affords
easy interpretation of the covariate effect.

Our model is a combination of these two models, aiming to
incorporate the covariate effect as well as to allow the hidden
factor effect for accurate estimation ofA0. To allow separation of
these two effects, we project A0 to the column space of X and its
orthogonal complement such that A0 = PXA0 + P⊥

XA0, where
PX = X (XᵀX )−1Xᵀ and P⊥

X = I − PX .
By assuming that B0 = P⊥

XA0 is of low rank, and PXA0 is lin-
ear in X such that PXA0 = Xβ0, we have a specification of A0 in
Equation (1)

A0 = Xβ0 + B0. (2)
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The low-rank assumption of B0 implies that B0 = U 0Vᵀ
0 , where

U 0 ∈ Rn1×rB0 ,V 0 ∈ Rn2×rB0 , and rB0 is the rank of B0 with rB0 �
min{n1, n2}.

Let Ũ 0 = (X,U 0) and Ṽ 0 = (β
ᵀ
0 ,V 0), then A0 = Ũ 0Ṽ

ᵀ
0 .

When compared with the typical matrix completion, model (2)
has part of the column space of A0 being known due to X .
The coefficient matrix β0 signifies the strengths of them covari-
ate effects with respect to the n2 columns ofA0 and permitsmore
interpretability in addition to the completion of A0. The goal of
this paper is to recover thematrixA0 = Xβ0 + B0, togetherwith
the coefficientmatrixβ0 and the low-rankmatrixB0, in the pres-
ence of observation noise.

Our model shares some similarities with a recent work by
Zhu, Shen, and Ye (2016), which allows the joint usage of row
and column covariates. When only row covariates are used,
the authors studied a model similar to Equation (2) under the
restriction that β0 = (α, . . . ,α), where α ∈ Rm.

3. Estimation

3.1. Estimation of β0 andB0

We develop the estimators of β0 and B0 based on the framework
of regularized empirical risk minimization. Define C(X ) be the
column space of a matrix X , N (X ) = {B ∈ Rn1×n2 : C(B) ⊥
C(X )}, W = (ωi j) and �∗ = (θ−1

i j ). For any β ∈ Rm×n2 and
B ∈ N (X ), we consider a population risk function

R (β,B) = 1
n1n2

E
(∥∥Xβ + B −W ◦ �∗ ◦Y∥∥2F) ,

where ◦ is the Hadamard product and ‖ · ‖F stands for the
Frobenius norm. Our interest of this risk function originates
from the following result established in Section S1 of the sup-
plementary material.

Proposition 1. Suppose thatXᵀX is invertible. Under Conditions
C1(a) and C4 stated in Section 4, (β0,B0) uniquely minimizes
the risk function R(β,B).

One nice feature of R is that β andB can be separated orthog-
onally. To appreciate this, we observe that the inner product
〈Xβ − PX (W ◦ �∗ ◦Y ),B − P⊥

X (W ◦ �∗ ◦Y )〉 = 0 for any
B ∈ N (X ). Consequently,

R(β,B) = 1
n1n2

[
E
{∥∥Xβ − PX (W ◦ �∗ ◦Y )

∥∥2
F

}
+ E

{∥∥B − P⊥
X (W ◦ �∗ ◦Y )

∥∥2
F

}]
.

This decomposition will facilitate the fast computation of the
proposed estimators and simplify their theoretical analyses.

If {θi j} were known, a natural unbiased estimator of R would
be

R̂(β,B) = 1
n1n2

{∥∥Xβ − PX (W ◦ �∗ ◦Y )
∥∥2
F

+ ∥∥B − P⊥
X (W ◦ �∗ ◦Y )

∥∥2
F

}
. (3)

As {θi j} are often unknown, we modify R̂ by plugging in consis-
tent estimators {θ̂i j} of {θi j}. We note that our proposed matrix
recovery method can accommodate a variety of models of {θi j}.
To achieve various theoretical guarantees, {θ̂i j} are only required
to fulfill a mild condition (C5 in Section 4) under the chosen
model of {θi j}. In the following, instead of R̂, we consider

R̂∗(β,B) = 1
n1n2

{∥∥∥Xβ − PXbig(W ◦ �̂
∗ ◦Y )∥∥∥2

F

+
∥∥∥B − P⊥

X
(
W ◦ �̂

∗ ◦Y )∥∥∥2
F

}
, (4)

where �̂
∗ = (θ̂−1

i j ) ∈ Rn1×n2 contains reciprocals of the esti-
mated observed rates {θ̂i j}.

Sinceβ andB are high-dimensional parameters, a directmin-
imization of R̂∗ would often result in over-fitting. To avoid such
an issue, we incorporate penalty terms as regularizations. Specif-
ically, the estimators (β̂, B̂) is defined as the minimizer of

f (β,B; λ1, λ2, α) = R̂∗ (β,B) + λ1 ‖β‖2F
+ λ2

(
α ‖B‖∗ + (1 − α) ‖B‖2F

)
(5)

with respect to β ∈ Rm×n2 and B ∈ N (X ), where ‖ · ‖∗ is the
nuclear norm and, λ1, λ2 > 0 along with 0 ≤ α ≤ 1 are regu-
larization parameters. The two Frobenius norm terms, λ1‖β‖2F
and λ2(1 − α)‖B‖2F , are equivalent to the computationally effi-
cient �2-shrinkage of vec(β) as well as vec(B), while the nuclear
norm term, λ2α‖B‖∗, corresponds to the sparsity-promoting
�1-shrinkage of the singular values of B. The combination of
these regularizations allows efficient computation and encour-
ages the low-rank solution. Here, the parameter α strikes a bal-
ance between the �1 and �2-shrinkage of B. In our theoretical
analysis, either α = 1 or α → 1 would lead to the convergence
of the proposed estimators. However, it is known that an appro-
priate amount of �2-regularization often improves finite sam-
ple performance (Zou and Hastie 2005; Sun and Zhang 2012).
Hence, instead of fixing α = 1, we select α, together with λ1
and λ2, by the 5-fold cross-validation (Friedman, Hastie, and
Tibshirani 2013).

Due to the orthogonal separation of β and B in Equation (4),
the minimization of Equation (5) is equivalent to the following
two separate minimizations

β̂ = argmin
β∈Rm×n2

{
1

n1n2

∥∥∥Xβ − PX
(
W ◦ �̂

∗ ◦Y )∥∥∥2
F

+ λ1 ‖β‖2F
}
(6)

and

B̂ = argmin
B∈N (X )

{
1

n1n2

∥∥∥B − P⊥
X (W ◦ �̂

∗ ◦Y )

∥∥∥2
F

+ λ2
(
α ‖B‖∗ + (1 − α) ‖B‖2F

) }
. (7)
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3.2. Closed-Form Expressions and Fast Computation

We discuss how to compute β̂ and B̂ given in Equations (6) and
(7). As Equation (6) is essentially a ridge regression problem,
straightforward algebra gives

β̂ = (XᵀX + λ′
1Im×m)−1Xᵀ(W ◦ �̂

∗ ◦Y ), (8)

where λ′
1 = n1n2λ1 and Im×m denotes the m-by-m identity

matrix. We observe that the matrix inversion in Equation (8) is
performed to a m-by-m matrix, which does not scale with n1
and n2. So it can be computed quite efficiently despite the high
dimensionality of A. As for the solution B̂ in Equation (7), the
minimization over B ∈ N (X ) is not straightforward. The fol-
lowing proposition, whose proof is given in Section S1 of the
supplementary material, shows that the minimization problem
(7) can be carried out by extending the domain from N (X ) to
Rn1×n2 . This domain enlargement reduces the complexity of the
minimization.

Proposition 2. Suppose that XᵀX is invertible, the minimization
problem (7) is equivalent to

argmin
B∈Rn1×n2

{
1

n1n2

∥∥∥B − P⊥
X
(
W ◦ �̂

∗ ◦Y )∥∥∥2
F

+ λ2 (α ‖B‖∗

+ (1 − α) ‖B‖2F
)}

. (9)

An advantage of Equation (9), over Equation (7), is the avail-
ability of a closed-form solution based on the existing results
on singular value shrinkage (Mazumder, Hastie, and Tibshirani
2010) described as follows. To express the solution, let U�Vᵀ

be the SVD of a matrixDwhere� = diag({σi}). Define the cor-
responding singular value soft-thresholding (SVT) operator Tc
by

Tc (D) = Udiag({(σi − c)+})Vᵀ for any c ≥ 0, (10)

where x+ = max(x, 0). As suggested by its name, this operator
soft-thresholds the singular values of the input matrix D at a
specified threshold c. It can be shown that the solution of Equa-
tion (9) possesses the following closed-form expression

B̂ = 1
1 + 2 (1 − α) λ′

2

{
Tαλ′

2

(
P⊥
X
(
W ◦ �̂

∗ ◦Y ))} , (11)

where λ′
2 = n1n2λ2/2. The proof of this result follows from the

proof of Theorem1 inMazumder,Hastie, andTibshirani (2010),
which uses simple subgradient arguments after reparameteriz-
ing the variable B of Equation (9) in terms of its singular val-
ues and singular vectors. The explicit solution (11) indicates
that both the SVT procedure (Tαλ′

2
) and a scaling procedure

(1/{1 + 2(1 − α)λ′
2}) are involved in B̂. Observe that these two

procedures arise separately from the nuclear norm regulariza-
tion and the Frobenius norm regularization. When α = 1 (only
nuclear norm regularization), Equation (11) involves no scal-
ing. As for α = 0 (only Frobenius norm regularization), no soft-
thresholding is administrated.

Among existing matrix completion algorithms, a set of them
(Troyanskaya et al. 2001; Mazumder, Hastie, and Tibshirani
2010; Ma, Goldfarb, and Chen 2011) require iterative applica-
tions of SVD to n1-by-n2 matrices. In contrast, the computation

of B̂ in Equation (11) requires only a single SVD of the matrix
P⊥
X (W ◦ �̂

∗ ◦Y ) due to the application of Tαλ′
2
. Specifically, to

obtain B̂ with respect to the multiple choices of λ′
2 (or λ2) and

α, the exact same SVD is needed. This is particularly favorable
to the tuning parameter selection, and allows us to perform
the k-fold cross-validation procedure (Mazumder, Hastie, and
Tibshirani 2010; Xu, Jin, and Zhou 2013; Chiang, Hsieh, and
Dhillon 2015) with much reduced computational burden. In all
of our numerical evaluations, we choose k = 5. As for the most
alternative matrix completion algorithms, iterative applications
of SVD need to be reapplied for every choice of tuning param-
eters, leading to a nested loop of SVDs and hence significant
computational burden.

To further improve the computational efficiency of our
method, we provide an approximate computational procedure
for the low-rank solutions (9). This approximate procedure is
particularly useful, when n1 and n2 are large, as the computation
of a full SVD requires significant computational resources. The
key component is the FRSVT procedure (Oh et al. 2015), which
utilizes random projections (Halko, Martinsson, and Tropp
2011) to approximate the SVT operator. Recent work (Halko,
Martinsson, and Tropp 2011) has shown that random projec-
tions can explore the low-rank structure effectively, and are
suitable for constructing efficient algorithms of the approximate
low-rank matrix factorizations. In FRSVT, random projections
are obtained through the generation of Gaussian randommatrix
with the independent entries. To approximate SVT with output
rank at most L, the number of random projections L + d is
required to be higher than L. In the numerical illustrations of
this article, we set L = 150 and d = 5.

4. Asymptotic Convergence Rates

Let ‖A‖ = σmax(A) and ‖A‖∞ = maxi, j |Ai j|be the spectral and
the maximum norms of a matrix A, respectively. We use the
symbol � to represent the asymptotic equivalence in order, that
is, an � bn is equivalent to an = O(bn) and bn = O(an), and
n = n1 + n2. The MSE of a generic estimator Ã is defined as
d2(Ã,A0) = ‖Ã − A0‖2F/(n1n2).

In this section, we first establish a general convergence result
on d2(Â,A0) in Theorem 1, followed bymore specific results on
the convergence rates under the uniform probability of observa-
tion model and the logistic regression model, respectively. Fur-
ther, the convergence rate of ‖β̂ j − β0 j‖F is established.

The technical conditions needed for our analysis are given as
follows:

C1. (a) The random errors {εi j} in Model (1) are indepen-
dently distributed random variables such that E (εi j) = 0 and
E (ε2i j) = σ 2

i j < ∞ for all i, j. (b) For some finite positive con-
stants cσ and η, max

i, j
E|εi j|l ≤ 1

2 l!c
2
σ ηl−2 for any positive integer

l ≥ 2.
C2. The design matrix X is of size n1 × m such that n1 > m.

Moreover, there exists a positive constant ax such that ‖X‖∞ <

ax and XᵀX is invertible. Furthermore, there exists a finite
symmetric matrix Sx with 0 < σmin(Sx) ≤ ‖Sx‖ < ∞ such that
n−1
1 XᵀX → Sx as n1 → ∞.
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C3. There exist some positive constants a1 and a2 such that

max
{‖Xβ0‖∞ , ‖A0‖∞

} ≤
√
log (n)a1 and

max
{
‖A0‖∞,2 ,

∥∥Aᵀ
0

∥∥
∞,2

}
≤ √

n1 ∨ n2a2.

C4. The indicators of observed entries {ωi j}n1,n2i, j=1 are mutu-
ally independent and ωi j ∼ Bern(θi j) for θi j ∈ (0, 1), and are
independent of {εi j}n1,n2i, j=1. Furthermore, for i = 1, . . . , n1 and
j = 1, . . . , n2, P(ωi j = 1|xi,Yi j) = P(ωi j = 1|xi) =: θi j(xi) =
θi j, where xᵀi is the ith row of the covariate matrix.

C5. (a) There exists a lower bound θL ∈ (0, 1) such that
min
i, j

{θi j} ≥ θL > 0, where θL is allowed to depend on n1 and

n2. (b) The estimators {θ̂i j} are consistent to {θi j}, free of
the tuning parameters λ′

1, λ′
2, and α, and are independent of

{εi j}. Moreover, there exists a positive constant t0 such that
for all t > t0, P{

∑
i j(1/θ̂i j − 1/θi j)2 ≥ cn1,n2t} ≤ g(t ) + hn1,n2 ,

where cn1,n2 and hn1,n2 are model-specific nonrandom sequences
depending on n1 and n2 and are independent of t such that
limn1,n2→∞ hn1,n2 = 0, and g(t ) is a function independent of n1
and n2 such that limt→∞ g(t ) → 0.

Condition C1(b) is the Bernstein condition which, together
with C1(a), covers a variety of distributions for εi j including
the Gaussian distribution εi j ∼ N (0, σ 2

i j) for positive constants
σ 2
i j. In Condition C2, the requirement n1 > m is easily met as

the number of covariates per subject is fixed. As the dimen-
sions of n−1

1 XᵀX are fixed at m-by-m, the rest of Condition C2
are quite standard. Condition C3 extends the conditions that
‖Xβ0‖∞ < ∞ and ‖A0‖∞ < ∞ as assumed, for instance, by
Keshavan,Montanari, andOh (2009), Koltchinskii, Lounici, and
Tsybakov (2011), Sun and Zhang (2012), and Cai and Zhou
(2016), by allowing both Xβ0 and A0 diverge at certain rates.

Condition C4 prescribes the independent Bernoulli model
for the indicator of observingYi j, where the probability of obser-
vation θi j can depend on the covariate. This is analogous to the
notion of the MAR commonly assumed in the missing value lit-
erature (Little and Rubin 2014). A specific MAR model is the
logistic regression model

θi j = θi j (xi) = exp
{(
1, xᵀi

)
γ . j
}

1 + exp
{(
1, xᵀi

)
γ . j
} , (12)

where γ . j ∈ Rm+1 are the jth column-specific parameter vec-
tors. Most of the existing studies in the matrix completion
(Keshavan, Montanari, and Oh 2009; Gross 2011; Recht 2011;
Rohde and Tsybakov 2011; Koltchinskii, Lounici, and Tsybakov
2011; Sun and Zhang 2012) focus on the so-called uniform sam-
pling at random (USR) scheme. Let N = ∑

i, j wi j be the total
number of observations. Conditioning on N, the USR takes a
random sample of N observed indices from the set {(i, j) : i ∈
{1, . . . , n1}, j ∈ {1, . . . , n2}}, independently with the uniform
sampling probability N/(n1n2) with replacement. The “with
replacement”means that aA0,i j can be observedmore than once,
which is not suitable for some matrix completion problems, for
instance, the Netflix prize problem (Feuerverger, He, and Kha-
tri 2012) as a viewer would not rate a movie more than once.
There are studies (Srebro and Salakhutdinov 2010; Negahban
and Wainwright 2012; Klopp 2014; Cai and Zhou 2016) which

adopt heterogeneous sampling probability models without uti-
lizing covariates, for instance, heterogeneity with respect to the
rows and the columns while assuming the sampling of the row
and the column are independent. Condition C4 introduces het-
erogeneity through covariates while including the aforemen-
tioned uniform and logistic regression models as special cases.

In Condition C5(a), imposing the lower bound θL in the
probabilities of observation ensures each entry of the matrix has
a minimum positive probability of observation. However, our
condition does not impose the restriction that the number of
observed entries is of the same order as n1n2, since θL is allowed
to go to 0 with n1 and n2 growing. For instance, one could take
θL � rB0n log

2(n)/n1n2 to mimic scenarios with crB0n log
2(n)

observed entries as discussed in Section 1. The second part of
Condition C5(b) is used to quantify the sum of squared errors
in estimating 1/θi j by the consistent estimator 1/θ̂i j. The conver-
gence rate cn1,n2 and the error bound functions g(t ) and hn1,n2
are given in a general setting, whose orders of magnitude are
dependent of the model for θi j. We establish Condition C5(b) in
Section S3 under the logistic regressionmodel given in Equation
(12) via the uniform asymptotic normality of themaximum like-
lihood estimators (MLE) by applying Sweeting (1980)’s result.
Condition C5(b) is also fulfilled under other sampling mecha-
nisms including the uniform probability of observation model
(i.e., θi j ≡ θ0).

For any δσ > 0, and t ∈ (0, t0), cn1,n2 specified in Condition
C5(b), define

� (δσ , t )

= max

{√
(n1 ∨ n2) log(n)√

θLn1n2
, (n1n2)−3/4(cn1,n2t )

1/2 logδσ /4(n)

}
(13)

and ηn1,n2 (g, δσ , t ) = 4g(t ) + 4hn1,n2 +C log−δσ (n) for a posi-
tive constantC. Here, g(t ) and hn1,n2 are specified in C5(b), and
C5(b) implies that limt→∞ limn1,n2→∞{ηn1,n2 (g, δσ , t )} = 0. The
following Theorem 1 is proved in Section S5 of the supplemen-
tary material.

Theorem 1. Assume Conditions C1–C5, 0 < α ≤ 1, λ1 =
o(n−1

2 ), and λ2α ≥ (2 + 4m)C0�(δσ , t ), for any t > t0 and pos-
itive constants δσ andC0. Then, for a positive constantC′,

d2(Â,A0) ≤ C′ max{min
{
λ2α ‖B0‖∗ , n1n2rB0 (λ2α)2},

λ2 (1 − α) ‖B0‖2F , n1n2�2(δσ , t ), n22λ
2
1 ‖Xβ0‖2F

}
(14)

with probability at least 1 − ηn1,n2 (g, δσ , t ).

The diminishing ηn1,n2 (g, δσ , t ) means that d2(Â,A0) is
bounded by the right-hand side of Equation (14) with the prob-
ability approaching 1 for n1, n2, and t large enough. We note
that the order of the upper bound for d2(Â,A0), as prescribed in
Equation (14), depends on the specific orders of�(δσ , t ), ‖B0‖∗,
rB0 , ‖Xβ0‖F , and ‖B0‖F and the choices of parameters λ1, λ2,
and α. In the following, from Equation (14), we derive the spe-
cific convergence rates for d2(Â,A0) under two models of θi j.

We first consider the uniform probability of the observa-
tion model such that θi j ≡ θ0. Under this model, the MLE
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for θ0 is θ̂i j ≡ N/(n1n2). It can be shown that we can choose
cn1,n2 = (1 − θ0)/θ0, for any t0 > 0, g(t ) = P{χ2

1 > t}, and
hn1,n2 = sup

t
|P{θ0(1/θ̂ − 1/θ0)2/(1 − θ0) ≥ t} − g(t )| in Con-

dition C5(b) so that C5(b) holds for any positive t . With the
above choice of cn1,n2 , 0 < δσ < 2 and choosing t such that

t0 < t < (n1n2)−1/2(n1 ∨ n2) log1−δσ /2(n), (15)

then sup
t

�(δσ , t )��1 =: θ−1/2
0 (n1∨n2)1/2(n1n2)−1 log1/2(n).

Corollary 1. Assume Conditions C1–C5, under the uni-
form probability of observation model, choose cn1,n2 =
(1 − θ0)/θ0, 0 < δσ < 2 and t as in Equation (15),
λ1 = n−1

2 log−1/2(n)�1, 1 − α � 1/(n1n2), λ2 � θ
−1/2
0 (n1 ∧

n2)−1/2(n1n2)−1/2 log1/2(n) in Equation (5). Then, for a positive
constantC′, with probability at least 1 − ηn1,n2 (g, δσ , t ),

both d2(Â,A0) and d2(B̂,B0) ≤ C′rB0θ
−1
0 (n1 ∧ n2)−1 log (n) .

The corollary establishes that d2(Â,A0) and d2(B̂,B0) are
all Op{rB0θ

−1
0 (n1 ∧ n2)−1 log(n)}. We note that the choice of

parameter λ2 actually depends on the magnitude of the noise
c2σ = max

i, j
{σ 2

i j} as shown in Lemmas S4.1–S4.3 of Section S4 of

the supplementarymaterial. Thismeans that d2(Â,A0) depends
implicitly on the level of the noise as well. Although the corollary
assumes the uniform observation probability, its conclusions are
valid for other missing models that accommodate the rate of
cn1,n2 = (1 − θ0)/θ0. In our analysis, the effect of the sample size
N enters our results through the Binomial mean n1n2θ0 as it is
of the same order of N. We note that Condition C5(a) allows
θ0 = θL to depend on n1 and n2 and to diminish to zero as n1
and n2 diverge to infinity.

We note that the rate attained by Corollary 1 coincides with
that of the other matrix completion methods, for instance, Sun
and Zhang’s (2012) calibrated elastic regularization estimator
Â
SZ
, Negahban and Wainwright (2012)’s row/column weighted

regularization estimator Â
NW

, Koltchinskii, Lounici, and Tsy-
bakov’s (2011) prior mask distribution estimator Â

KLT
, and

Mazumder, Hastie, and Tibshirani (2010)’s matrix lasso esti-
mator Â

MHT
, under either the USR or the row and column

product weight model of Negahban and Wainwright (2012).
These methods also require the “incoherence conditions” (Can-
dès and Recht 2009), and/or the spikiness measure α(A0) =√
n1n2‖A0‖∞/‖A0‖F of A0 to be bounded.
We now consider the scenario where the observation prob-

ability θi j follows the logistic regression model given in Equa-
tion (12). As will be shown in the next corollary, this induces
a different rate for cn1,n2 and a slower convergence rates for the
estimators. For any δσ > 0, it is shown in Section S3 of the sup-
plementary material that for some constants ηg depending on
θL and Cm, we can choose cn1,n2 = η−1

g n2 log(n2), t0 = m + 3,
g(t ) = Cmt exp{−t/2}, and hn1,n2 = n2max

j
sup
t

|P{∑i(1/θ̂i j −
1/θi j)2 ≥ t} − P(χ2

m+1 ≥ ηgt )| in Condition C5(b) so that
C5(b) holds for any positive t > t0 for the logistic model.

By choosing t such that

m + 3 < t < logδσ /6(n), (16)

we have sup
t

�(δσ , t ) = �2(δσ ) � η
−1/2
g n−3/4

1 n−1/4
2 log1/2(n2)

logδσ /3(n). This implies that the convergence rate of d2(Â,A0)

given in Equation (14) is η−1
g n−1/2

1 n1/22 log(n2) log2δσ /3(n), as
summarized in the following corollary.

Corollary 2. Assume Conditions C1–C5, n1n2θL >

(n1 ∨ n2) log(n), and the logistic model. Choose cn1,n2 =
η−1
g n2 log(n2), t as Equation (16), λ1 = n−1

2 log−1/2(n)

�2(δσ ) for any δσ > 0, 1 − α � 1/(n1n2), λ2 �
η

−1/2
g n−3/4

1 n−1/4
2 log1/2(n2) logδσ /3(n) in Equation (5). Then,

for a positive constant C′, with probability at least
1 − ηn1,n2 (g, δσ , t ),

both d2(Â,A0) and d2(B̂,B0) ≤ C′rB0η
−1
g n−1/2

1 n1/22

log(n2) log2δσ /3(n).

Corollary 2 implies that d2(Â,A0) and d2(B̂,B0) are both
Op{rB0η

−1
g n−1/2

1 n1/22 log(n2) log2δσ /3(n)}. The assumption that
n1n2θL > (n1 ∨ n2) log(n) is usually considered in existing
matrix completion works. Using the proof of Corollary 2, it can
be shown that the convergence rates for d2(Â,A0) and d2(B̂,B0)

can be simplified to rB0 log
−2δσ /3(n2) if n1 � η2

gn2 log
2+2δσ (n2).

In our results, we only specify the order ofλ2 although the choice
of λ2 depends on the magnitude of the noise c2σ = max

i, j
{σ 2

i j}, as
shown in Lemmas S4.1–S4.3 of Section S4 of the supplementary
material.

Compared with the case of the uniform probability of
observation considered in Corollary 1, the convergence rate
of rB0η

−1
g n−1/2

1 n1/22 log(n2) log2δσ /3(n) is much slower than
rB0θ

−1
L (n1 ∧ n2)−1 log(n). This is because of a much larger cn1,n2

due to the heterogeneity in the probability of observation as pre-
scribed by the logistic model. This heterogeneity results in a
larger amount of errors being accumulated in the estimation of
{θi j}, that slows down the convergence.

The coefficient matrix β0 helps to interpret the role of covari-
ates in completing the target matrix through the parametric
component Xβ0. The following theorem provides the conver-
gence rate of β̂ j under a general setting.

Theorem 2. Let β̂ j and β0 j be the jth column of β̂ and β0,
respectively. Assume Conditions C1, C2, C4, and C5(a), and
the estimators θ̂i j of θi j satisfy that for |θ̂i j − θi j| = Op(n−1/2

1 ).
If ‖β0‖F > 0, ‖β0‖∞ < ∞ and λ1 = o(n−1

2 ), we have ‖β̂ j −
β0 j‖F = Op(n−1/2

1 ) for each j = 1, . . . , n2.

While the convergence of β̂ j is of the standard rate, the theo-
rem does not require any specification of cn1,n2 and any restric-
tion on the regularization parameters λ2 and α as in Theorem
1 and its two corollaries. Furthermore, Condition C5(b) is
replaced by amild convergence rate of the estimators {θ̂i j}which
is more easily met. These are all due to the closed-form expres-
sion of β̂ given in Equation (8). However, despite the

√
n1-

convergence rate of each β̂ j, we are unable to translate this rate
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for β̂. This is because the convergence rates for the whole matrix
as stated in Theorem 1 as well as Corollaries 1 and 2 are slower
than the

√
n1-rate.

5. Benefits of Covariate Information

In this section, we outline some theoretical benefits of consid-
ering covariate information. More specifically, we compare the
upper bounds of the MSE of A0 achieved by our estimator and
the one from Koltchinskii, Lounici, and Tsybakov (2011) under
uniform missingness.

If m � min(n1, n2) and B0 is of low rank, our target matrix
A0 = Xβ0 + B0 is also a low-rank matrix. Without using the
covariate X , one can recover A0 by existing matrix completion
techniques. A natural question is whether the use of the covari-
ates improves the estimation. This question is addressed theoret-
ically in this section by comparing nonasymptotic upper bounds
of MSE. In addition, empirical evidences are shown in Sections
6 and 7 to demonstrate the benefits of using covariates.

To provide a simple and transparent comparison with exist-
ing results, we restrict our study to the uniform missingness,
while the target matrix follows A0 = Xβ0 + B0.

WriteN = ∑
i, j ωi j. Under the uniformmissingmechanism,

one can use N/n1n2 to estimate the common observation prob-
ability θi j ≡ θ0, where θ0 > 0 is allowed to depend on n1 and
n2 in our analysis; see Condition C5(a) in Section 4 for details.
For clarity, we write the estimator (β̂

UNI
, B̂

UNI
) of the proposed

methodology as

β̂
UNI = argmin

β∈Rm×n2

{
1

n1n2

∥∥∥Xβ − PX

(n1n2
N

W ◦Y
)∥∥∥2

F
+ λ1 ‖β‖2F

}
(17)

and

B̂
UNI = argmin

B∈Rn1×n2

{
1

n1n2

∥∥∥B − P⊥
X

(n1n2
N

W ◦Y
)∥∥∥2

F
+ λ2 ‖B‖∗

}
,

(18)
when α in Equation (7) is set to 1. By writing Â

UNI =
X β̂

UNI + B̂
UNI

, the MSE d2(Â
UNI

,A0) can be decomposed as
d2(X β̂

UNI
,Xβ0) + d2(B̂

UNI
,B0). If the covariates are not uti-

lized, Equation (18) (without the projection P⊥
X ) alone leads

to the estimator Â
KLT

of Koltchinskii, Lounici, and Tsybakov
(2011)

Â
KLT = argmin

A∈Rn1×n2

{
1

n1n2

∥∥∥A − n1n2
N

W ◦Y
∥∥∥2
F

+ λKLT ‖A‖∗

}
.

In the following, we compare Â
UNI

and Â
KLT

to reveal a benefit
of the covariate.

It is shown in Theorem 3 of Koltchinskii, Lounici, and Tsy-
bakov (2011) that if λKLT ≥ 2‖M‖, then

d2
(
Â
KLT

,A0
) ≤ λKLT

min

⎧⎨⎩2 ‖A0‖∗ ,

(
1 + √

2
2

)2

λKLTn1n2rA0

⎫⎬⎭ =: UKLT, (19)

say, where M = W ◦Y/N − A0/(n1n2). Similarly, for the pro-
posed estimator, it can be shown that if λ2 ≥ 2‖M‖,

d2
(
B̂
UNI

,B0
)

≤ λ2 min

⎧⎨⎩2 ‖B0‖∗ ,

(
1 + √

2
2

)2

λ2n1n2rB0

⎫⎬⎭ =: UUNI.(20)

Due to Lemmas S4.1–S4.3 of the supplementary material, there
exist positive constantsC and δσ such that ‖M‖ ≤ Cθ

−1/2
0 (n1 ∧

n2)−1/2(n1n2)−1/2 log1/2(n) with probability at least 1 − 2/n −
4 log−δσ (n). We note that Koltchinskii, Lounici, and Tsybakov
(2011) obtained the same rate for ‖M‖ in a similar fashion. Due
to this theoretical guarantee, we pick λ2 = λKLT = Cθ

−1/2
0 (n1 ∧

n2)−1/2(n1n2)−1/2 log1/2(n).
The benefit of the covariate lies in the fast convergence of

X β̂
UNI

. As shown in Section S2.1 of the supplementarymaterial,
if λ1 = o{n−1

1 n−3/2
2 log−1(n)}, then d2(X β̂

UNI
,Xβ0) = Op(n−1

1 )

which is dominated by the boundUUNI of d2(B̂
UNI

,B0) in Equa-
tion (20). As d2(Â

UNI
,A0) = d2(X β̂

UNI
,Xβ0) + d2(B̂

UNI
,B0),

we only have to compare the boundsUKLT andUUNI in Equations
(19) and (20) when n1 is large enough. Since these two bounds
are of the same order, we have to analyze the corresponding
constant factors. Since rB0 ≤ rA0 and ‖B0‖∗ ≤ ‖A0‖∗ (Proposi-
tion S2.1 of the supplementary material), we can conclude that
UUNI ≤ UKLT. In addition, if β0 �= 0m×n2 and the rank of A0 is
small, that is, of order o{θ1/2

0 (n1 ∧ n2)1/2}, we haveUUNI < UKLT,
which implies a strictly better upper bound for d2(Â

UNI
,A0)

than d2(Â
KLT

,A0). This illustrates the benefit of utilizing the
covariates. The details are summarized in the following theo-
rem whose proof is given in Section S2.1 of the supplementary
material.

Theorem 3. Assume Conditions C1–C3, and take λ2 = λKLT =
Cθ

−1/2
0 (n1 ∧ n2)−1/2(n1n2)−1/2 log1/2(n) in both Equations (19)

and (20). Then, UUNI ≤ UKLT. Furthermore, UUNI < UKLT if
β0 �= 0m×n2 and either one of the two following conditions
holds: (i) (low-rank condition) rA0 = rB0 + m = o{θ1/2

0 (n1 ∧
n2)1/2}, or (ii) (row space condition)R(β0) � R(B0).

In the following, we provide a lower bound for d2(Â
UNI

,A0).
To this end, define two matrix classes

β(a1) = {β ∈ Rm×n2 : ‖Xβ‖∞ ≤ a1},
B(r, a1) = {B ∈ Rn1×n2 : rB ≤ r, ‖B‖∞ ≤ a1}.

Theorem 4. Fix a1 > 0, for rB0 such that 1 ≤ rB0 ≤
min(n1, n2) − m, (n1 ∨ n2)rB0 ≤ n1n2θ0. Assume that
ωi j ∼ Bern(θ0) for θ0 ∈ (0, 1). Let {εi j} be IID Gaussian
N (0, σ 2) with σ 2 > 0. Then, there exist absolute constants
α ∈ (0, 1), c > 0 and 0 ≤ l ≤ rB0 such that

inf
β̂
UNI

,B̂
UNI

sup
β0∈β(a1 ),B0∈B(rB0 ,a1)

P

(
d2(Â

UNI
,A0) > c(σ ∧ a1)2

(n1 ∨ n2)
(
rB0 + l

)
n1n2θ0

)
≥ α.
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Theorem 4 establishes c(σ ∧ a1)2(n1 ∨ n2)(rB0 + l)/(n1
n2θ0) as a lower bound for d2(Â

UNI
,A0). This lower bound

is of the same order as the one for d2(Â
KLT

,A0) provided in
Theorem 6 of Koltchinskii, Lounici, and Tsybakov (2011).
Comparing Theorem 4 with Corollary 1, we see that, under
the iid Gaussian noise εi j, the rate of convergence of estimator

Â
UNI

is optimal in a minimax sense on the class of matrices
that β0 ∈ β(a1) and B0 ∈ B(rB0 , a1) up to a logarithmic factor
log(n).

As for the nonuniform missingness, we can derive simi-
lar upper bound for d2(B̂,B0) and lower bound for d2(Â,A0)

under the knowledge of the true missing probabilities�. In this
case, the nonasymptotic upper bound for d2(B̂,B0) enjoys dif-
ferent constant factors due to the condition λ2 ≥ 2‖W ◦ �∗ ◦
Y − A0‖, while the lower bound is different by replacing θ0 by
θL. The details can be found in Section S2.3 of the supplementary
material. If we plug in the general estimator �̂ of� in the upper
bound, it is complicated to trace the constant factors. Instead, we
have investigated the corresponding rates of convergence in the
asymptotic regime of n1 and n2 in Section 4.

6. Simulation Study

This section reports results from the simulation experiments
which were designed to evaluate the numerical performance of
the proposed estimator Â = X β̂ + B̂, where β̂ is given by Equa-
tion (6) and B̂ is given by Equation (7). We also carried out
comparative evaluation with four existing matrix completion
method.

In the simulation, the target matrix A0 = Xβ0 + B0 was
randomly generated once and kept as fixed for each set-
ting of (n1, n2,m, r). We generate X ∈ Rn1×m, β0 ∈ Rm×n2 ,
U 0 ∈ Rn1×r, and V 0 ∈ Rn2×r as random matrices with inde-
pendent standard Gaussian entries independently and obtain
B0 = P⊥

XU 0Vᵀ
0 . This ensures B0 ∈ N (X ). Although we do

not explicitly enforce that A0, X , and β0 are of full rank,
this happens with probability 1. The contaminated version of
A0 was then generated as Y = A0 + ε, where ε ∈ Rn1×n2 has
iid mean zero Gaussian entries εi j ∼ N (0, σ 2

ε ). The σ 2
ε is cho-

sen such that the signal-to-noise ratio (SNR) is 1, namely SNR =√
Signal(A0)/σ 2

ε = 1, where Signal(A0) = ∑n1
i=1
∑n2

j=1(A0i j −
Ā0)

2/(n1n2 − 1) and Ā0 = ∑n1
i=1
∑n2

j=1 A0i j/(n1n2).
The simulation was conducted under two sampling

mechanisms: missing-at-random and UNI: uniform obser-
vation. For MAR, we adopted the logistic model (12)
with γ . j = (γ1 j, γ2 j, γ3 j, γ4 j, 0, . . . , 0)ᵀ1×(m+1). The entries
γ1 j, γ2 j, γ3 j , and γ4 j were drawn independently according to
γ1 j ∼ N (−1.5, 0.12) and γk j ∼ N (0.3, 0.12) for k = 2, 3, 4.
Once generated, they were kept fixed throughout all MAR
settings. For UNI, we set θi j = 0.2, which is close to the average
θi j underMAR, for all i, j. Throughout the study, we setm = 20
and r = 10, and chose n1 = n2 with four sizes: 400, 600, 800,
and 1000, and the number of simulation for each (n1, n2)
combination was 500.

The binary likelihood is used to estimate {θi j} via estimating
γ j̇ first under the MAR. See Section S3 of the supplementary
material for more details on the MLEs.

Under the MAR, we implemented four versions of the pro-
posed matrix completion approach: (i) the full SVT (full SVD
followed by the SVT and scaling procedures) with the tun-
ing parameter α chosen by the 5-fold cross-validation (SVT-α̂-
LOG); (ii) the approximate SVT (ŜVT) as described in Section
3.2 with the tuning parameter α chosen by the 5-fold cross-
validation (ŜVT-α̂-LOG); (iii) the full SVT with α = 1 (SVT-
1-LOG); (iv) the approximate SVT with α = 1 (ŜVT-1-LOG).
We also experimented these four variates of the proposedmatrix
completion estimators under the UNI and denote them as SVT-
α̂-UNI, ŜVT-α̂-UNI, SVT-1-UNI, and ŜVT-1-UNI.

For the purpose of benchmarking, we compared with four
existing matrix completion techniques: the methods proposed
in Sun and Zhang (2012) (SZ), Negahban and Wainwright
(2012) (NW), Koltchinskii, Lounici, and Tsybakov (2011)
(KLT), and Mazumder, Hastie, and Tibshirani (2010) (MHT).
Note that these methods were not designed to incorporate the
covariate information X , and therefore they only provided an
estimate for A0. For SZ, the tuning parameter α was given by a
formula in Sun and Zhang (2012) and λ were chosen by the 5-
fold cross-validation. For the other three methods as well as the
proposed method, the 5-fold cross-validation was used to select
the tuning parameters.

To quantify the performance of the matrix completion, we
used two empirical measures

test error =

∥∥∥W � ◦ (Â − A0)

∥∥∥2
F

‖W � ◦ A0‖2F
and

RMSE (A0) = ‖Â − A0‖F√
n1n2

,

where W � is the matrix of missing indicator with the (i, j)-th
entry being (1 − ωi j). The test error measures the relative esti-
mation error of the unobserved entries to their signal strength.
Moreover, the RMSE measure can be similarly defined for the
proposed estimators of β0 and B0.

Tables 1 and 2 summarize the simulation results, with Table 1
for the MAR and Table 2 for the UNI probability of observa-
tion. The most visible aspect of the simulation results was
that the four versions of the proposed methods had superior
performance than the four existing methods by having smaller
RMSEs and test errors. The proposed estimators with α = 1,
namely SVT-1-LOG and ŜVT-1-LOG, had more accurate rank
estimates than the four existing methods in all cases. The two
estimators SVT-α̂-LOG and ŜVT-α̂-LOG over-estimated the
rank (the true rankwas 30) when the sample sizes were relatively
small under the logistic model, which may be viewed as a price
paid for having better RMSEs and test errors than their counter-
parts with α = 1. We note that α = 1 meant that the penalty on
the low-rank matrix B was entirely based on the nuclear norm.
By inspecting the empirical values of α̂ from the simulations for
the logistic model, we found α̂ appeared to converge to 1 as the
sample sizes got larger. This explained why the aforementioned
over-estimation in the ranks by SVT-α̂-LOG and ŜVT-α̂-LOG
were reduced for the sample sizes of 800 and 1000. Another
feature exhibited from the tables was that as the size of the
matrix n1 and n2 increased, both the RMSEs and test errors of
the proposedmethods got smaller. This was also the case for the
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Table . Empirical root mean square errors (RMSEs), test errors, estimated ranks, and their standard errors (in parentheses) under modelA0 = Xβ0 + B0 and the logistic
missing-at-randommodel (MAR), with (n1, n2)= (,), (,), (,), (,),m = 20, and r = 10, for four versions of the proposedmethods, and the four
existing methods (SZ, NW, KLT, and MHT).

n1 = n2 = 400 RMSE(β0) RMSE(B0) RMSE(A0) Test error Rank

SVT-α̂-LOG . (.) . (.) . (.) . (.) . (.)
SVT--LOG . (.) . (.) . (.) . (.) . (.)
ŜVT-α̂-LOG . (.) . (.) . (.) . (.) . (.)
ŜVT--LOG . (.) . (.) . (.) . (.) . (.)
SZ . (.) . (.) . (.)
NW . (.) . (.) . (.)
KLT . (.) . (.) . (.)
MHT . (.) . (.) . (.)

n1 = n2 = 600 RMSE(β0) RMSE(B0) RMSE(A0) Test error Rank

SVT-α̂-LOG . (.) . (.) . (.) . (.) . (.)
SVT--LOG . (.) . (.) . (.) . (.) . (.)
ŜVT-α̂-LOG . (.) . (.) . (.) . (.) . (.)
ŜVT--LOG . (.) . (.) . (.) . (.) . (.)
SZ . (.) . (.) . (.)
NW . (.) . (.) . (.)
KLT . (.) . (.) . (.)
MHT . (.) . (.) . (.)

n1 = n2 = 800 RMSE(β0) RMSE(B0) RMSE(A0) Test error Rank

SVT-α̂-LOG . (.) . (.) . (.) . (.) . (.)
SVT--LOG . (.) . (.) . (.) . (.) . (.)
ŜVT-α̂-LOG . (.) . (.) . (.) . (.) . (.)
ŜVT--LOG . (.) . (.) . (.) . (.) . (.)
SZ . (.) . (.) . (.)
NW . (.) . (.) . (.)
KLT . (.) . (.) . (.)
MHT . (.) . (.) . (.)

n1 = n2 = 1000 RMSE(β0) RMSE(B0) RMSE(A0) Test error Rank

SVT-α̂-LOG . (.) . (.) . (.) . (.) . (.)
SVT--LOG . (.) . (.) . (.) . (.) . (.)
ŜVT-α̂-LOG . (.) . (.) . (.) . (.) . (.)
ŜVT--LOG . (.) . (.) . (.) . (.) . (.)
SZ . (.) . (.) . (.)
NW . (.) . (.) . (.)
KLT . (.) . (.) . (.)
MHT . (.) . (.) . (.)

four existing methods under the logistic model in Table 1. The
latter was likely due to the reduction of the variance owing to
having more “data” despite employing a misspecified model. In
contrast, the reason for the proposed methods having smaller
RMSEs and test errors was due to their ability to reduce both the
bias and the variance in the completed matrices as the methods
are consistent as shown in the theoretical analyses in Section 4.

Comparing the results in Table 1 with those in Table 2, it
was clear that the presence of the heterogeneity in the obser-
vation probability made the matrix completion more difficult
as reflected by Table 1 having larger RMSEs and test errors.
This comparison was fair as the overall observed rate under the
logistic model was close to 0.2, the rate under the UNI. As the
true rank in all settings was 30, It appeared that the estimated
ranks were the most affected by the heterogeneity. However,
despite the heterogeneity, the proposed methods tended to pro-
duce more accurate (and smaller) ranks than the four existing
methods.

The simulation results reported in Tables 1 and 2 consis-
tently showed that the full SVT and the approximate SVT gave
very close results, which confirmed that the approximate SVT

can achieve computational reduction without sacrificing much
accuracy. Under the MAR setting (Table 1), the proposed meth-
ods with the tuning parameter α chosen by the 5-fold cross-
validation produced completed matrices with larger ranks but
smaller RMSEs than their counterparts with α = 1, which con-
firmed an early remark made in Section 3 regarding the role of
α in balancing between the nuclear and the Frobenius norms in
the regularization of the low rank matrix B. With the dimen-
sions n1 and n2 growing, the chosen α approached 1 which led
to more compatible rank estimates and the RMSEs between the
two approaches of choosing α.

Furthermore, we conducted an additional simulation study
where the covariates are not useful (i.e., A0 = B0). Table S1
in the supplementary material summarizes the corresponding
simulation results under the uniform probability of observa-
tion. The simulation results indicated that the two versions of
the proposed methods had slightly inferior performance than
the four existing methods by having larger RMSEs and test
errors. This is expected since the existing methods assume no
covariates, whichmatches with the underlyingmodel. Although
β0 = 0 is allowed in the model of the proposed methods, the
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Table . Empirical root mean square errors (RMSEs), test errors, estimated ranks, and their standard errors (in parentheses) under modelA0 = Xβ0 + B0 and the uniform
observation mechanism (UNI), with (n1, n2) = (,), (,), (,), (,)m = 20, and r = 10, for four versions of the proposed methods, and the four
existing methods (SZ, NW, KLT, and MHT).

n1 = n2 = 400 RMSE(β0) RMSE(B0) RMSE(A0) Test error Rank

SVT-α̂-UNI . (.) . (.) . (.) . (.) . (.)
SVT--UNI . (.) . (.) . (.) . (.) . (.)
ŜVT-α̂-UNI . (.) . (.) . (.) . (.) . (.)
ŜVT--UNI . (.) . (.) . (.) . (.) . (.)
SZ . (.) . (.) . (.)
NW . (.) . (.) . (.)
KLT . (.) . (.) . (.)
MHT . (.) . (.) . (.)

n1 = n2 = 600 RMSE(β0) RMSE(B0) RMSE(A0) Test error Rank

SVT-α̂-UNI . (.) . (.) . (.) . (.) . (.)
SVT--UNI . (.) . (.) . (.) . (.) . (.)
ŜVT-α̂-UNI . (.) . (.) . (.) . (.) . (.)
ŜVT--UNI . (.) . (.) . (.) . (.) . (.)
SZ . (.) . (.) . (.)
NW . (.) . (.) . (.)
KLT . (.) . (.) . (.)
MHT . (.) . (.) . (.)

n1 = n2 = 800 RMSE(β0) RMSE(B0) RMSE(A0) Test error Rank

SVT-α̂-UNI . (.) . (.) . (.) . (.) . (.)
SVT--UNI . (.) . (.) . (.) . (.) . (.)
ŜVT-α̂-UNI . (.) . (.) . (.) . (.) . (.)
ŜVT--UNI . (.) . (.) . (.) . (.) . (.)
SZ . (.) . (.) . (.)
NW . (.) . (.) . (.)
KLT . (.) . (.) . (.)
MHT . (.) . (.) . (.)

n1 = n2 = 1000 RMSE(β0) RMSE(B0) RMSE(A0) Test error Rank

SVT-α̂-UNI . (.) . (.) . (.) . (.) . (.)
SVT--UNI . (.) . (.) . (.) . (.) . (.)
ŜVT-α̂-UNI . (.) . (.) . (.) . (.) . (.)
ŜVT--UNI . (.) . (.) . (.) . (.) . (.)
SZ . (.) . (.) . (.)
NW . (.) . (.) . (.)
KLT . (.) . (.) . (.)
MHT . (.) . (.) . (.)

proposedmethods lose efficiency by considering amore general
model.

7. Empirical Study

We demonstrate the proposed methodology by analyzing the
MovieLens 100 K dataset as described in Harper and Konstan
(2016). This dataset includes 100,000 movie ratings, ranging
from 1 to 5, appraised by 943 viewers on 1682 movies, where
each viewer had rated at least 20 movies. The data came with
additional information on both viewers andmovies. In this anal-
ysis, we adopted age and gender as the covariates for our pro-
posed method. For evaluation purpose, the data provider split
the 100,000 ratings into a training set with 90,570 ratings and
a test set with 9430 ratings, such that there were exactly 10 rat-
ings per viewer in the test set. Two versions of such splitting are
provided, which are referred to as Split1 = (Training Set1, Test
Set1) and Split2 = (Training Set2, Test Set2), respectively. Fur-
ther, we know that Test Set1 and Test Set2 are disjoint. In our
experiment, we applied those methods as described in Section
6 to the training sets and evaluated the test errors based on

the corresponding test sets. As common pre-processing steps,
we removed the movies with no ratings in training sets, and
applied the bi-scaling procedure (Mazumder, Hastie, and Tib-
shirani 2010) which standardizes a matrix to have row and col-
umn means zero and variances one, before applying any matrix
completion methods.

To construct the covariate matrix X , gender was encoded as
“0” for male and “1” for female. Age was given as a numerical
variable and used directly. Thus, the covariate matrix X (view-
ers’ demographic) was of dimension 943 × 2. As a standard pro-
cedure, every column of X was normalized to avoid any scaling
issues in the penalties.

Next, we focus on the probabilities of observation
{θi j}. Our preliminary analysis suggested a nonmono-
tone trend of observed rates with respect to age. To see
this, we divide age into seven categories: under 18, 18–24,
25–34, 35–44, 45–49, 50–55, and 56+, which are denoted
by A1, A2, …, A7, respectively. These age categories
were suggested by the document accompanying with the
dataset (http://files.grouplens.org/datasets/movielens/ml-1m-
README.txt). The nonmonotonicity is demonstrated in
Figure 1(a), which showed that the rate of observation peaked
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Figure . Empirical observation rates of the MovieLens  K data. Panel (a): with respect to the seven age groups; Panel (b): with respect to the  combination groups of
age and gender.

at the age group of 18–24, continued to decline till the 45–49 age
group and then had a slight increase afterward. This indicated
a strong age effect on the probability of observation. To gauge
the gender effect, we split each age group into two subgroups
of male and female. This gave rise to 14 age and gender com-
binations which are denoted by MA1, FA1, …, FA7. As shown
in Figure 1(b), the sample observed rates varied across different
viewer groups as determined by the age and the gender. Of
interest was that female had higher rates of observation than
their male counterparts for all age groups, which suggested the
existence of the gender effect.

To reduce the number of parameters in the probability of
observation, we explored the possibility of merging some age–
gender categories. However, it was computationally expensive
to examine all the possible merging combinations. In our anal-
ysis, a simple data-driven screening method was conducted.
We took the uniform probability of observation model as the
benchmark model, denoted as Benchmark, and considered 14
models for the observational probability that had exactly one
of the 14 age–gender categories separated out to have its own
individual rate of observation, once at a time, while the rest of
the 13 categories was estimated by a common rate of observa-
tion. Then we applied our matrix completion procedure SVT-
α̂-LOG and recorded the empirical validation error. For all
the 14 models and the benchmark model, by applying simi-
lar procedure, we obtained the corresponding validation errors
QMA1, . . . ,QFA7,QBenchmark shown in Table 3. If the validation
error of a model was smaller thanQBenchmark, the corresponding
group was marked as required individual modeling and should
be separated out from the rest.

For Split1, seven groups (FA1,MA3, FA3, FA4, FA5, FA6, and
FA7) were classified as that individual modeling was needed.
For these seven groups, the corresponding sample proportions
of the observation were used as the estimates for their respective
observation probabilities. The remaining seven groups were
assumed to share a same observation probability, which was
estimated by the pooled sample proportions of the observation.
Denote this finalmodel for Split1 by Final1. As shown in Table 3,
we note that the corresponding validation errorQFinal1 = 4.4297
was the smallest among all the evaluated models for Split1. This
provided some validity of this final choice. For Split2, we
identified seven groups (FA1, MA2, MA3, FA3, FA5, FA6, and
MA7) and the corresponding final model Final2 also attained
the smallest validation error QFinal2 = 4.4230 among all the
evaluated models. Since the proposed methods require only
one SVD for each sampling probability model, we can perform
this additional exploration of the sampling mechanism while
keeping the computational costs significantly lower than most
of the competitors.

Table 4 reports the root mean square prediction errors
(RMSPEs) and estimated ranks of different estimators
for both Split1 and Split2, where RMSPE = ‖W test ◦ (Â −
Y )‖F/

√∑n1
i=1
∑n2

j=1 ωtest
i j , whereW test is the indicator matrix of

test set with the (i, j)-th entry being ωtest
i j . Since Test Set1 and

Test Set2, the corresponding test sets of Split1 and Split2, were
disjoint and of the same size, it is fair to calculate the overall
RMSPEs for evaluation of different methods. Similarly, as the
simulation results reported in the previous section, SVT-α̂-LOG
and ŜVT-α̂-LOG produced highly comparable results, which

Table . Empirical validation errorsQ under the models, the Benchmark, and the final selectedmodels (Final), where ∗ and † denotes the age–gender combination that
requires individual modeling for Split and Split, respectively.

Model MA FA MA FA MA FA MA FA

Split . .∗ . . .∗ .∗ . .∗
Split . .† .† . .† .† . .

Model MA FA MA FA MA FA Benchmark Final

Split . .∗ . .∗ . .∗ . .
Split . .† . .† .† . . .
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Table . Root mean square prediction errors (RMSPEs) and ranks of the com-
pleted matrix based on Split and Split for the two versions of the proposed
method (SVT-α̂-LOG) and (ŜVT-α̂-LOG) and the four existing methods proposed,
respectively, in Sun and Zhang ()(SZ), Negahban and Wainwright ()(NW),
Koltchinskii, Lounici, and Tsybakov ()(KLT), and Mazumder, Hastie, and
Tibshirani ()(MHT).

Split Split Overall

RMSPE Rank RMSPE Rank RMSPE

SVT-α̂-LOG .  .  .
ŜVT-α̂-LOG .  .  .
SZ .  .  .
NW .  .  .
KLT .  .  .
MHT .  .  .

indicated the applicability of ŜVT-α̂-LOG to larger datasets
whenever computational resources are scarce. In both Split1
and Split2, the proposed methods outperformed NW, KLT, and
MHT in terms of smaller RMSPEs and either smaller or more
reasonable rank estimation. Although the proposed methods
were slightly inferior to SZ in Split1, they outperformed SZ
significantly in Split2 by having smaller RMSPEs. Among the
six matrix completion methods considered, the two proposed
methods and the KLT method offered the most consistent
results between Split1 and Split2, while the other three methods
exhibited much larger variations, especially in the estimated
ranks. That KLTmethod gave rank 1 estimates was likely due to
its ignoring the heterogeneity in the probability of observation,
which amplified the difference between the largest and the
rest of the eigenvalues. As a result, (n1n2/N)σ1u1vᵀ

1 explained
most of the target matrix A0, leading to the rank-1 estimates
in Table 4. Overall speaking, the two proposed methods were
among the top two performers of the analysis reported in
Table 4.

As suggested by an anonymous referee, we experimented
treating the age as categorical variables with the number of cat-
egories ranging from three to seven. Corresponding details are
given in Section S8 of the supplementary material. As reported,
the prediction errors of using the four and five age categories
were the best among the five categories. However, they were still
inferior to the method of treating the age as a continuous vari-
able as shown in Table S2 of Section S8. This was likely due to
an increase in the rank of X as a result of the age categorization.
Nevertheless, we note that using the categorical age with four
or five groups produced better results than the typical matrix
completion without utilizing the covariate information.

8. Concluding Remarks

This paper investigates the problem of matrix completion with
the covariate information. We have shown that utilizing such
information can lead to more accurate completed matrix and
more interpretable results. When the matrix entries are het-
erogeneously observed due to selection bias of covariates, this
heterogeneity should be taken into account. Our real data anal-
ysis on the MovieLens 100K data revealed the existence of the
heterogeneity by the age and the gender of the movie viewers.
The heterogeneity, without proper treatment, can render the
consistency of the existingmatrix completionmethods. Under a

column-space-decompositionmodel, we propose amatrix com-
pletion procedure that adjusts for the heterogeneity in the obser-
vation mechanism by taking into account the covariate effect.
The proposed matrix completion estimator can be coupled with
the FRSVT procedure to achieve improved computational effi-
ciency for high-dimensional matrices. A general convergence
of the matrix completion procedure is provided (Theorem 1),
and specific convergence rates under two popular models for
the probability of observation are also given. The column-
space-decomposition model provides an interpretive coefficient
matrix that can quantify the effect of the covariates. Empirical
studies show the attractive performance of the proposed meth-
ods as compared with the existing matrix completion methods
in terms of the RMSPE and the ranks of completed matrices.

Supplementary Materials
The supplementary materials contain technical details including the proofs
of Propositions 1–2 and Theorems 1–4; and additional results of simulation
and empirical study.
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