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This paper considers covariance matrix estimation for tensor data under
high dimensionality. A multi-bandable covariance class is established to ac-
commodate the need for underlying covariance structures of multi-layer lat-
tices and general covariance decay patterns. We propose a high-dimensional
covariance localization estimator for tensor data, which regulates the sample
covariance matrix through a localization function. The statistical properties
of the proposed estimator are studied by deriving the minimax rates of con-
vergence under the spectral and the Frobenius norms. Numerical experiments
and real data analysis on ocean eddy data are carried out to illustrate the util-
ity of the proposed method in practice.

1. Introduction. Estimation of covariance matrices is a basic task in statistics as the
covariance matrices and their estimates play a key role in many multivariate statistical pro-
cedures. For the fixed-dimensional case, the estimation quality of the sample covariance ma-
trix can be assured by the conventional multivariate analysis. However, for high-dimensional
problems, the consistency of the sample covariance matrix is no longer guaranteed (Bai, Sil-
verstein and Yin, 1988; Bai and Yin, 1993; Johnstone, 2001). The last two decades have seen
consistent high-dimensional covariance estimators being proposed, which include the band-
ing and thresholding estimators (Bickel and Levina, 2008a,b), the tapering estimator (Cai,
Zhang and Zhou, 2010) and the block thresholding estimator (Cai and Yuan, 2012).

The banding and tapering estimators (Bickel and Levina, 2008a) are designed for covari-
ances with the so-called bandable covariance structure for vector data, where the components
of the data vector follow a natural ordering with respect to their covariances. The separably
bandable covariance class adopted in Zhang, Shen and Kong (2023) is an extension of the
bandable class for vector data to matrix data, which models the joint covariance matrix as a
Kronecker product of two marginal covariance matrices that govern the decay of covariances
in each direction of the high-dimensional observations. McCormack and Hoff (2025) estab-
lished the estimation theory for general separable covariances under the Frobenius norm. De-
spite their success, the aforementioned covariance estimators encounter limitations for tensor
data. First, covariance estimators for high-dimensional vector data may not be applicable to
tensor data. Second, separably bandable or general separable covariance structures may be
overly restrictive for dependence patterns embedded in tensor data. Furthermore, theoretical
results for tensor covariance estimation under the spectral norm have not been well studied.

Tensor data, represented as multi-layer arrays, can exhibit dependence arising from multi-
source drivers, where heterogeneity exists across different directions or sources of the tensor.
In this paper, we consider the covariance estimation problem for high-dimensional tensor
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data within a general multi-bandable class, where covariances between two tensor entries
decay as their distance increases. The covariance matrices are allowed to be nonseparable and
the decay rates can be heterogeneous across different slices of the tensor. High-dimensional
tensor data are increasingly collected in many scientific studies. In the following, we provide
several motivating examples of high-dimensional tensor data that exhibit general bandable
structures. Consistent covariance estimation is urgently needed for those applications.

• Geophysical data assimilation. Data assimilation aims to combine forecast state variables
from a complex dynamic system with observations, which is the key method to produce
high-quality reanalysis data and predictions for weather forecasting (Sun et al., 2024) or
other geoscience problems. Typical data assimilation methods, like the Ensemble Kalman
Filter (EnKF), rely on estimating the forecast error covariance matrix. Geophysical state
variables are naturally indexed by longitude, latitude, and height or depth, which form a
three-order tensor. Accurate estimation of the high-dimensional tensor covariance matrices
of state variables is fundamental for large-scale high-resolution data assimilation.

• Classification for medical imaging. In medical imaging studies, a key task is to classify
patients or tissue samples into different categories based on imaging features, for example,
classification of neurological diseases using functional magnetic resonance images and
identification of cell types and cellular states using spatial transcriptomics data (Haviv
et al., 2025). Such data can be represented as a high-dimensional tensor indexed by spatial
coordinates, imaging modality, and by genes for transcriptomics. Linear and quadratic
discriminant analysis requires an accurate estimation of the within-class covariance.

• Covariance in attention mechanism. In transformer-based large language models, a multi-
layer attention mechanism is a key model structure, where each layer is a computational
block consisting of a self-attention module and a feed-forward network (Vaswani et al.,
2017). There are multiple layers stacked on top of each other, which take text representa-
tions from the previous layer and refine them. The collection of attention weights leads to a
tensor indexed by layers and query/key positions. High-dimensional tensor covariance es-
timation helps to understand how token information passes through the attention network.
See details in Section S9.3 of the supplementary material (SM).

A common thread across these applications is that the observations are high-dimensional
and possess an intrinsic multi-layer tensor structure. Moreover, the dependence among com-
ponents of the tensor cannot be modeled merely along a single direction or driver, and the
covariance matrix may not be separable; rather, their covariances are shaped jointly by the
spatial, temporal, biological, or architectural directions or drivers via a distance measure, and
thus can be modeled by a multiple-layer version of the bandable covariance structure. Mo-
tivated by these applications, we propose consistent high-dimensional covariance estimation
under a general bandable class for tensor data. Our main contributions are as follows.

• We propose a multi-bandable covariance class for tensor data with a general covariance de-
cay function, and establish the minimax convergence rate for tensor covariance estimation
under the spectral norm and this general covariance class. Theoretical analysis of tensor
covariance estimation presents challenges beyond those encountered for high-dimensional
covariance estimation for vector data, owing to the tensor’s multi-way dependence struc-
ture. To address these challenges, we construct a new least favorable prior tailored to tensor
covariances. The minimax result under the Frobenius norm is established as well.

• We develop a localization covariance estimator with general localization functions and
establish sharp convergence bounds that match the minimax rates under the multi-bandable
covariance class. This establishes the optimality of the proposed localization covariance
estimator. The proof of the spectral-norm upper bound requires new technical tools tailored
to the multi-way structure of tensor data, including a tensor-specific vectorization scheme
and a novel block-partitioning argument.
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• As a notable special case, our optimal minimax theory yields a new result for high-
dimensional covariance estimation for vector data in that the banding estimator of Bickel
and Levina (2008a) attains the same minimax optimal convergence rate as the tapering
estimator of Cai, Zhang and Zhou (2010). This finding enriches the existing theory for the
banding estimator.

• We propose a data-driven adaptive localization estimator which extends the method used
in Liu and Ren (2020) to the tensor data setting using the Goldenshluger–Lepski method.
We prove that the resulting adaptive estimator attains the same spectral-norm convergence
rate and remains the minimax rate optimal.

The rest of the paper is organized as follows. We introduce the covariance estimation
setting for high-dimensional tensor data and a motivating example in Section 2. The multi-
bandable covariance class is proposed in Section 3.1, followed by the high-dimensional co-
variance localization estimator in Section 3.2. The consistency and the minimax optimal con-
vergence rate of the localization estimator are established in Section 4. A data-driven adaptive
estimator is also proposed. Sections 5 and 6 report the simulation studies and real data anal-
ysis, respectively. The discussion and conclusion are provided in Section 7. The technical
details, proofs and additional results of simulations and the case study are presented in the
supplementary material (SM).

2. Preliminaries. Throughout this paper, we use italic letters a, b for scalars and bold
Roman letters a,b for vectors and matrices. We use 0p and 1p to denote the p-dimensional
vectors with all elements being 0 or 1, respectively. We write a≍ b if there are positive con-
stants C1 and C2 such that C1 ≤ a/b≤C2. For a vector a, ∥a∥ denotes the Euclidean norm.
For a matrix M, ∥M∥ and ∥M∥F denote the spectral and the Frobenius norm, respectively.

As we aim at developing consistent covariance estimators for tensor data, the following
notations are introduced for the multi-bandable covariance class. Specifically, tensor data in
this work are assumed to be organized over a multi-layer lattice. Let X := {X(s)}s∈Sd(p) be
random tensors sampled from a d-order lattice

Sd(p) = {1,2, . . . , p1} × {1,2, . . . , p2} × · · · × {1,2, . . . , pd},

where p = (p1, . . . , pd)
⊤ are the dimensions of the tensor entries in d directions. We con-

sider in this work a regime where d is fixed but pℓ → ∞ for all ℓ = 1,2, . . . , d. Denote by
{s1, s2, . . . , sp} an arbitrary arrangement of the total p =

∏d
ℓ=1 pℓ entries in Sd(p), where

si = (si1, . . . , sid)
⊤ denotes the coordinate of the ith entry. Then, a vectorization of a ran-

dom tensor X according to the arrangement {s1, s2, . . . , sp} is X = (X(s1), . . . ,X(sp))
⊤.

The lattice Sd(p) is introduced to represent a general class of data that can be mapped into
some ordered tensor elements. For example, d= 1 represents high-dimensional vector data,
which is the case studied in Bickel and Levina (2008a). The setting where d > 1 generalizes
to tensors of arbitrary order, which are also common cases in many scientific studies. For
instance, the oceanic data example which will be presented shortly corresponds to d= 3.

Suppose X1, . . . ,Xn are independent and identically distributed copies of a random tensor
X. Let Xm = (Xm(s1), . . . ,Xm(sp))

⊤ denote the vectorization of Xm, the mth observation
of the random tensor, where Xm(si) is the entry at grid point si. Let µ and Σ = [σij ]p×p

be the mean vector and covariance matrix of the vectorized data X1,X2, . . . ,Xn. We are
interested in estimating the covariance matrix Σ. A natural estimator of the covariance matrix
Σ is the sample covariance matrix

Sn = [σ̂ij ]p×p =
1

n− 1

n∑
m=1

(
Xm − X̄

)(
Xm − X̄

)⊤
,(2.1)
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where σ̂ij denotes the (i, j) entry of the sample covariance matrix and X̄= n−1
∑n

m=1Xm.
For the “large p small n” setting, the sample covariance matrix is no longer consistent for Σ
(Bai, Silverstein and Yin, 1988; Bai and Yin, 1993; Johnstone, 2001) and a common solution
is to take into account the underlying covariance structure.

Previous studies have constructed several consistent covariance matrix estimators under
certain covariance classes to address the high dimensionality. Bickel and Levina (2008a)
considered a banding estimator Bk(Sn) with banding width k, with the (i, j) entry being

(2.2) [Bk(Sn)]ij = σ̂ijI{|i− j| ≤ k}.

The banding estimator is designed for a bandable covariance class for vector data

U1(α, ϵ,C) =
{
Σ= [σij ]p×p : (i) max

j

∑
|i−j|>k

|σij | ≤Ck−α for all k > 0,

(ii) 0≤ λmin(Σ)≤ λmax(Σ)≤ ϵ−1
}
,(2.3)

where α, C and ϵ are some positive constants and λmin(Σ) and λmax(Σ) denote the min-
imum and maximum eigenvalues of Σ, respectively. A minimum eigenvalue condition is
imposed for estimating the precision matrix. However, this condition is not necessary for
covariance estimation. They established that by choosing k ≍ (n−1 log p)−1/(2α+2) the esti-
mation error of the banding estimator satisfies

(2.4) ∥Bk(Sn)−Σ∥2 =OP {(n−1 log p)2α/(2α+2)}.

Cai, Zhang and Zhou (2010) introduced a tapering estimator Tk(Sn) whose (i, j) entry is

[Tk(Sn)]ij = σ̂ijφ(|i− j|;k/2, k),(2.5)

where φ(z;ka, kb) =
{
1−{z−ka}+/(kb−ka)

}
+

is a tapering function and {z}+ =max{z,
0}. The estimator was designed for both U1(α, ϵ,C) and the following covariance class

U2(α, ϵ,C) =
{
Σ= [σij ]p×p : (i) |σij | ≤C|i− j|−α−1 for all i ̸= j,(2.6)

(ii) 0≤ λmin(Σ)≤ λmax(Σ)≤ ϵ−1
}
,

which is more restrictive on the off-diagonal elements. It is shown that the tapering estimator
Tk(Sn) with k ≍min{n1/(2α+1), p} can achieve the minimax optimal rate of convergence

(2.7) inf
Σ̂

sup
Σ∈U1(α,ϵ,C)

E∥Σ̂−Σ∥2 ≍min
{
n− 2α

2α+1 + log p/n, p/n
}
.

From another point of view, both bandable classes U1(α, ϵ,C) and U2(α, ϵ,C) regulate
the magnitude of the covariance elements in terms of |i− j|, which were largely designed
for vector data with d= 1. Zhang, Shen and Kong (2023) extended the bandable covariance
classes U1(α, ϵ,C) and U2(α, ϵ,C) to matrix data (d = 2) by assuming separability in the
covariance between the two coordinate directions. Specifically, denote by ⊗ the Kronecker
product and vec(·) the vectorization operator that sequentially stacks the columns of a matrix
into a vector. Suppose that the matrix random variable X ∈ Rp1×p2 follows a matrix normal
distribution such that vec(X)∼N (vec(M),Σ2 ⊗Σ1) for a mean matrix M ∈Rp1×p2 and a
covariance matrix Σ being within the separably bandable covariance class

U3,q(α1, α2, ϵ,C) =
{
Σ=Σ2 ⊗Σ1 : Σ1 ∈ Uq(α1, ϵ,C),Σ2 ∈ Uq(α2, ϵ,C)(2.8)

and min{λmin(Σ1), λmin(Σ2)}> ϵ
}
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for q = 1 or 2, where λmin(Σ1) and λmin(Σ2) are the minimum eigenvalues of Σ1 and Σ2,
respectively. They proposed a separably banding or tapering estimator Σ̂2(k2)⊗Σ̂1(k1) with(

Σ̂1(k1), Σ̂2(k2)
)
= argmin

Σ1,Σ2

∥Σ̃(k1, k2)−Σ2 ⊗Σ1∥2F ,(2.9)

where k1 and k2 are banding width parameters corresponding to the row and column di-
rections of matrix data, Σ̃(k1, k2) is a doubly banding or tapering estimator that regular-
izes the sample covariance as Sn ◦ {Bk2

(1p2
1⊤p2

) ⊗ Bk1
(1p1

1⊤p1
)} or Sn ◦ {Tk2

(1p2
1⊤p2

) ⊗
Tk1

(1p1
1⊤p1

)}, respectively, with ◦ being the elementwise product.
The aforementioned covariance classes can be too crude to reflect the underlying covari-

ance structure encountered for general tensor data with d ≥ 3. For data from a multi-order
lattice with d≥ 2, the measurement |i− j| in the bandable covariance classes U1(α,ϵ,C) and
U2(α,ϵ,C) for vector data may be overly simple for tensor data. The separability assump-
tion can be restrictive for situations where the detailed covariance information, especially
the intricate cross-layer covariances, can be richer than what the separably bandable covari-
ance class U3,q(α1, α2, ϵ,C) can offer. For example, Daley and Barker (2001) considered the
nonseparable error correlation in an atmospheric variational data assimilation system, while
Hakim (2005) revealed the nonseparable nature between the horizontal and vertical struc-
tures of forecast and analysis error covariance matrices for mid-latitude atmospheric data as-
similation over the western north Pacific. Specific nonseparable spatio-temporal covariance
structures can also be found in Cressie and Huang (1999) and Guttorp and Schmidt (2013).

Our motivating example is an ocean eddy dataset of salinity, which constitutes a three-
order longitude-latitude-depth tensor. The data were the reanalysis salinity field associated
with the eddy in the western Pacific, as shown in Figure 1a. We re-centered the eddy ac-
cording to its daily center; see Section 6 for more description. The entries of the three-order
tensor were vectorized with longitude as the fastest-varying index, followed by latitude, and
depth as the slowest-varying index. Specifically, depth was ordered from shallow to deep.
Within each depth level, grid points were ordered first by latitude from south to north, and
within each latitude, by longitude from west to east. Figure 1b displays the sample correla-
tion matrix of daily salinity changes in the target area, with two insets corresponding to the
correlation at the sea surface and a zoomed-in region, respectively.

Although such a correlation matrix displayed a resemblance to the bandable structure
defined in Bickel and Levina (2008a), a closer examination in Section 4 reveals its devia-
tion from the bandable class U1(α, ϵ,C) in (2.3). Indeed, it possesses a finer bandable-in-
bandable form, which offers a richer covariance structure than that offered by the bandable
class. Furthermore, the three-order ocean tensor data may not be adequately captured by the
separably bandable covariance class in the spirit of U3,q(α1, α2, ϵ,C) for matrix data. These
motivate us to study covariance estimation for high-dimensional data on d-order lattice Sd(p)
with a multi-bandable structure.

3. Methodology. We introduce a multi-bandable covariance class with a general covari-
ance decay function for tensor data, followed by a localization estimator for covariance ma-
trix estimation.

3.1. Multi-bandable covariance class. We start by introducing some notations to de-
scribe the relative position between any two grid points in a d-order lattice Sd(p), which aims
to extend the exclusion |i− j|> k used in the bandable covariance class U1(α, ϵ,C). Specif-
ically, for tensor data X sampled from Sd(p) with the vectorizations being X = (X(s1),
X(s2), . . . ,X(sp))

⊤, we define an absolute difference between two coordinates si and sj as

δij := (δij1, δij2, . . . , δijd)
⊤ := (|si1 − sj1|, |si2 − sj2|, . . . , |sid − sjd|)⊤.(3.1)
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(a) Sea level anomaly (left) and salinity field (right) of an eddy

(b) Correlation matrix and insets of daily salinity changes

Fig 1: (a) Sea level anomaly on September 1, 2024 that displays an ocean eddy (left), and
the salinity field in the practical salinity unit (psu) in 10 depth layers and the average salinity
as a function of the depth (right); (b) the sample correlation matrix of daily salinity changes
among all tensor entries (left), the entries of the first depth layer (middle) and a zoomed-in
region spanning 32°N to 33°N and 158°E to 161°E (right).

Such a definition allows for different scales and dimensions pℓ in different coordinate di-
rections of Sd(p). Specifically, the distance between the two coordinates si and sj can be
represented by some function of δij , for example, by ∥δij∥ for the L2 distance.

To impose restrictions on the covariance between two grid points that are separated by
some d-dimensional vector k= (k1, k2, . . . , kd) in the lattice Sd(p), we define two sets

Hd(k) = {k′ = (k′1, k
′
2, . . . , k

′
d) : 1≤ k′ℓ ≤ kℓ for all ℓ= 1,2, . . . , d} and

Hc
d(k) = {k′ = (k′1, k

′
2, . . . , k

′
d) : k

′
ℓ > kℓ for at least one ℓ= 1,2, . . . , d}

as a d-order hyper-rectangle and a hyper-rectangle-excluded region with respect to the scaling
vector k, respectively. The set Hd(k) is called the preserved k-zone and it contains all the
non-zero absolute coordinate differences δij with δijℓ less than kℓ for all ℓ, whereas Hc

d(k)
collects the excluded δij as they exceed the prescribed range by k in at least one direction.
It is worth noting that Hc

d(k) does not denote the complement set of Hd(k) as it does not
include all zeros. When d= 1, this reduces to the usual exclusion |i− j|> k in the bandable
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Fig 2: Illustration for pairs of variables (red) with distance within the preserved k-zones
Hd(k) for one-order lattice S1(10) (left), two-order lattice S2(10,10) (middle) and three-
order lattice S3(10,10,10) (right) under a column-major vectorization scheme.

covariance class U1(α, ϵ,C). Figure 2 illustrates pairs of variables with distances within the
preserved k-zones for d = 1, 2 and 3 in the column-major vectorization, which shows a
“bandable-in-bandable” structure.

We consider a more general form of the upper bound than Ck−α used in Condition (i) of
the bandable covariance class U1(α, ϵ,C) in (2.3). Specifically, we define a general d-variate
covariance decay function τ(k), which offers patterns of covariance decay and is regulated
by the following assumption.

ASSUMPTION 1. The covariance decay function τ(k) is a d-variate function defined on
Hd(p) and is non-negative, uniformly bounded, marginally non-increasing with respect to
each direction of the lattice and satisfies τ(k)→ 0 if and only if minℓ kℓ →∞.

Assumption 1 is a condition on the non-increasing covariance of the two entries as they
become gradually apart. The covariance decay function τ(k) includes the polynomial decay

(3.2) τ(k) =C

d∑
ℓ=1

k−αℓ

ℓ I{1≤ kℓ < pℓ}

for {αℓ}dℓ=1 and C being positive numbers, and the exponential decay

(3.3) τ(k) =C

d∑
ℓ=1

β−kℓ

ℓ I{1≤ kℓ < pℓ}

for {βℓ}dℓ=1 all larger than 1. These functions illustrate the manner in which the sum of
covariances diminishes for all grid point pairs that are spatially separated by a d-order hyper-
rectangular region Hd(p). The covariance decay function τ(k) allows discontinuity at the
boundary kℓ = pℓ for some ℓ. For example, for the bandable covariance class U1(α, ϵ,C),
τ(k) = Ck−αI{1≤ k < p} which yields τ(p) = 0. For (3.2) and (3.3), the term I{1≤ kℓ <
pℓ} in τ(k) reflects the fact that the ℓth direction no longer contributes to the covariance
decay form when kℓ exceeds pℓ; see discussion in Section S7.1 of the SM for general cases.

With the above preparation, we propose a covariance class for tensor data. Specifically,
given a covariance decay function τ(k) and a positive constant ϵ, we define a d-order multi-
bandable covariance class

U(d, τ, ϵ) =
{
Σ= [σij ]p×p : (i) max

j

∑
{i:δij∈Hc

d(k)}

|σij | ≤ τ(k) for all k ∈Hd(p),

(ii) 0≤ λmin(Σ)≤ λmax(Σ)≤ ϵ−1
}
.(3.4)
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The proposed covariance class regularizes the covariance by the preserved k-zone Hd(k) and
the covariance decay function τ(k) as illustrated by the following examples.

EXAMPLE 1 (Polynomially decayed covariances). Consider tensor data X = {X(s) :
s ∈ Sd(p)} with covariance matrix Σ= [σij ]p×p where

(3.5) σij =

d∏
ℓ=1

(1 + |siℓ − sjℓ|)−αℓ−1,

and p=
∏d

ℓ=1 pℓ and {αℓ}dℓ=1 are positive constants. The product form in (3.5) is chosen for
clarity, while the definition (3.4) does not require separability. Then, for each scaling vector
k ∈Hd(p), the condition δij ∈Hc

d(k) excludes entries with |siℓ− sjℓ|> kℓ for at least one ℓ
and thus naturally retains pairs of entries that are close in all the coordinate directions. One
can verify that Σ ∈ U(d, τ, ϵ) by taking τ(k) in (3.2) and ϵ−1 =

∏d
ℓ=1(1 + 2α−1

ℓ ).

EXAMPLE 2 (Exponentially decayed covariances). For tensor X = {X(s) : s ∈ Sd(p)}
with covariance matrix Σ = [σij ]p×p such that σij =

∏d
ℓ=1 β

−|siℓ−sjℓ|
ℓ for βℓ > 1 for all ℓ.

One can see that Σ ∈ U(d, τ, ϵ) with τ(k) given in (3.3) and ϵ−1 =
∏d

ℓ=1{(βℓ+1)/(βℓ−1)}.

It is worth noting that U(1, τ, ϵ) contains the bandable covariance class U1(α, ϵ,C) in (2.3),
with the polynomial decay Ck−α in Condition (i) replaced with a general covariance decay
function τ(k). In addition, the separably bandable covariance class U3,1(α1, α2, ϵ,C) in (2.8)
is a special case of U(2, τ, ϵ), as it prescribes the polynomial decay only and assumes addi-
tional separability in the columns and rows of matrix data. In contrast, the proposed covari-
ance class for d= 2 permits general covariance decay patterns and prescribes the bandable-
in-bandable covariance structure in matrix data without the separability assumption.

3.2. Localization estimator. Let Sn = [σ̂ij ]p×p be the sample covariance and a/b denote
the elementwise division of two vectors a and b. We propose a localization estimator as

Lh(Sn;kh) =
[
σ̂ijh(δij/kh)

]
p×p

,(3.6)

where h(δij/kh) is a weight taking values in [0,1] for the (i, j)-entry and is deter-
mined by the absolute coordinate difference δij , a vector of scaling parameters kh =
(kh1, kh2, . . . , khd)

⊤ and a d-variate localization function h.
The estimator Lh(Sn;kh) is motivated by the localization technique in the data assim-

ilation area, where, to cope with spurious correlations, only the covariance in a local area
of each assimilated grid point is preserved (Hamill, Whitaker and Snyder, 2001; Furrer and
Bengtsson, 2007). Drawing on this, the proposed estimator provides regularization on the
underlying covariance structure through two ingredients, the localization function h and a
scaling vector kh. The localization function h is usually chosen with the goal of accounting
for the diminishing covariance of two tensor entries as they are gradually separated.

ASSUMPTION 2. (i) For z= (z1, z2, . . . , zd) with zℓ ≥ 0 for ℓ= 1,2, . . . , d, the d-variate
localization function h(z) satisfies h(0d) = 1, h(z) = 0 if zℓ ≥ 1 for an ℓ ∈ {1,2, . . . , d},
and h(z) is marginally non-increasing with respect to each zℓ. (ii) There exist constants
c1, c2, . . . , cd ∈ (0,1) such that h(z) = 1 for 0≤ zℓ ≤ cℓ and all ℓ= 1,2, . . . , d.

Assumption 2 (i) prescribes that h should be non-negative, compactly supported on [0,1]d

and marginally non-increasing. Part (ii) is to control the bias of using the localization function
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h, which ensures that σ̂ij would be fully preserved when the standardized distance between
the ith and jth entries in the ℓth direction is no larger than cℓ.

To account for the variation of the estimation error under the spectral norm, we require
another restriction on the variation of the localization function h, which requires the notion
of Vitali variation. The Vitali variation (Vitali, 1908) is a generalization of the total varia-
tion to multi-dimensional spaces. Specifically, given two distinct points a= (a1, a2, . . . , ad)

⊤

and b = (b1, b2, . . . , bd)
⊤ that satisfy aℓ ≤ bℓ for ℓ = 1,2, . . . , d, suppose [a,b] = [a1, b1]×

[a2, b2]× · · · × [ad, bd], we define the quasi-volume

(3.7) qVol(h; [a,b]) =
J1∑

j1=0

· · ·
Jd∑

jd=0

(−1)j1+···+jdh{b1+ j1(a1− b1), . . . , bd+ jd(ad− bd)},

where Jℓ = I{aℓ ̸= bℓ} for each ℓ= 1,2, . . . , d. Then, given d univariate partitions 0 = aℓ,0 <
aℓ,1 < · · ·< aℓ,Nℓ

= 1 for ℓ= 1,2, . . . , d and some positive integers Nℓ, let P be a collection
of all sets of the form A = A1 × A2 × · · · × Ad where Aℓ = [aℓ,nℓ

, aℓ,nℓ+1] for each ℓ =
1,2, . . . , d and 0≤ nℓ ≤Nℓ − 1, the Vitali variation of h(z) is defined as

(3.8) ViV(h) := sup
P

∑
A∈P

|qVol(h;A)|.

In particular, if h is d-times continuously differentiable on [0,1]d, namely, the mixed partial
derivative ∂dh/(∂z1∂z2 · · ·∂zd) exists and is continuous, then

ViV(h) =

∫ 1

0

∫ 1

0
· · ·

∫ 1

0

∣∣∣ ∂dh(z)

∂z1∂z2 . . . ∂zd

∣∣∣dz1dz2 . . .dzd.
Note that this simplified version of Vitali variation does not work for discontinuous localiza-
tion functions. For instance, the commonly used doubly banding function

∏2
ℓ=1 I{zℓ < 1} is

discontinuous along z1 or z2 = 1, while its Vitali variation is defined by (3.8).

ASSUMPTION 3. The localization function h satisfies ViV(h)<C for a constant C > 0.

Assumption 3 is valid for a wide range of functions. Two sufficient conditions for
the bounded Vitali variation are as follows. One is that h(z) is continuous in [0,1)d ex-
cept for some isolated discontinuous points and there exists an axis-aligned rectangular
partition of [0,1]d denoted by {Db} such that h(z) is smooth in each Db and satisfies∫
z∈Db

∣∣ ∂dh(z)
∂z1∂z2...∂zd

∣∣dz < C for some constant C . The other sufficient condition is that h(z)
is a multiplicative function

∏d
ℓ=1 hℓ(zℓ) with the total variation of each hℓ(zℓ) being finite.

One may refer to Fang, Guntuboyina and Sen (2021) for the detailed discussion.
For d= 1, the banding function (2.2) and the tapering function (2.5) are two special cases

of the localization function h. For d > 1, the localization function h can extend beyond
the banding and the tapering functions by adapting to tensor data in a multi-order lattice
through the absolute coordinate difference δij . For example, Σ̃(k1, k2), the separably band-
ing or tapering estimator (2.9) with d = 2, effectively employs h(z) =

∏2
ℓ=1 I{zℓ < 1} or∏2

ℓ=1φ(zℓ; 0.5,1), respectively, with the local weight assigned to σ̂ij obtained via letting
zℓ = δijℓ/kℓ. One can see that Assumptions 2 and 3 hold for both functions. Furthermore,
the two functions are specific examples of a class of multiplicative localization functions
h(z) =

∏d
ℓ=1 hℓ(zℓ) with each hℓ(zℓ) satisfying Assumptions 2 and 3. The merit of such a

design is that the heterogeneity across different directions of the lattice can be addressed by
different covariance decay patterns offered by hℓ and kℓ, respectively.
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Specifically, we define a multi-banding estimator associated with a set of banding widths
or scaling vector k= (k1, k2, . . . , kd)

⊤ as

(3.9) Σ̂k :=
[
σ̂ijI

{
δijℓ < kℓ for all ℓ= 1,2, . . . , d

}]
p×p

.

The multi-banding estimator is a specialized localization estimator where the localization
function is h(z) =

∏d
ℓ=1 I{zℓ < 1} and the scaling vector is k, which is analogous to kh in

the general localization estimators (3.6).
In the data assimilation field, a commonly used localization function h is the Gaspari-Cohn

(GC) function (Gaspari and Cohn, 1999)

GC(z) =

1− 5
3z

2 + 5
8z

3 + 1
2z

4 − 1
4z

5, 0≤ z ≤ 1;
−2

3z
−1 + 4− 5z + 5

3z
2 + 5

8z
3 − 1

2z
4 + 1

12z
5, 1< z ≤ 2;

0, z ≥ 2.
(3.10)

An illustration of the multiplicative banding and tapering functions for d = 2, and the GC
function for d= 1 and 2 is given in Figure S5 in Section S7.3 of the SM. In practice, the GC
function can impose a weight GC(2∥δij/kGC∥) on the (i, j)th entry of the sample covariance
Sn, which decays with respect to the L2 distance and is homogeneous among the d directions
of the lattice after scaling by a scaling vector kGC. Although the GC function does not satisfy
Assumption 2 (ii), the consistency of the localization estimator using the GC function can be
established by a separate bias analysis, which will be discussed in Section 4.2.

The scaling vector kh determines the maximum allowable separation distance between
two tensor entries beyond which their covariance is set to be zero. A choice of kh is based on
a cross-validation measure on the covariance estimation with respect to the scaling vectors
via the data splitting in Bickel and Levina (2008a) and Zhang, Shen and Kong (2023), whose
details are outlined in Section 5. For d= 1, Qiu and Chen (2015) provided a ratio consistent
selection for the banding width of the banding or tapering estimator. For high-dimensional
inverse covariance estimation, Liu and Ren (2020) selected the banding widths via a data-
driven Lepski’s method (Lepski, 1992) and showed that the resulting estimator attains the
minimax optimal spectral-norm convergence rate.

It is noted that there is no guarantee that the localization estimator (3.6) is non-negative
definite. One may address this issue via the spectral decomposition of the localization esti-
mator Lh(Sn;kh) and replace the negative eigenvalues with a small positive constant.

4. Theoretical results. We establish the consistency of the localization estimator under
the spectral and the Frobenius norms, which requires the following assumption.

ASSUMPTION 4. The vectorized data X1 follows a sub-Gaussian distribution such that

P
{∣∣v⊤(X1 −EX1

)∣∣> t
}
≤ exp(−ρt2/2) for all t > 0 and ∥v∥= 1(4.1)

for a constant ρ > 0.

4.1. Covariance estimation under the spectral norm. We first investigate the consistency
of the localization estimator under the spectral norm. Specifically, we define V (k) =

∏d
ℓ=1 kℓ

for a scaling vector k and denote by Id(k) the collection of all the positive integer points in
Hd(k). Let C be a general positive constant that may vary in different contexts. The fol-
lowing lemma represents the localization estimator Lh(Sn;kh) by a set of the multi-banding
estimators {Σ̂k}k.
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LEMMA 1. Under Assumptions 2 and 3, the localization estimator can be written as

(4.2) Lh(Sn;kh) =
∑

k∈Id(kh)

w(k)Σ̂k,

where {Σ̂k}k are the multi-banding estimators in (3.9) and {w(k)}k are weights satisfying

w(k) := (−1)dqVol{h; [(k− 1d)/kh,k/kh]}(4.3)

=
∑

r=(r1,r2,...,rd)∈{0,1}d

(−1)r1+r2+···+rdh{(k+ r− 1d)/kh}.

Lemma 1 demonstrates that any localization estimator can be decomposed into a weighted
sum of a larger number of multi-banding estimators {Σ̂k}k, with the weights {w(k)}k corre-
sponding to the quasi-volume defined in (3.7). The decomposition serves as a new technique
to analyze general localization estimators for tensor covariances. Once the estimation upper
bound for the multi-banding estimator is derived, the upper bound of general localization
estimators can be obtained by applying this lemma.

LEMMA 2. Under Assumptions 1 and 4, for log p = o(n) and V (k) = o(n), the multi-
banding estimator in (3.9) satisfies

(4.4) sup
Σ∈U(d,τ,ϵ)

E∥Σ̂k −EΣ̂k∥2 ≤C
log p+ V (k)

n
.

Lemma 2 establishes that E∥Σ̂k −EΣ̂k∥2, as a measure of variation of the multi-banding
estimator, is bounded by log p/n and V (k)/n up to a constant factor. For d = 1, the
lemma gives the bound (log p + k)/n for the banding estimator Bk(Sn), which improves
the k log p/n established in Bickel and Levina (2008a). This sharper bound also does not
follow directly from the proof of Cai, Zhang and Zhou (2010) as they decomposed the ta-
pering estimator into an average of matrices formed by the sum of disjoint blocks and then
controlled the variation of each block. The proof, when applied to the banding estimator,
however, would introduce an additional factor of k in the upper bound, which prevented
attaining the optimal rate of convergence n−2α/(2α+1) in (2.7) when p > n1/(2α+1) for the
banding estimator. Our proof avoids this loss for d= 1 by partitioning the banding estimator
into covariance and cross-covariance matrices of size k × k, with the number of non-zero
blocks in each row or column no larger than 3. This idea is then extended to tensor data,
which leads to a new technical tool tailored to the multi-way structure of tensor data by a
tensor-specific vectorization scheme and a novel block-partitioning argument. Consequently,
the variation control of Σ̂k is reduced to handle the random matrices of size V (k)× V (k),
leading to the upper bound C{log p+ V (k)}/n.

The following theorem provides the consistency of the localization estimator.

THEOREM 1. Under Assumptions 1, 2, 3 and 4, for log p= o(n) and V (kh) = o(n), the
localization estimator (3.6) satisfies

(4.5) sup
Σ∈U(d,τ,ϵ)

E
∥∥Lh(Sn;kh)−Σ

∥∥2 ≤Cτ2(kh ◦ c) +C
log p+ V (kh)

n
,

where c= (c1, c2, . . . , cd)
⊤ is defined in Assumption 2 (ii). Specifically, the localization esti-

mator with the scaling vector kh = argmink∈Hd(p){τ2(k) + V (k)/n} satisfies

(4.6) sup
Σ∈U(d,τ,ϵ)

E
∥∥Lh(Sn;kh)−Σ

∥∥2 ≤Cεn,p +C
log p

n
,

where εn,p =mink∈Hd(p){τ2(k) + V (k)/n}.
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Theorem 1 demonstrates the consistency of the localization estimator (3.6) for estimating
the covariance matrix Σ if the dimension satisfies log p= o(n) and the scaling vector satisfies
V (kh) = o(n). Specifically, the estimation error of the localization estimator in (4.5) consists
of two terms: τ2(kh ◦ c) and n−1{log p+ V (kh)}. The τ2(kh ◦ c) term represents the bias
introduced by the entries {σ̂ijh(δij/kh)} in Lh(Sn;kh) due to the weight h(δij/kh) being
less than 1, which converges to 0 according to Assumption 1 as long as the scaling parameters
khℓ →∞ as the sample size n and dimensions pℓ →∞. In addition, the latter term represents
a form of variation under the spectral norm.

We now turn our attention to εn,p in (4.6), which provides a general form of the trade-
off between the covariance decay function τ(k) and V (k)/n, the “volume" of the preserved
k-zone divided by n. Hence, εn,p can be guaranteed to diminish to 0 under Assumption 1
as the dimensions {pℓ} and the sample size n increase. Specifically, the rate εn,p can be
attained by properly choosing the localization scaling vector kh for the localization function
h, which is determined by solving a bounded optimization problem. Specifically, if n= o(pℓ)
for ℓ= 1,2, . . . , d, the rate εn,p is only relevant to the sample size n.

When d= 1 and τ(k) =Ck−αI{1≤ k < p},

(4.7) εn,p ≍ min
1≤k≤p

(
k−2αI{1≤ k < p}+ k/n

)
≍min{n−2α/(2α+1), p/n}

by choosing kh ≍ min{n1/(2α+1), p}. The result generalizes the convergence rate (2.7) in
Cai, Zhang and Zhou (2010) to the localization estimators equipped with general localization
functions that satisfy Assumptions 2 and 3, which covers the banding estimator Bk(Sn) in
Bickel and Levina (2008a) as a special case. Combined with the minimax lower bound es-
tablished in Cai, Zhang and Zhou (2010), this implies that the rate given in (4.7) is actually
the minimax optimal rate for the banding estimator under the spectral norm.

Another finding is that the banding estimator Bk(Sn) of Bickel and Levina (2008a), which
was designed for d = 1, may not guarantee consistency for d ≥ 2. We illustrate this issue
using the example in (3.5) with d= 2, where τ(k) =C

∑2
ℓ=1 k

−αℓ

ℓ I{1≤ kℓ < pℓ} for αℓ > 0
and ℓ = 1,2. Suppose the matrix data X = {X(s1, s2) : (s1, s2) ∈ S2(p1, p2)} is vectorized
in the column-major order, namely, a grid point (s1, s2) is mapped to the {s1+(s2−1)p1}th
dimension after vectorization. The heatmap of the corresponding covariance matrix is shown
in Figure 3, which does not satisfy the bandable condition in (2.3) for vector data, since

(4.8)
∑

|i−j|≥p1

|σij | ≥ |σi i+p1
| ̸→ 0 as p1 →∞,

for each given i. The reason for |σi i+p1
| ̸→ 0 is that σi i+p1

is the covariance between the
variables at the locations si = (s1, s2)

⊤ and si+p1
= (s1, s2 + 1)⊤, which are adjacent in a

row of S2(p1, p2). This shows that the covariance matrices in the multi-bandable class in (3.4)
may not satisfy the bandable class (2.3), which implies that the banding estimator Bk(Sn) of
Bickel and Levina (2008a) may not be consistent for Σ under the multi-bandable class.

In fact, to make the mean squared error (MSE) of Bk(Sn) converge to 0, it is required
that both the bias term ∥Bk(Σ)−Σ∥ and the variation term E∥Bk(Sn)− EBk(Sn)∥2 con-
verge to 0 as n,p1, p2 →∞. For the example above, the bias term satisfies ∥Bk(Σ)−Σ∥ ≥
maxi |σ1p1+1| for k < p1, while the variation is bounded by E∥Bk(Sn) − EBk(Sn)∥2 =
O
(
{k+ log(p1p2)}/n

)
from (S.13) in the SM. From the illustration in Figure 3, the banded

area |i− j| ≤ k with k < p1 would exclude row-adjacent covariances {σi i+p1
}. This exclu-

sion would lead to a non-ignorable bias of Bk(Sn). However, choosing k > p1 would make
the variation not diminish if p1 > n. Therefore, the MSE of Bk(Sn) would not converge to 0
if p1 > n.

Beyond the full covariance matrix, one may consider estimating the covariance matrix of a
slice of tensor data obtained by fixing one coordinate of a tensor direction. For d≥ 2, given a
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Fig 3: Heatmap of Σ = [σij ]p×p ∈ U(2, τ, ϵ) for a 10 × 10 matrix data vectorized in the
column-major order with the entries σij =

∏2
ℓ=1(1 + δijℓ)

−αℓ−1 for α1 = 0.1 and α2 = 0.2.
The gray region is a banded area |i− j| ≤ k for the banding estimator with a banding width
k < p1, and the red colored bands illustrate the covariances between adjacent grid points
along rows, which decay rather slowly and prevent the bandable condition in (2.3).

fixed sd ∈ {1, . . . , pd}, we let X(−d)
m,sd = {Xm(s1, . . . , sd−1, sd) : 1≤ s1 ≤ p1, . . . ,1≤ sd−1 ≤

pd−1} be the sdth slice of the tensor Xm on the dth direction. Let X(−d)
m,sd be the vectorization

of X(−d)
m,sd and Σ

(−d)
sd be its covariance matrix. Denote by S

(−d)
n,sd the corresponding sample co-

variance matrix. Similar to (3.6), we let Lh(−d)

(
S
(−d)
n,sd ;k

(−d)
h

)
be the localization estimator of

the sliced covariance matrix Σ
(−d)
sd , where h(−d) is a (d−1)-variate localization function and

k
(−d)
h = (kh1, . . . , khd−1)

⊤ is a (d− 1)-dimensional scaling vector. The following corollary
shows the convergence rate of estimating sliced covariances under the spectral norm.

COROLLARY 1. Suppose the conditions of Theorem 1 hold for random tensor X(−d)
m,sd

and localization function h(−d). For d≥ 2, let p−d = (p1, . . . , pd−1)
⊤ and V (k′) =

∏d−1
ℓ=1 k

′
ℓ.

The localization estimator with the scaling vector k
(−d)
h = argmink′∈Hd−1(p−d){τ2−d(k

′) +
V (k′)/n} satisfies

sup
sd∈{1,2,...,pd}

sup
Σ∈U(d,τ,ϵ)

E
∥∥Lh(−d)

(
S(−d)
n,sd ;k

(−d)
h

)
−Σ(−d)

sd

∥∥2 ≤Cεn,p−d
+C

log(
∏d−1

ℓ=1 pℓ)

n
,

where εn,p−d
=mink′∈Hd−1(p−d){τ2−d(k

′) + V (k′)/n} and τ−d(k
′) = τ

(
k′1, . . . , k

′
d−1, pd

)
.

Corollary 1 shows that estimating a fixed-slice covariance matrix Σ
(−d)
sd is a genuinely

(d− 1)-way tensor problem, mimicking the results for the localization estimator for the full
covariance matrix of d-variate tensors. Consequently, whenever the dth direction contributes
nontrivially to the full covariance estimation, the fixed-slice covariance estimator enjoys a
faster convergence rate with εn,p reduced to εn,p−d

and log pd/n removed.
The first term of the upper bound εn,p in (4.6) can have an explicit form in the following

cases, where the specific details can be found in Section S7.1.

EXAMPLE 3 (Convergence rate under polynomially decayed covariances). For the co-
variance decay function τ(k) in (3.2), the upper bound term εn,p can be obtained by solving

(4.9) min
k∈Hd(p)

{( d∑
ℓ=1

k−αℓ

ℓ I{1≤ kℓ < pℓ}
)2

+ n−1
d∏

ℓ=1

kℓ

}
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within the closed set Hd(p). Then, if pℓ > nα−1
ℓ (2+

∑d
ℓ′=1 α

−1

ℓ′ )−1

for ℓ = 1,2, . . . , d, it fol-
lows that εn,p ≍ n−2(2+

∑d
ℓ=1 α

−1
ℓ )−1

by choosing khℓ ≍ nα−1
ℓ (2+

∑d
ℓ′=1 α

−1

ℓ′ )−1

, where each
{αℓ} jointly influences εn,p and the order of the optimal scaling vector kh. Otherwise, if
pℓ ≤ nα−1

ℓ (2+
∑d

ℓ′=1 α
−1

ℓ′ )−1

for an ℓ, it is sufficient to take kℓ = pℓ and solve (4.9) for ℓ′ ̸= ℓ. A
detailed discussion for the degenerate case of d= 2 is given in Section S7.1.3.

For the homogeneous case, when αℓ = α and pℓ > n1/(2α+d) for all ℓ, then εn,p ≍
n−2α/(2α+d) and the upper bound n−2α/(2α+d) + log p/n would involve d, the order of the
lattice, through the first term. Then, when the dimension p=

∏d
ℓ=1 pℓ is relatively small, say

log p ≤ nd/(2α+d), εn,p ≍ n−2α/(2α+d) becomes the leading term while p has no effect on
the upper bound. In contrast, for large p that satisfies log p ≥ nd/(2α+d), the leading term
log p/n will be influenced by both the dimension p and the sample size n.

For estimating the fixed-slice covariance matrix Σ
(−d)
sd , the same argument yields that if

pℓ > nα−1
ℓ (2+

∑d−1

ℓ′=1
α−1

ℓ′ )−1

for ℓ = 1,2, . . . , d − 1, then εn,p−d
≍ n−2(2+

∑d−1
ℓ=1 α−1

ℓ )−1

. In the
homogeneous case, this gives the convergence rate n−2α/(2α+d−1)+ log(

∏d−1
ℓ=1 pℓ)/n, which

is faster than estimating the whole covariance matrix.

EXAMPLE 4 (Convergence rate under exponentially decayed covariances). For the co-
variance decay function τ(k) in (3.3), the upper bound term εn,p can be obtained by solving

(4.10) min
k∈Hd(p)

{( d∑
ℓ=1

β−kℓ

ℓ I{1≤ kℓ < pℓ}
)2

+ n−1
d∏

ℓ=1

kℓ

}
.

Specifically, if βℓ = β and pℓ > logn for all ℓ, then minimizing (4.10) suggests choosing
khℓ ≍ logn for all ℓ= 1,2, . . . , d, which leads to εn,p =O{(logn)d/n}. For estimating the
fixed-slice covariance matrix Σ

(−d)
sd , this reduces to εn,p−d

=O{(logn)d−1/n}. In particu-
lar, for d= 1, εn,p ≍min{logn/n,p/n} by choosing kh ≍min{logn,p}. One can see that
the exponentially decayed τ(k) offers a much faster covariance decay rate than the polyno-
mially decayed case, and thus requires a more restrictive regularization with the localization
scaling parameters of a smaller order.

REMARK 1. The results in Theorem 1 can be extended to data observed on an irregular
subset of a regular lattice. Denote by S̃ = {s̃1, s̃2, . . . , s̃p′} an irregular lattice containing p′

arbitrarily arranged d-variate coordinates. Suppose S̃ ⊆ Sd(p) with p= (p1, p2, . . . , pd)
⊤.

Under conditions in Theorem 1, the localization estimator (3.6) is consistent and retains the
same spectral-norm convergence rate in (4.6) at a conservative cost of raising the dimension
p′ to p=

∏d
ℓ=1 pℓ, the number of entries in the ambient lattice Sd(p). Such irregular subsets

commonly arise in scientific applications, for example, land masks and seafloor topography
may break a regularly shaped lattice in oceanography (Moore et al., 2011).

We next study the minimax properties of the covariance estimation of tensor data within
specific covariance classes. The following theorem demonstrates that the minimax upper
bound under the spectral norm in (4.6) cannot be further improved for the heterogeneous
covariance decay function τ(k) =C

∑d
ℓ=1 k

−αℓ

ℓ I{1≤ kℓ < pℓ} in (3.2).

THEOREM 2. For Gaussian-distributed X1, under Assumption 1, for covariance decay
function τ(k) in (3.2), if log p = o(n) and pℓ > nα−1

ℓ (2+
∑d

ℓ′=1 α
−1

ℓ′ )−1

for ℓ = 1,2, . . . , d, the
minimax risk of estimating the covariance matrix Σ ∈ U(d, τ, ϵ) satisfies

(4.11) inf
Σ̂

sup
Σ∈U(d,τ,ϵ)

E
∥∥Σ̂−Σ

∥∥2 ≥Cεn,p +C
log p

n
,
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where εn,p =mink∈Hd(p){τ2(k) + V (k)/n}.

Theorem 2 establishes a minimax lower bound for tensor covariance estimation under the
spectral norm. Therein, to handle the difficulty owing to the tensor’s multi-way dependence
structure, we construct a new least favorable prior specifically tailored to tensor covariances.
This prior incorporates block perturbations along an upper contour set of the tensor entries,
with the perturbation strength respecting the covariance decay pattern. This result on the
lower bound, together with the upper bound in Theorem 1, implies that

inf
Σ̂

sup
Σ∈U(d,τ,ϵ)

E
∥∥Σ̂−Σ

∥∥2 ≍ εn,p +
log p

n

for the heterogeneous decay τ(k) in (3.2), under log p= o(n) and pℓ > nα−1
ℓ (2+

∑d
ℓ′=1 α

−1

ℓ′ )−1

for ℓ = 1,2, . . . , d. Hence, the localization estimator Lh(Sn;kh) in (3.6) is minimax rate
optimal under the spectral norm.

4.2. Covariance estimation under the Frobenius norm. Past high-dimensional statistics
research has paid attention to the optimal rate of convergence under the Frobenius norm,
such as in Cai, Zhang and Zhou (2010) and Zhang, Shen and Kong (2023). Furthermore,
there were also tuning parameter selection procedures developed based on the expectation of
the Frobenius loss (Yi and Zou, 2013; Qiu and Chen, 2015; Sun et al., 2024).

Our analysis on the tensor covariance estimation under the Frobenius norm is made for the
following covariance class

V(α, d, ϵ,C) =
{
Σ= [σij ]p×p : (i) |σij | ≤C

d∏
ℓ=1

(1 + δijℓ)
−αℓ−1 for i, j = 1,2, . . . , p;

(ii) 0≤ λmin(Σ)≤ λmax(Σ)≤ ϵ−1
}
,

where {αℓ}dℓ=1 and ϵ are positive constants and α= (α1, α2, . . . , αd)
⊤. The covariance class

V(α, d, ϵ,C) replaces Condition (i) of the multi-bandable class U(d, τ, ϵ) in (3.4) with a more
restrictive condition on the off-diagonal entries. One can see that V(α, d, ϵ,C) ⊂ U(d, τ, ϵ)
with the covariance decay function τ(k) = C

∑d
ℓ=1 k

−αℓ

ℓ I{1 ≤ kℓ < pℓ} in (3.2). The co-
variance class V(α, d, ϵ,C) is inspired by the bandable covariance class U2(α, ϵ,C) and the
separably bandable covariance class U3,2(α1, α2, ϵ,C). The following theorem leads to the
consistency of the localization estimator under the Frobenius norm.

THEOREM 3. Under Assumptions 2 and 4, if V (kh) = o(n), the localization estimator
(3.6) satisfies
(4.12)

sup
Σ∈V(α,d,ϵ,C)

p−1E
∥∥Lh(Sn;kh)−Σ

∥∥2
F
≤C

d∑
ℓ=1

k−2αℓ−1
hℓ I{1≤ khℓ < pℓ/cℓ}+C

V (kh)

n
,

where c= (c1, c2, . . . , cd)
⊤ is defined in Assumption 2 (ii). Moreover,

(4.13) inf
kh

sup
Σ∈V(α,d,ϵ,C)

p−1E
∥∥Lh(Sn;kh)−Σ

∥∥2
F
≤Cε′n,p,

where ε′n,p ≍ min
k∈Hd(p)

{∑d
ℓ=1 k

−2αℓ−1
ℓ I{1≤ kℓ < pℓ}+ n−1

∏d
ℓ=1 kℓ

}
.
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Theorem 3 demonstrates that the Frobenius risk of the localization estimator is controlled
by a polynomially decayed term

∑d
ℓ=1 k

−2αℓ−1
hℓ I{1 ≤ khℓ < pℓ/cℓ} and V (kh)/n. The for-

mer term on the right-hand side of (4.12) converges to 0 if the scaling parameters khℓ →∞ as
n and pℓ →∞, while the latter is guaranteed to vanish for V (kh) = o(n). The upper bound
ε′n,p in (4.13) is tighter than the upper bound term εn,p in (4.6) with τ(k) given by (3.2).
The reason is that εn,p directly controls the bias of the localization estimator by τ2(kh ◦ c),
which can be improved as

∑d
ℓ=1 k

−2αℓ−1
ℓ I{1 ≤ kℓ < pℓ/cℓ} for the Frobenius loss by av-

eraging the bias of all the entries for the specific case Σ ∈ V(α, d, ϵ,C). Specifically, if
pℓ > n(2αℓ+1)−1{1+

∑d
ℓ′=1(2αℓ′+1)−1}−1

for all ℓ, then ε′n,p ≍ n−{1+
∑d

ℓ=1(2αℓ+1)−1}−1

, which
is determined by the sample size n and each αℓ. See Section S7.2 of the SM for explicit
examples on the Frobenius-norm convergence rate of Σ ∈ V(α, d, ϵ,C).

If an additional separability condition Σ=Σ1 ⊗Σ2 ⊗ · · · ⊗Σd is assumed, a faster con-
vergence rate for covariance estimation can be achieved as shown in Tsiligkaridis, Hero III
and Zhou (2013); Zhang, Shen and Kong (2023) and McCormack and Hoff (2025). This
is because the separability structure reduces the number of covariance parameters from
O(

∏d
ℓ=1 p

2
ℓ ) to O{

∑d
ℓ=1 p

2
ℓ}. In contrast, the proposed multi-bandable covariance matrix

U(d, τ, ϵ) is more general as it allows nonseparable dependence across all tensor directions.
The rate in (4.13) may be viewed as a worst-case rate over a broad nonseparable class, which
becomes slower as d increases, reflecting the intrinsic difficulty of estimating a fully nonsep-
arable covariance matrix.

REMARK 2. Although the GC function does not satisfy Assumption 2 (ii), for Σ ∈
V(α, d, ϵ,C), the localization estimator with the localization function GC(2∥z∥) can attain
the upper bound of the estimation error under the spectral norm (4.6) if 0 < αℓ < 2 for
ℓ= 1,2, . . . , d, and under the Frobenius norm (4.13) if 0< αℓ < 3/2 for ℓ= 1,2, . . . , d. The
key is to control the bias ∥LGC(Σ;kGC)−Σ∥ ≤ C

∑d
ℓ=1 k

−αℓ

GC,ℓ and p−1∥LGC(Σ;kGC)−
Σ∥2F ≤C

∑d
ℓ=1 k

−2αℓ−1
GC,ℓ . See Section S7.3 of the SM for more discussion.

For the minimax lower bound under the Frobenius norm, we consider the following co-
variance class with homogeneous polynomial decay

W(α,d, ϵ,C) =
{
Σ= [σij ]p×p : (i) |σij | ≤C∥δij∥−α−d for δij ̸= 0d,

(ii) 0≤ λmin(Σ)≤ λmax(Σ)≤ ϵ−1
}
,

where α and ϵ are positive constants. One can verify that W(α,d, ϵ,C) is a subset of
V
(
(α/d)1d, d, ϵ,max{2(α+d)/dC, ϵ−1}

)
. The following theorem establishes the minimax

lower bound of estimating Σ ∈W(α,d, ϵ,C) under the Frobenius norm.

THEOREM 4. For Gaussian-distributed X1, if pℓ > n1/(2α+2d) for all ℓ= 1,2, . . . , d, the
minimax risk of estimating Σ ∈W(α,d, ϵ,C) satisfies

(4.14) inf
Σ̂

sup
Σ∈W(α,d,ϵ,C)

p−1E
∥∥Σ̂−Σ

∥∥2
F
≥Cn− 2α+d

2α+2d .

Specifically, the localization estimator Lh(Sn;kh) in (3.6) with h satisfying Assumption
2 and khℓ ≍ n1/(2α+2d) can attain the minimax rate of convergence specified in (4.14). It then
implies that the localization estimator Lh(Sn;kh) is minimax rate optimal for estimating
Σ ∈W(α,d, ϵ,C) under the Frobenius norm. The detailed discussions for the minimax upper
bounds and the general case when Σ ∈ V(α, d, ϵ,C) are provided in Section S7.2 of the SM.
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4.3. Adaptive localization estimator. The scaling vector kh in Lh(Sn;kh) plays a pivotal
role in achieving the convergence rates in Theorem 1. However, without prior knowledge of
the covariance decay function τ(k), the explicit order of kh cannot be specified and should be
selected by a data-driven approach. To this end, we develop an adaptive localization estimator
for multiplicative banding and tapering localization functions h, which builds on an empirical
selection for the scaling vector kh based on the Goldenshluger–Lepski method (Goldensh-
luger and Lepski, 2008), an extension of Lepski’s method (Lepski, 1992) employed in Liu
and Ren (2020) for banding widths selection.

The multiplicative banding and tapering functions are h(z) =
∏d

ℓ=1 I{zℓ < 1} and h(z) =∏d
ℓ=1φ(zℓ; 0.5,1), respectively, where φ is the tapering function in (2.5). We consider a

candidate set

Kn,p =
{
k ∈Nd : V (k)< n/ log p and 1≤ kℓ ≤ pℓ, for ℓ= 1,2, . . . , d

}
.

to select their scaling vectors. Define an empirical comparison function

(4.15) R̂(k) = sup
k′∈Kn,p

{∥∥Lh(Sn;k∧ k′)−Lh(Sn;k
′)
∥∥2 −CGL

log p+ V (k′)

n

}
+
,

where k ∧ k′ = (min{k1, k′1},min{k2, k′2}, . . . ,min{kd, k′d})⊤, {z}+ = max{z,0} and
CGL > 0 is a sufficiently large constant. The quantity R̂(k) serves as a data-driven proxy for
the squared bias associated with the localization scale k. Specifically, for each comparison
candidate k′, the difference between Lh(Sn;k ∧ k′) and Lh(Sn;k

′) measures the discrep-
ancy caused by imposing the localization scale k on Lh(Sn;k

′), treating Lh(Sn;k
′) as the

true covariance. The penalty term −CGL{log p+ V (k′)}/n compensates for the stochastic
fluctuation involved in the comparison. Thus, a small value of R̂(k) indicates a small bias of
choosing the candidate k.

The adaptive scaling vector is then selected by

(4.16) k̂ ∈ arg min
k∈Kn,p

{
R̂(k) +CGL

log p+ V (k)

n

}
.

The criterion in (4.16) balances the estimated squared bias R̂(k) in (4.15) and the variance
term corresponding to the candidate k. Therefore, the adaptive scaling vector k̂ is selected
as the candidate that achieves the empirical “bias–variance" trade-off over Kn,p, without
requiring prior knowledge of the covariance decay function τ(k).

THEOREM 5. Under Assumptions 1 and 4, for log p= o(n) and h being the multiplica-
tive banding or tapering function, the localization estimator (3.6) with adaptive scaling vec-
tor (4.16) satisfies

sup
Σ∈U(d,τ,ϵ)

E
∥∥Lh(Sn; k̂)−Σ

∥∥2 ≤C inf
k∈Kn,p

{
τ2(k) +

V (k)

n

}
+C

log p

n
.

Moreover, if there exists k0 ∈Kn,p such that τ2(k0) + V (k0)/n≤C0εn,p for some constant
C0 > 0, then

sup
Σ∈U(d,τ,ϵ)

E
∥∥Lh(Sn; k̂)−Σ

∥∥2 ≤Cεn,p +C
log p

n
.

Theorem 5 shows that the adaptive localization estimator for multiplicative banding and
tapering functions attains the same spectral-norm convergence rate as in Theorem 1 without
knowing the decay function τ(k). Thus, the data-driven selector k̂ in (4.16) automatically
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balances the localization bias and stochastic variation. In particular, under the conditions in
Theorem 2, the adaptive localization estimator is minimax rate optimal under the spectral
norm. The adaptive estimator for general localization function h could be constructed in a
similar way, which is left as a future investigation.

5. Simulation study. This section reports results from simulation experiments designed
to evaluate the performance of the proposed covariance localization estimator. To gauge rel-
ative performance, the tapering estimator and two separable estimators were considered. The
tapering estimator in Cai, Zhang and Zhou (2010) was employed for lattice order d = 1, 2
and 3, despite it was originally proposed for d= 1. The separable estimators were taken to be
the separably tapering estimator in Zhang, Shen and Kong (2023) for d= 2 and the separable
maximum likelihood estimator (MLE) in McCormack and Hoff (2025) for d= 3.

The vectorized tensor data X1,X2, . . . ,Xn were generated from Gaussian and the mul-
tivariate T10 distributions with zero mean and covariance matrices specified below. We em-
ployed the localization function h(z) =

∏d
ℓ=1φ(zℓ; 0.5,1) with φ being the tapering function

in (2.5). The scaling vector kh was selected by the data splitting scheme introduced in Bickel
and Levina (2008a). Specifically, for each of N random splits of the original sample of size n,
the n observations were randomly partitioned into a training subsample of size n1 = ⌊n/3⌋
and a test subsample of size n2 = n−n1. Let S(tr)

n1,b
and S

(test)
n2,b

denote the sample covariance
matrices of the training and test subsamples in the bth random split, respectively. Then, the
scaling vector was selected by

k̂h = argmin
k

N∑
b=1

∥∥Lh

(
S
(tr)
n1,b

;k
)
− S

(test)
n2,b

∥∥
1
,(5.1)

where ∥ · ∥1 denotes the matrix L1 norm and N was set to be 50. The banding widths for the
tapering and separably tapering estimators were selected similarly and we report the results
in Table 3 along with those obtained from the adaptive method.

We considered three settings for the covariance matrix Σ for the Gaussian and T -
distributed tensor data. The first setting had Σ= [σij ]p×p with

Setting (i) : σij =
√
aiaj exp(−∥si − sj∥2/2)

where {ai}pi=1 were randomly drawn from Unif(0.5,1.5) and were kept fixed once gen-
erated. Since Σ = ACA with A = diag(

√
a1,

√
a2, . . . ,

√
ap) and C being positive def-

inite, this covariance is positive definite despite the randomness of generating {ai}. Ten-
sor orders d = 1,2 and 3 were experimented with p = p1 = 64, 729 and 4096 for d = 1,
(p1, p2) = (8,8), (27,27) and (64,64) for d = 2 and (p1, p2, p3) = (4,4,4), (9,9,9) and
(16,16,16) for d= 3, leading to p= 64, 729 and 4096 entries for each d= 1, 2 and 3.

Table 1 reports the empirical estimation errors of the proposed localization estimator un-
der the spectral and the Frobenius norms for Simulation Setting (i) for Gaussian-distributed
data, while those for the T -distributed data exhibited similar patterns of results and are hence
reported in Section S8 of the SM. Table 1 shows that for each combination of dimension p
and tensor order d, the estimation errors under both the spectral and the Frobenius norms
decreased as the sample size n increased, with a similar accompanying trend for the stan-
dard deviations of the estimation errors. These indicated the consistency of the localization
estimators. When the dimension p and sample size n were fixed, both the spectral and the
Frobenius norms of the estimation errors increased as the tensor order d got larger, which was
consistent with the results in Section 4 that a larger d leads to a slower rate of convergence.
Furthermore, simulation results of the localization estimator using the multiplicative band-
ing function h(z) =

∏d
ℓ=1 I{zℓ < 1} and the GC function h(z) = GC(2∥z∥) are reported in
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TABLE 1
Average empirical estimation errors and their standard deviations (in parentheses) of the proposed localization

covariance estimator under the spectral and the Frobenius norms for Simulation Setting (i) for
Gaussian-distributed data with respect to the dimension p, the sample size n and the order of the lattice d.

p n
∥Σ̂−Σ∥ ∥Σ̂−Σ∥F

d= 1 d= 2 d= 3 d= 1 d= 2 d= 3

64

50 1.07(0.24) 1.88(0.3) 2.95(0.52) 2.92(0.26) 4.4(0.37) 5.83(0.57)
100 0.77(0.13) 1.48(0.22) 2.37(0.4) 2.03(0.22) 3.45(0.25) 4.56(0.36)
250 0.5(0.09) 0.97(0.17) 1.7(0.33) 1.33(0.12) 2.16(0.23) 3.25(0.3)
500 0.37(0.06) 0.73(0.13) 1.2(0.26) 1(0.08) 1.6(0.13) 2.24(0.26)

1000 0.28(0.05) 0.58(0.1) 0.94(0.21) 0.79(0.07) 1.27(0.09) 1.69(0.15)
2000 0.19(0.04) 0.48(0.09) 0.78(0.16) 0.48(0.04) 1.05(0.09) 1.39(0.11)

729

50 1.47(0.21) 2.58(0.34) 5.06(0.35) 10.01(0.26) 16.11(0.41) 23.7(0.66)
100 1.08(0.15) 2(0.15) 4.46(0.28) 6.79(0.2) 13.1(0.27) 19.15(0.4)
250 0.68(0.08) 1.35(0.14) 3.47(0.32) 4.49(0.12) 7.79(0.19) 14.54(0.49)
500 0.49(0.06) 1.03(0.1) 2.28(0.22) 3.4(0.08) 5.94(0.14) 9.42(0.23)

1000 0.36(0.04) 0.84(0.07) 1.96(0.16) 2.71(0.06) 4.77(0.11) 7.41(0.17)
2000 0.26(0.03) 0.71(0.05) 1.75(0.12) 1.66(0.05) 4.06(0.08) 6.15(0.14)

4096

50 1.78(0.22) 2.97(0.33) 5.86(0.24) 23.67(0.25) 38.83(0.4) 59.64(0.66)
100 1.29(0.16) 2.22(0.15) 5.23(0.15) 16.04(0.19) 31.68(0.24) 48.42(0.42)
250 0.78(0.08) 1.53(0.11) 4.18(0.12) 10.64(0.12) 18.83(0.2) 37.39(0.24)
500 0.56(0.06) 1.17(0.08) 2.74(0.15) 8.08(0.08) 14.39(0.14) 24.09(0.24)

1000 0.41(0.03) 0.94(0.06) 2.34(0.1) 6.44(0.06) 11.57(0.1) 18.96(0.18)
2000 0.3(0.03) 0.78(0.04) 2.1(0.07) 3.94(0.04) 9.86(0.08) 15.79(0.14)

Section S8 of the SM, respectively, which exhibit similar patterns of results as Table 1 and
suggest that the empirical performance was robust to the choice of localization function.

To assess the comparative performance of the estimators, Figure 4 displays the estimation
errors of the localization estimator for Setting (i) with d = 2 and 3 along with the sample
covariance, the tapering estimator for d= 2 and 3, and the separably tapering estimators of
Zhang, Shen and Kong (2023) for d = 2 and the separable MLE of McCormack and Hoff
(2025) for d= 3. The figure shows that, although all the covariance estimators had their es-
timation errors reduced as the sample size n was increased, the sample covariance and the
tapering estimator exhibited quite subdued reductions and tended to plateau for large n, and
had much larger estimation errors than those of the localization estimator. The separable esti-
mators improved upon the performance of the sample covariance and the tapering estimator,
but still had larger estimation errors than the localization estimator. The proposed localiza-
tion estimator achieved the smallest estimation errors in almost all the settings. It is noted
that the tapering estimator designed for d = 1 was not sufficiently tailored to capture the
multi-bandable structure experimented in the simulation as argued in Section 4.

We then considered the second simulation setting for Σ= [σij ] for d= 2 with entries

Setting (ii) : σij = 2{(⌈i/p1⌉)/(p2 + 1)}|i−j|I{⌈i/p1⌉= ⌈j/p1⌉}

where ⌈·⌉ is the ceiling function. This yields a block diagonal covariance matrix for d = 2
that included p2 block matrices of size p1 with the entries of the uth block (u= ⌈i/p1⌉) being
σij = 2{u/(p2 + 1)}|i−j|, where (p1, p2) were considered as (10,20), (10,50) and (20,50),
respectively. We compared the localization estimator with the tapering and the separably
tapering estimators in this highly nonseparable setting.

Table 2 reports the average empirical estimation errors of the proposed localization es-
timator under the spectral and the Frobenius norms for Simulation Setting (ii) along with
the sample covariance, the tapering and the separably tapering estimators for d= 2. Table 2
shows that, although all the estimators obtained decreasing estimation errors under both the
spectral and the Frobenius norms as either the dimensions p1 and p2 decreased or the sample
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Fig 4: Average empirical estimation errors (in log10-scale) of the proposed localization es-
timator (red solid lines), the sample covariance (blue dashed lines), the tapering estimator
(green dashed-dotted lines), and the separably tapering estimator for d= 2 and the separable
MLE for d = 3 (both denoted as separable, purple dotted lines) under the spectral and the
Frobenius norms with respect to the dimension p and the sample size n for Setting (i) under
Gaussian data.

size n increased, the proposed localization estimator outperformed the other estimators in all
the settings. In particular, the separably tapering estimator had the largest estimation errors
under the spectral and the Frobenius norms for n= 2000 as it tended to construct the same
covariance pattern across all the blocks in Simulation Setting (ii), which thus introduced non-
negligible bias. These results demonstrated that the localization estimator is a good choice
for the nonseparable case.

To evaluate the effects of the scaling parameter selection on the localization estimators,
we considered the third simulation setting for Σ= [σij ] with

Setting (iii) : σij =
√
aiaj

3∏
ℓ=1

{1 + |siℓ − sjℓ|}−αℓ−1,

where {ai} were similarly generated as in Simulation Setting (i) for d = 3 and p1 = p2 =
p3 = 10, and (α1, α2, α3) = (0.4,0.6,0.8). We evaluated the performance of the localiza-
tion estimators with the data splitting and the adaptive estimation schemes based on the
Goldenshluger-Lepski method.

Table 3 reports the average estimation errors of the localization estimator with the em-
pirically selected localization scaling parameters by the sample splitting and the adaptive
methods for Simulation Setting (iii) with Gaussian-distributed data. It shows that for both the
data splitting and the adaptive schemes, the estimation errors declined as the sample size n
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TABLE 2
Average empirical estimation errors and their standard deviations (in parentheses) of the localization estimator

(proposed), the sample covariance (sample) and the tapering (tapering) and separably tapering (separable)
estimators under the spectral and Frobenius norms for Simulation Setting (ii) for d= 2 and

Gaussian-distributed data with respect to the dimension (p1, p2) and the sample size n.

n
∥Σ̂−Σ∥ ∥Σ̂−Σ∥F

sample tapering separable proposed sample tapering separable proposed
(p1, p2) = (10,20)

50 20.07(2.03) 7.21(1.75) 6.31(1.95) 5.67(1.95) 57.43(1.41) 18.02(1.93) 18.25(1.57) 15.07(2.18)
100 12.98(1.21) 4.95(1.39) 5.31(1.39) 3.78(1.53) 40.46(0.77) 12.95(1.41) 17.03(0.89) 10.47(1.72)
250 7.45(0.73) 2.98(0.81) 4.54(0.67) 2.22(0.75) 25.48(0.38) 8.27(0.7) 16.31(0.19) 6.34(0.58)
500 5.08(0.49) 2.03(0.6) 4.33(0.4) 1.56(0.48) 18.02(0.25) 5.92(0.49) 16.14(0.07) 4.46(0.31)
1000 3.48(0.29) 1.45(0.31) 4.18(0.24) 1.07(0.32) 12.72(0.17) 4.29(0.23) 16.06(0.03) 3.13(0.21)
2000 2.42(0.21) 1(0.28) 4.09(0.15) 0.76(0.22) 8.99(0.11) 3.06(0.23) 16.02(0.02) 2.22(0.15)

(p1, p2) = (10,50)
50 40.39(2.49) 8.53(1.94) 7.75(2.01) 7.2(2.13) 143.21(2.25) 29.76(3.68) 30.27(3.04) 24.78(4.29)
100 24.98(1.46) 6.24(1.58) 6.52(1.49) 4.98(1.69) 100.72(1.12) 21.82(3.15) 28.23(1.76) 17.38(3.44)
250 13.89(0.84) 3.78(0.94) 5.52(0.7) 2.9(0.94) 63.54(0.51) 13.72(1.49) 26.93(0.56) 10.45(1.74)
500 9.17(0.52) 2.5(0.68) 5.18(0.35) 1.89(0.5) 44.88(0.3) 9.64(0.83) 26.57(0.11) 7.08(0.51)
1000 6.15(0.33) 1.8(0.37) 5.08(0.2) 1.33(0.35) 31.7(0.18) 6.98(0.34) 26.45(0.03) 4.96(0.23)
2000 4.2(0.22) 1.22(0.32) 5.01(0.16) 0.96(0.24) 22.41(0.12) 4.96(0.36) 26.4(0.02) 3.53(0.16)

(p1, p2) = (20,50)
50 73.94(4.07) 18.37(4.67) 16.06(5.02) 13.96(5.15) 286.07(3.23) 52.38(5.92) 52.07(5.13) 45.88(6.19)
100 45.25(2.63) 13.81(3.93) 13.56(3.74) 9.61(4.01) 201.33(1.67) 39.93(5) 48.94(2.71) 32.73(4.99)
250 24.95(1.55) 8.06(2.53) 11.1(1.91) 5(1.83) 126.94(0.74) 25.52(2.64) 46.8(0.55) 19.57(1.78)
500 16.38(1.04) 5.15(1.62) 10.44(1.15) 3.21(0.94) 89.62(0.42) 18.01(1.23) 46.39(0.11) 13.53(0.48)
1000 11(0.68) 3.38(0.89) 10.17(0.88) 2.32(0.67) 63.37(0.25) 12.88(0.55) 46.25(0.06) 9.64(0.35)
2000 7.52(0.47) 2.33(0.6) 9.94(0.64) 1.63(0.43) 44.8(0.15) 9.33(0.34) 46.18(0.02) 6.87(0.23)

TABLE 3
Average empirical estimation errors and the selected scaling parameters, with their respective standard

deviations reported in parentheses, for the localization estimator with data splitting and the adaptive schemes
for Simulation Setting (iii) for d= 3 and the Gaussian-distributed data with respect to the dimension of the

lattice p1 = p2 = p3 = 10 and the sample size n ranging from 50 to 2000. (Zero standard deviations indicate
values below 0.005)

n ∥Σ̂−Σ∥ ∥Σ̂−Σ∥F k1 k2 k3
data splitting

50 9.96(0.48) 30.24(1.42) 2.23(1.29) 1.68(0.9) 1.16(0.38)
100 8.99(0.86) 26.50(1.76) 2.51(0.5) 1.78(0.74) 1.41(0.49)
250 8.26(0.80) 22.99(1.92) 2.58(0.49) 2.17(0.75) 1.75(0.71)
500 6.87(0.64) 18.52(1.56) 3.03(0.72) 2.65(0.55) 2.29(0.67)
1000 5.93(0.49) 15.32(0.93) 3.66(0.79) 3.03(0.65) 2.59(0.49)
2000 5.13(0.49) 12.92(0.84) 4.55(1.28) 3.45(0.63) 2.89(0.33)

adaptive
50 9.24(0.2) 28.33(0.64) 2.21(0.43) 1.86(0.46) 1.2(0.42)
100 7.4(0.21) 24.34(0.31) 2.9(0.3) 2.02(0.13) 2(0)
250 5.65(0.18) 19.6(0.22) 4.01(0.23) 3.02(0.13) 2.98(0.15)
500 4.5(0.21) 17.25(0.43) 5.44(0.75) 3.7(0.46) 3.45(0.5)
1000 3.42(0.19) 14.9(0.24) 6.74(0.91) 4.66(0.49) 4.06(0.23)
2000 2.65(0.22) 12.5(0.49) 7.71(1.4) 5.94(0.82) 4.96(1.11)

increased. The adaptive scheme achieved smaller estimation errors and variation than the data
splitting scheme among all sample sizes considered under both the spectral and the Frobenius
norms. This confirmed the advantage of doing the adaptive estimation with the data-driven
scaling parameter selection. For both schemes, the selected scaling parameters k1, k2 and k3
increased with the sample size n, which confirmed the results in Theorems 1 and 3 of Section
4 that the scaling parameters should scale with n. It is noted that the relative sizes of the esti-
mated kℓ reflected inversely the size of αℓ, which defined the speed of the dependence decay
at the lattice direction ℓ in that a slower decay required larger kℓ. These results demonstrate
that the proposed localization estimator and adaptive method can effectively accommodate
the heterogeneous decay patterns in each tensor direction.
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6. Case study. Oceanic eddies play a critical role in modulating ocean heat exchange,
nutrient distribution and climate variability (Beech et al., 2022; He et al., 2024; Receveur
et al., 2024). Reconstruction of the salinity fields of an ocean eddy helps to provide high-
resolution insights into ocean dynamics and enhance oceanographic studies. We consider
estimating the covariance matrix of the daily salinity changes associated with the eddy in
the western Pacific (32◦N–35◦N and 158◦E–161◦E) from July 20 to September 12, 2024,
with a spatial resolution of 1/12◦. The data were acquired from the daily salinity fields from
GLORYS reanalysis products over the study area.

Since the eddy moved, we re-centered the eddy each day by aligning its center to the eddy
center of the first day. The eddy center for each day was calculated as the spatial location
where the daily averaged surface velocity was smallest. As we are interested in the salinity
structure of the eddy, re-centering makes the daily salinity fields spatially comparable in the
eddy-center coordinate over a fixed domain of 3◦× 3◦ spatially and 1km in depth. The study
domain was partitioned into a 37×37 longitude-latitude grid, coupled with 35 vertical layers
that were gradually thinned out from 0.5m resolution to 1000m; see the SM for details. We
treated each day as a replication, which led to 54 observations of the daily salinity changes
over a total of p = 47915 entries. The eddy’s salinity field was temporally dependent, and
taking the daily changes would reduce the dependence. We calculated the empirical autocor-
relation coefficient (AC) for all tensor entries before and after taking the daily difference.
The analysis in Section S9.1 of the SM showed that taking the daily difference reduced the
average lag-1 AC from 0.83 to 0.17. We would treat the daily changes as independent data as
our purpose here is to demonstrate the multi-bandable structure and the need for estimating
the covariance for tensor data.

We considered the localization estimator Lh(Sn;kh) in (3.6) with the localization func-
tion being the multiplicative banding function h(z) =

∏3
ℓ=1 I{zℓ < 1} and the multiplicative

tapering function h(z) =
∏3

ℓ=1φ(zℓ; 0.5,1). The scaling vector kh = (kh1, kh2, kh3)
⊤ of the

localization estimator was selected via the data splitting procedure in (5.1) with N = 50
replications and was chosen from the set {0.1,0.2, . . . ,1} degrees for the longitude and the
latitude, and {10,20, . . . ,200} meters for the depth. Figures S9 and S10 in the SM display the
objective function in (5.1) using the two localization functions for each combination of the
scaling parameters. The optimal scaling parameters were chosen as 0.2◦ in longitude, 0.3◦
in latitude and 80m in depth for the multiplicative banding function, and 0.3◦ in longitude,
0.4◦ in latitude and 200m in depth for the multiplicative tapering function. We would like to
interpret the selected parameters from an oceanography perspective. The chosen scaling pa-
rameters in the longitude and the latitude were around 30km, which were comparable to the
first baroclinic Rossby radius of deformation, an important quantity in determining horizon-
tal scales that characterize eddy sizes (Chelton et al., 1998). An illustration of the proposed
covariance localization estimator of the sea surface of the daily salinity changes and an inset
corresponding to the estimation of the sea surface is shown in Figure S8, which successfully
captured a finer multi-bandable covariance structure for the ocean tensor data.

The precision of the covariance matrix estimation was evaluated via a three-dimensional
variational assimilation (3DVar) framework, which critically depended on the quality of es-
timation on a key covariance matrix. To be specific, we estimated the covariance matrix Σ
of the daily salinity changes using the daily changes in salinity over the first 53 days, while
the data on September 12th, 2024, the last day of the study period, was used as the testing
set. We randomly selected the salinity data on 5% of the entries while adding independent
N (0,0.01I) distributed noise to the observation on each observed entry. The aim was to re-
construct the salinity field on the remaining 95% entries. Denote by Y the observations on
the observed entries and let H be a matrix that maps the state variables to the observations.
The 3DVar assimilated the salinity field on the last day as

(6.1) X̂=X0 + Σ̂H⊤(HΣ̂H⊤ +R
)−1

(Y−HX0),
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TABLE 4
Average reconstruction errors and their 5% and 95% quantiles in parentheses of the reconstructed state

variable X̂ in the salinity field on the last day by using the sample covariance, the banding, the tapering and the
separable estimators and the localization estimators with multiplicative banding and tapering functions,

including the L2 distance, the L1 distance and the Hamming distance divided by p.

Estimation ∥X− X̂∥ ∥X− X̂∥1 p−1H{sgn(X), sgn(X̂)}
sample covariance 6.14(6.11,6.19) 918.5(905.97,932.76) 0.35(0.34,0.36)
banding 7.5(7.47,7.52) 1065.4(1063.1,1067.5) 0.48(0.48,0.49)
tapering 7.48(7.46,7.51) 1063.3(1061.1,1065.7) 0.48(0.48,0.49)
separable 5.85(5.75,5.96) 848.7(838.7,859) 0.22(0.21,0.23)
localization (banding) 4.59(4.46,4.74) 685.5(673.3,698.7) 0.23(0.22,0.24)
localization (tapering) 4.46(4.33,4.58) 664.5(652.4,676.5) 0.21(0.21,0.22)

where X̂ was the estimated salinity changes in the last day, X0 was a first guess for the
increment which was set to be 0 psu as it reflected the salinity anomaly, Σ̂ was the covariance
estimate of the daily salinity changes using the first 53 days’ data and R= 0.01I represented
the observational error covariance matrix.

The estimate Σ̂ was obtained based on the localization estimator Lh(Sn;kh) employing
the two localization functions h(z) =

∏3
ℓ=1 I{zℓ < 1} and h(z) =

∏3
ℓ=1φ(zℓ; 0.5,1), the

sample covariance, the banding estimator (Bickel and Levina, 2008a), the tapering estima-
tor (Cai, Zhang and Zhou, 2010) and the separable MLE (McCormack and Hoff, 2025). The
scaling parameters of the localization estimator for the two functions were set to be the afore-
mentioned optimized scaling parameters selected via the data splitting procedure in (5.1). The
banding width parameters for the banding and tapering estimators were chosen as 3 and 4,
respectively, via the data splitting procedure, whose objective function values are shown in
Figure S11 of the SM. For each covariance matrix estimator, the 3DVar assimilation was
replicated 500 times, in which the 5% observed entries and the noise added to the observa-
tions contained in Y were randomly generated in each repetition. We treated the last day as
test data to verify the accuracy of the reconstruction on the 95% missing salinity values.

Table 4 summarizes the reconstruction errors for the 95% “missing" entries on the last
day using the localization estimator, the sample covariance, the banding and tapering estima-
tors, and the separable MLE for Σ̂ being used in (6.1). Three metrics were used to evaluate
the reconstruction errors, namely the L2 distance ∥X− X̂∥, the L1 distance ∥X− X̂∥1 and
the Hamming distance between sgn(X) and sgn(X̂), where sgn(X) denotes the sign indi-
cator function. The results demonstrated that the reconstruction using the two localization
covariance estimators Lh(Sn;kh) recovered the underlying salinity field more accurately
with much smaller reconstruction errors in all three metrics than those using the sample co-
variance. In contrast, the banding and tapering estimators encountered larger reconstruction
errors even than those using the sample covariance, which might be due to the fact that the
two covariance estimators were designed for vector data and were not suited for the three-
order tensor data that we were dealing with here. The separable covariance estimator obtained
smaller reconstruction errors than the sample covariance and the banding and tapering esti-
mators, but larger errors than the localization estimators, suggesting a potential nonseparable
dependence structure in daily salinity changes.

7. Discussion. We study covariance estimation for high-dimensional tensor data with a
flexible multi-bandable covariance structure, which allows nonseparable covariance matrices
and heterogeneous decay patterns across tensor directions, thereby accommodating complex
dependence structures encountered in tensor data. We establish the minimax bounds under
both the spectral and the Frobenius norms for a general covariance decay class, and show
that the proposed localization covariance estimator attains the optimal convergence rates.
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As a byproduct, our theory also provides a new optimality result for the banding estimator
for vector data. We also develop a data-driven adaptive localization estimator based on the
Goldenshluger–Lepski method for selecting the scaling parameters, which achieves the same
minimax optimal rate without requiring prior knowledge of the covariance decay structure.

There are several possible extensions of the proposed framework. First, although the con-
vergence rates in Theorems 1 and 3 are insensitive to the choice of the localization function h,
its choice can impact finite-sample performance. When non-negative definiteness is desired,
the GC function may be preferable because it yields a non-negative definite covariance esti-
mator. An ideal localization function should reflect the empirical pattern of covariance decay
across tensor entries. In practice, we can provide empirical summaries of how the covari-
ance magnitude decays with distance. If the tensor covariance satisfies an isotropic structure
where covariances between two variables are only determined by their distances, we can
estimate the decay function by calculating the average absolute empirical covariances |σ̂ij |
over the pairs of variables with the same distance. More generally, when the tensor covari-
ance exhibits heterogeneous decay patterns across different directions or slices, analogous
covariance-distance profiles can be constructed within each sliced covariance matrix. One
direction is to develop fully data-adaptive procedures for estimating the optimal localization
function h for covariance estimation.

Another direction is covariance estimation for temporally dependent tensor data as in the
case study in Section 6. Even after detrending, temporal dependence may remain. Extending
the present analysis from independent tensor observations to temporally dependent tensor
data would be practically important. One possible formulation is to assume that the tensor
observations satisfy a strongly mixing condition, under which the temporal dependence de-
cays sufficiently fast as the time lag increases.
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