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1. Introduction

This paper is interested in testing hypothesis for high-dimensional covariance matrices, X, of a p-dimensional random
vector X. In practice, it is often of scientific interest to test whether or not a prescribed dependence structure is supported
by data, for instance

HO X = 20 VS. H] 1 X # Eo (11)
and
Hy:X=0%%y vs. Hi: X #+ %%, for some unknown o2 > 0, (1.2)

for a known non-degenerate covariance matrix Xy. Among many practical applications, genomic studies usually motivate
(1.1)or (1.2): itis not uncommon to postulate a grouping structure among genes of interest such that genes are not correlated
across groups (Katsani et al. [25]), i.e. X is presumed in a diagonal block shape upon permutations. Additionally, in the fields
of image segmentation, epidemiology and ecology, large numbers of pixels or population abundances are collected across
the spatial domain. Certain spatial autocorrelations are usually prescribed for fitting data to a parametric or semiparametric
model for predictions (Bolker [9], Cressie [16]). It is important to verify whether or not these hypothetical dependence
structures are supported by data.

* Corresponding author.
E-mail addresses: penglh@iastate.edu (L. Peng), songchen@iastate.edu, csx@gsm.pku.edu.cn (S.X. Chen), riczw@stat.colostate.edu (W. Zhou).

http://dx.doi.org/10.1016/j.jmva.2016.03.008
0047-259X/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmva.2016.03.008
http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmva.2016.03.008&domain=pdf
mailto:penglh@iastate.edu
mailto:songchen@iastate.edu
mailto:csx@gsm.pku.edu.cn
mailto:riczw@stat.colostate.edu
http://dx.doi.org/10.1016/j.jmva.2016.03.008

L. Peng et al. / Journal of Multivariate Analysis 149 (2016) 124-143 125

For identically and independently distributed data X1, . . ., X, with unknown common mean y and covariance X, linear
transform zg”zxi reduces (1.1)and (1.2) to
Ho:Z=1, vs. H:Z#I, (1.3)
and
Ho: X =0%, vs. Hi:X#0”l, (1.4)

where I, is the p-dimensional identity matrix. Hypotheses (1.3) and (1.4) are called the identity and sphericity hypothesis,
respectively, For fixed p, likelihood ratio test has been developed and widely applied. We refer to Anderson [1] for more
details. Let X be the sample covariance matrix. John [23,24] and Nagao [27] showed that for a fixed p, test statistics

V, =p 'tr{(E —1,)%} and U, =p 't[{pT/tr(T) — 1,}?] (1.5)

provide the most powerful invariant tests for both the identity and sphericity hypotheses against the local alternatives.
Traditional tests, however, are not applicable to the large p, small n paradigm since the sample covariance matrix is singular
with probability one whenever p > n and is no longer a consistent estimator if p is not a smaller order of n (Bai and Yin [5],
Bai et al. [4]).

Tests for covariance matrices suited for the high dimensionality have been developed over the recent years. Ledoit and
Wolf [26] established the asymptotic properties of statistics in (1.5) for p/n — ¢ € (0, +00) and proposed tests for identity
(1.4) and sphericity (1.4) under the Gaussian assumption. Jiang [22] developed a sphericity test based on the max-type
statistic L, = maXj<j<j<p |0;, where p;; denotes the sample correlation coefficient between the ith and jth components
of X. With the aid of the random matrix theory, Bai et al. [2] proposed a modified likelihood ratio statistic for testing (1.3)
for p/n — y € (0, 1). To avoid the issue of inconsistency of ¥ when p > n, Chen et al. [14] proposed U-statistic based
testing procedures for both the identity and sphericity hypotheses. Their tests require much relaxed assumptions on the
data distribution, and allow p diverges in n in any rates. See, for example, Cai and Jiang [10], Hallin and Paindaveine [21],
Srivastava and Yanagihara [35], Srivastava and Reid [ 34], Srivastava et al.[36], Zou et al., [42] for alternative test formulations,
and Bai et al. [2], Schott [32], Zheng et al., [41], Qiu and Chen [29] for related works. One limitation of these high dimensional
tests is a loss of power under sparse high dimension situations, largely due to a rapid increase in the variance of the test
statistic as the p gets larger. For instance, in the formulation of the identity test, estimation of the discrepancy measure
ptr{(T — Ip)z} involves all the entries of the sample covariance. As a result, the test statistics incurs larger variation as
the dimension gets larger. The increased variance dilutes the signal p"tr{(f - Ip)z} of the test and hence brings down its
power.

While we are gathering more dimensions in the data as more features are recorded, the information content of the
data is not necessarily increasing at the same rate as the dimension. Indeed, it is commonly acknowledged that parameters
associated with high dimensional data can be sparse in the sense of that many of the parameters are either zero or
taking small values. This was the rationale behind the proposal of LASSO in Tibshirani [37] as well as other regularization-
based estimations in regression and covariance matrices; see Bickel and Levina [7], Cai et al. [11], Fan and Li [18],
Rothman et al. [31]. We consider in this paper tests for covariance matrices by utilizing the regularization-based estimation
constructed for a specific class of sparse covariance matrices, the so-called bandable covariances, introduced by Bickel and
Levina [8]. The bandable class is naturally suited as alternative hypotheses to the null identity and the sphericity hypotheses.
Specifically, we formulate the test statistics by employing the banded covariance estimator proposed in Bickel and Levina [8].
This allows us to take advantage of the knowledge of sparsity in the X. We demonstrate in this paper that the new test
formulations have a remarkable power enhancement over the existing high dimensional tests for the covariance which do
not utilize the sparsity information.

The rest of the paper is organized as follows. We introduce our motivations in Section 2 and present the testing procedures
in Section 3. The theoretical properties of the proposed tests are also investigated in Section 3. Section 4 is devoted to
a discussion on the selection of k for the proposed tests. Numerical results are displayed in Section 5 to investigate the
performance of the tests in practice. Both simulation studies and applications of the proposed tests to an acute lymphoblastic
leukemia gene expression dataset are reported. The last section concludes the article with a brief discussion, and
technical proofs are given in the Appendix A. Supplementary material contains more details on the numerical studies (see
Appendix B).

2. Motivations and preliminaries

Our investigation is motivated by the notion of the bandable covariance class introduced by Bickel and Levina [8], which
is defined as

U(gg, C, ) = {Z = (0j)1<ij<p : MAX E lojl < Ck,® forallky > 0,
e
li=jl>ko

0< & = )\min(z) = }"max(z) = 1/50}7 (21)
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where gy, Cand « are positive constants, Anin () and Ana.x (X) are the smallest and the largest eigenvalues of X. The bandable
covariance prescribes a general decaying pair-wise covariances oj; for large |i — j|. The increasing sparsity as the pair-
wise covariance moves away from the main diagonal is ideally suited as alternative models for the identity and sphericity
hypotheses. It is noted that the X of the original random vector X may not be bandable. We assume there is a permutation of
X such that the corresponding covariance is bandable. There are algorithms, for instance the angle-based ordering algorithm
(Friendly [ 19]) or the Isoband algorithm (Wagaman and Levina [40]), which may be used to permute the data so that X under
the permutation is more bandable.

For the above bandable covariance class, Bickel and Levina [8] proposes the banding covariance estimator. Let k < p be
a positive integer and write the sample covariance matrix ¥ = (6j)1<ij<p- The banding estimator of ¥ with bandwidth k
is ik,p = fk = Bk(f) = (6l{li — jI < k})1<ij<p- For T € U(sp, C, ), Bickel and Levina [8] established the consistency
of B¢(Z) to X under the spectral norm by letting k divergence at the rate (n~! Inp)~/12@+D) for sub-Gaussian distributed
datawhenInp/n — 0. R

Encouraged by this important advance in high dimensional covariance estimation, we consider replacing X in (1.5) by
B (X) leads to the following test statistics

p'tr[{Bu(®) —,}2] and p'tr[{pB(T)/tr(T) — I,}*]. (2.2)

Comparing with the statistics V,, and U, given in (5), the above formulations based on the banding estimator Bk(f) are
expected to be less variable since those pair-wise sample covariances 6; located further away from the kth superdiagonals
(subdiagonals) are excluded due to the banding operation. Indeed, for X in the bandable class, most of the signals (those
larger oy;) are located closer to the main diagonals. This form of sparsity suggests us to discount covariances which are far
away from the main diagonals. It is obvious that the formulation is critically dependent on the choice of the banding width
k. Recently, Qiu and Chen [30] have proposed a data driven method for choosing k by minimizing an empirical version of
|IBk(X) — X||r, where || - ||r denotes the Frobenius norm.

The seemingly natural constructions given in (2.2) need to be refined in order to be suitable for more relaxed relationship
between p and n and without the sub-Gaussian assumption in Bickel and Levina [8]. Our aim here is to obtain unbiased
estimators for tr{Bx(X)} and tr[{Bx(X)}?] for T € U(so, C, ). Denote X; = (xi1, . .., x,-p)T for each i, and let

. 1 . 1 <
L., (i,) = P2 E X1iX1 X LX) Lo, (i, ) = 73 E X1 iXLX15iX1s)

n#D n Lkl
. 1< N ) 1
b)) =57 D iy, L@ =~ X0, L@ =5 3 %
n bl =1 n 7

where P, = n!/(n — r)! forr = 2,3,4 and Z* denotes the summation over mutually different indices. Notice that
Zf;l{L,M(i) — Ly ()} and Z“_j|<k{L,,1 (i,j) — 2Ln,(i,j) + Ly, (i, j)} are unbiased estimators of tr(X) and tr[{Br(2)}?],
respectively. N
We consider two discrepancy measures for the identity and sphericity hypotheses:
p~'tl{Bu(E) — L)1 = p ul(B(2))*] — 2p7'tr(Z) + 1,
and

’

1tr{ Bi(Z) _1}2 _ pulBDP]
p | la/puB®) 7 {tr(2)}

upon which, we propose the following two unbiased estimators to these two measures

p
Vi =p"" Y ALny () = 2Ly (i ) + Lug (L)} = 207" D Ly, () — Lug (D} + 1, (23)

li—jl<k i=1

and

Z {Ln1 (17_’) - 2Ln2 (la]) + Ln3 (17])}
Une=p | = ~1. (2.4)

) 2
{Z(Lm (i) — Lns (i))}
i=1

It is noted that V,, x and U, x reduce to the statistics in Chen et al. [ 14] when the banding width k = p — 1 which involves
all the sample covariances. Thus, V,  and U, ; are regularized versions of those proposed by Chen et al. [14]. By utilizing
the sparse information that ¥ € U(go, C, ), those 6; beyond the kth superdiagonal are avoided which makes V,, x and Uy, 4
have less variations and hence more powerful tests as we will demonstrate later.

Itis easy to see that V,, ; and U, ; are invariant under the location shift. Hence, without loss of generality, we assume data
has been centered such that . = 0.




L. Peng et al. / Journal of Multivariate Analysis 149 (2016) 124-143 127

Assumption 1. X € U(gp, C, o) for some constants &g, C and o which are unrelated to p.

Similarly to Bai and Saranadasa [3] and Chen et al. [ 14], we assume the following multivariate model for X;.

Assumption 2. Data X1, ..., X, are independent and identically distributed p-dimensional random vectors such that
X;=TZ fori=1,...,n, (2.5)
where T = (Tjj)1<i<p,1<j<m iS a constant loading matrix withp < mand IT" = X,Z; = (2, . .., zZim)'s are independent and

identically p-dimensional random vectors with zero mean and identity covariance. Furthermore, we assume sup; E(z%-) <G
for some constant C; > 0 and there exists a constant A < oo such that E(zfj) = 3 + A for each j. For any integer £, > 0
with Y} 7_ ¢, <38,

Ez,), - 21, ) =E@h).. E(Zl,q) (2.6)
whenever iy, . .., ig are distinct.

This model, first employed by Bai and Saranadasa [3] for testing high-dimensional mean vectors, ensures that the
observations X; are linearly generated by m-variate Z; consisted of white noises. The dimension m of Z; is finite but diverge to
infinity as p and n both go to infinity. So the dimension of Z; is arbitrary as long as m > p that equips the model flexibility in
generating X; with covariance X. The distribution of Z; is not restricted to particular families, and is therefore nonparametric.
Assumption 2 has been extensively employed in high dimensional multivariate testing problems, for example see Chen
et al. [ 14], Touloumis et al. [38].

3. Testing procedures

3.1. Identity test
We first derive the mean and variance of the test statistic V,, i for the identity hypothesis. Derivations given in Lemma A.1
in the Appendix A show that under Assumptions 1and 2, as n, p — oo and k — oo, if k = o(min(n'/?, p'/?)),
E(Va) = p'trl{Be(E) = L}’] and var(Vay) =p 2oy, {1+ 0(1)) (3.1)
where
_ 2 _
“\3“ =17.(2) +8n 'tr [ {Br(®) — L,}]” + 4an "t [{TT B(E) — )T} o {TT (Bu(Z) —1,)I'}], (3.2)

4 4
2
(X)) = nn—1) Z Z 01112 1112 n(n -1 Z Z iz Tz Oiniz iz

li1—j1l=k liz—j2l<k lii—i1l=k |iz*1'2|<’<

8A
+m Z Z Oiyiy Oy jpfiriaing (Z L Z Z itz ¢ (3.3)

lir—i1l=k lia—j2|<k |l1 —j1l=k lia—j2|<k
and o denotes the Hadamard product of matrices. In (3.3), f;j,i,j, (Z) = Z 1 Ty r L, Ty, Ty for the loading matrix

I' = (I'j) pxm in Assumption 2.
Based on (3.1), the following theorem establishes the asymptotic normality of V,, .

Theorem 1. Under Assumptions 1 and 2, asn — oo, p — oo and k — o0, if k = o(min(n'/?, p'/?)),
oy PV — tl{Bu(E) — L}*1} — (0, 1) (34)
in distribution.

In Theorem 1, no explicit restrictions on the growth rates of p and n are imposed. We note that the banding width
prescribed in Bickel and Levina [8] that allows consistent estimation was k = (n~!1lnp)~"/{2@+DI for the sub-Gaussian
distributed data and k = (n~1/2p?/#)~1/(+2+2/B) for data with bounded 8-th moment, where « is the sparsity index in the
bandable class. For both cases, the condition k = o(min(n'/?, p'/?)) assumed in Theorem 1 allows wider range of the banding
width than that in Bickel and Levina [8]. This is because testing hypotheses usually requires less stringent assumptions than
the estimation. It is also noted that the asymptotic normality holds even for a fixed k, but o&n . will be in a more involved
form with more terms than those in (3.2). ‘

Under the null identity hypothesis Hq in (1.3), E(V, k) = 0 and var(Vy,x) = p~ Uv w7t o(p~? ko) where

"3,1,ko =17, (I,) = 4{n(n — D} ' @pk +2p — k* — k) + 8A{n(n — 1)} Z fii(Xp)

li—jl<k
+ 2A2 {n(n — 1)}_ Z Z 1111'212(11’)’

lin—j1l=k lia—j2l<k
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From Theorem 1, the asymptotic null distribution of V,  is
p0ﬁ1,(ovn,k — N(0,1) indistribution. (3.5)
To facilitate testing, we need to estimate a\fn L0° Given that the loading matrix I is not observable, it is difficult to estimate
fiiji(Ip) and ifhi i, (Ip) directly from data. However, we note that under the Ho

_ 2
U‘fn,ko =2{n(n— 1} Z Z {E i, X5, X1, Xp5,) — Oy Oy}

lir—j11=k liz—j2l <k

which suggests that a&n L0 €an be estimated by

1
Oy, 0 = 2{n(n — 1)} Z Z {PZ Z X1yi1 X11j1 X110 X112 X1 Xbpjy Xbyin Xl

lin—j1l=kliz—j2l<k * 7 1 £l
2 & 1 *
- D3 § : X1y X1ji X in Xbpjp Xi3iy Xiajy Xl ip Xlajp, + D4 § Xlyir Xiyj Xlyia Xlojo Xl3i1 Xl3jy Xigin Xlajo ( - (3.6)
nlyhls LN RN

The consistency of 6\3,1 0 is implied from the following proposition.

Proposition 1. Under Assumptions 1 and 2, and if u = 0, then

E (A\il_ko) = U\fn,ko and var (&\Zyko/a\i‘.ko) — o(an—l + Tl_]),

In practice, to cater for the case of u # 0, we can replace x;; by x;; — X, where X, = n~! z'g;l x;¢ for each £ to center the
data so that u = 0 is satisfied. As Proposition 1 implies &\3,. ko/o\fn 0 —> 1in probability under the Hy. We have
6y, oVak — N (0,1) indistribution (3.7)
under the Hy. Therefore, a regularized identity test with a nominal significant level o rejects Hy : ¥ = I, if
p&\;:kovrl,k > Zy

1/2
)

where z, is the o upper-quantile of & (0, 1). As long as k = o(min(n'/?, p'/?)), the asymptotic normality given in (3.7)

ensures the nominal level of significance asymptotically.

3.2. Power of the identity test

To evaluate the power of the test for the identity hypothesis, let v, , = tr[{By (%) — I,}%], which can be viewed as the
signal of the test problem under the alternative. The power of the regularized identity test

'an,k ((X) =Pr (pa\/;?kovn,k = Za)
=Pr {U‘;-lk (Vi — trl{Bi (%) — lp}zD Z O'\Zr,lkavn,koz‘l - aV—n.]kaVn,k]
=1—-¢ (O’V_".lko'vn.kgzu — U\ZL]kSVnJ() s

where @ is the standard normal distribution. It can be shown that oy, ?kUVn,kO is bounded. Hence, the power of the proposed
identity test is largely determined by oy, .1k dv, ,» which may be regarded as the signal to noise ratio of the test.

We now discuss the role of the banding width on the power of the test. We note that both éy, , and U\%n,k are increasing
with respect to k. For two banding widths k, > kq, suppose that 8Vn,k1 > 0, it may be shown that a\asz rSmG2 > av_".lk] 8"“1
if and only if

(Svn.kz - 8Vn.k1 )/8Vn4k1 + 1 Z {(O—\?n,kz - 0—\3,1’,(1 )/O‘\fn,kI + ]}1/2'

Therefore, if the relative signal increment (8VM2 — 8Vn.k1 )/v, K, €an off-set the relative increase in the noise as specified

above, the test with the larger k;, is more powerful than that with the smaller k;. On the contrary, if the relative increase in
the signal cannot off-set the relative increase in the noise, using the large k leads to a loss of power.
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To answer the question that when will the increase of the banding width not bring in more power, we note that

_ 2
8VnJ<2 - 8Vn<k1 - 2 : Uij

kq <li=jl<kz

and for a positive constant c,

Gén,kz - Gén,h z 4n(n - 1)71 Z O-ll jj s C(k2 - kl)Pn 2-

kq <li—jl<ky

.. . eps -1 -1 .
>
This implies that a necessary condition for Vo, 5Vn,k2 2 0y, dv,, K 1

((Svmk2 — (Sv,h,q)/fsv,,,,(1 > ci(ky — ky)n™!

for a positive constant c;. Hence, if the relative signal increment is smaller than c; (k, — k;)n~!, using the larger k, will result
in a loss in the power.
To gain further insight, let us consider the case of banded covariance in which ¥ = By (X) for a k. In this case, dy, , = 8\,” P

2

while oy, keeps increasing for all k > k. This means that oy, 1k8v gets smaller and a loss of power occurs as k gets larger

n,k
beyond k. Since our proposed test is identical to the one in Chen et al. [14] if k = p — 1, the proposed identity test is
asymptotically more powerful for a properly selected k under the banded scenario.

The following theorem establishes the consistency of the proposed identity test.
Theorem 2. Under Assumptions 1 and 2, p — o0, k — oo and k = o(min(n'/?,

{ta k(X)) 78y, — oo

p/»)asn — oo, By, — 1 provided

We note here that 7, (X) defined in (3.3) is the first term of a&n,k. Theorem 2 implies that the proposed identity test is
able to detect alternatives with power tending to 1 when {rn,k():)}*l(Svn.k — 00. We note that when {r,,,k(E)}*]cSVn.k — 00,
rnz’k():) dominates the other two terms of a&n.k in (3.2), which means G\ZI}k‘SVn,k — oo. It may be shown that r,ik(E) is at
most O(k?pn—2) under Assumptions 1 and 2. Hence, the test has power approaching to one as long as p‘lévn.k is a larger
order of kp~1/2n=", which is much weaker than n~, the corresponding lower limit for the test of Chen et al. [14].

3.3. Sphericity test

We firstly establish the asymptotic properties of Uy x. Let
) 77 (%) L2, B (X)X z )2
o, UL C——— _

Unk 7 t2{By(Z)E}  n tr(Be(L)X)  tr(X)

A By (2 I B (2 I
A P L T Y Y P W b Ll
n tr(By(2)X) tr(X) tr(Be(X)Y) tr(X)
Theorem 3. Under Assumptions 1and 2, asn — oo, p — oo and k — oo, if k = o(min(n'/?, p'/?)),

2
o H tr' (%) } (U"J‘ + 1) . 1} — N(0,1) in distribution. (3.8)
L Ltr(Br(2) ) p

The asymptotic variance under the null hypothesis is

o5 0=0"p? [4{n(n — D} '2pk — K — k4 2p) +8A{n(n — 1)}~! Z Fii (1)

li—jl=k
+ ZAZ{TI(H - 1)}_1 Z Z l]j]lzjz(lp)]'

lit—j11<k liz—j2|<k
Then, Theorem 3 implies that under the null sphericity hypothesis
oy oUnk — (0, 1) indistribution. (3.9)

Using a similar approach to estimating the null variance a&n L0 in Section 3.1, an estimator of the null variance ajn L0 18

-2
Ujko Uvnk{Z(Llu 2L2y+L3y)= .

li—jl<k
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It may be shown that &én,ko — oﬁn’ko in probability and & ?koUn,k converges to (0, 1) in distribution. These lead to a
sphericity test with a nominal significance level « that rejects Hy : ¥ = 021p if

650Uk > Za. (3.10)
Letdy,, =1— {tr’(2)}/[ptr{B«(X) X}]. The power of the sphericity test is

ﬁUnyk(a) = Pr(O'[J_n_]k()Un,l< > Zy)

tr’ (T o 8
—1— : ( ) } Up k0 Zg — Un k .
ptr(Bk(E) Z) O—U,Lk O—U,Lk
As tr2(X)/[ptr{B,(2)X}] and 0u,.0/0uy, are both bounded, the power is largely influenced by éy, ,/ou, . which can be
viewed as the signal to noise ratio of the testing problem. '

To gain insight on the power, we study the signal to noise ratio as what we did for the identity test in Section 3.1. It can
be shown that for k, > ki, 07", 8u,,. = oy du,,, ifand only if
nky MK nky MKy

(BUn.kz - 5Un.k1 )/aun.kl + 1 > {(Oﬁn,kz - O—Lzlnvk1 )/Gjn,h + 1}1/2-

We also note that, for k, > k;
o?
kq <li—jl<ka

tr{B}, (X)}tr{BE, (%)}’

8Un,k2 - 8Un,k1 = p_ltrz(z)

which indicates that the increase in the signal is largely driven by Z’<1<U*j|<’<2 %2- those oj between the k; and k,-th

superdiagonals. At the same time, it can be shown that ajn , Is increasing with respect to k at a rate at least p~'n~2. Hence,

a power-enhancing strategy is to use the smallest k that caiatures the most signals.
The following theorem establishes the consistency of the proposed sphericity test (3.10).

Theorem 4. Under Assumptions 1 and 2, p — o0, k — oo and k = o(min(n'/?,p?)) asn — oo, if tr{Bx(X)X}
{tn (%)} '8y, , — oo then fy,, — 1.

It can be shown that 7, x () /tr{B, () X} is at most O(kp~"/>n1). Hence, the proposed sphericity test is consistent as long

as dy, , is a larger order of kp~'/?n~1, which is much lower than the corresponding lower limit of the test of Chen et al. [ 14]

since k = o(p'/?). The latter test requires 8u,,_, is a larger order of nl.

4. Selection of k

Given the beneficial power property of the tests based on the banding operation, we report numerical results of the
proposed tests with respect to k in this section.

We start with evaluating the impacts of k on the size of the tests. Clearly, under the null hypotheses for both (1.3) and
(1.4), X € U(eg, C, ). Given the established asymptotic normality for the two test statistics, the size of the proposed tests
are expected to be close to the nominal significance level for a wider range of k as long as k = o(min(n'/?, p'/?)). To confirm
this, we ran simulations for the sphericity test. We generated independent and identically distributed random vectors X;
from W (0, £) where ¥ = 2I, and considered k = [a;n'/?] for {a;}}°, = {0,0.1,0.3,0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 4.0}. The
sample size and the dimensions considered were n = 20, 40 and 60, and p = 38, 89 and 181, respectively. Fig. 1 displays the
empirical size of the proposed sphericity test with respect to k’s for the combinations of n and p based on 1000 simulations.
The figure shows that the empirical size was largely close to the nominal 5% level for the wider choices of k's.

To gain information on the role of k on the power of the tests, we considered the identity test at 5% level of significance
under the alternative where X, =1, + 0.6°Q,Q = (wij)1<i j<p With wy; = I(]i — j| = £) for a fixed integer £. According to
Theorem 2, the proposed identity test is powerful if {Tn,k(21)}713vn.k — o0. For the given covariance structure, y,, = 0
for k < £andéy,, = 0.2592(p — ¢) for k > £. In the meanwhile, 12 (X,) is strictly increasing along with k. Thus,

nk
{‘L’n,k(z])}715vn_k is maximized at k = ¢ for any given n and p, namely the power would be maximized if k agreed with
the underlying bandwidth ¢.

We carried out a simulation experiment for & (0, X1) distributed data with X defined as above and £ = 2, and n = 20
and p = 20. Table 1 reports the empirical power of the proposed identity test with banding widths ranging from 0 to 7
based on 1000 replications. It shows that the test gained powers as k was increased to £ = 2, peaked at k = ¢ = 2, and
then declined afterward. This power profile was highly consistent with the discussion made toward the end of Section 3.1
regarding the signals and the noise of the test statistic.



L. Peng et al. / Journal of Multivariate Analysis 149 (2016) 124-143 131
e = =
= —=— p=38 S | —=— p=38 S | —=— p=38
-#- p=89 -&- p=89 -¢- p=89
-A- p=181 ‘&=~ p=181 ‘A= p=181
e = =
s s S ]
o
N
w
(=] = o
S 4 S S -
o T T T T T T o T T T T T T T T o T T T T
0 2 4 6 8 10 0 2 4 6 8 10 12 14 0 5 10 15
k k k
n=20 n=40 n=80
Fig. 1. Empirical size of the 5% sphericity test with respect to the banding width k for various sample sizes and dimensions.
o (=] (=N
- 7 - " - ]
[ee) o o
o | o o
5 © | —-— =9 © | —a— =D © | —a— =9
£ ° —e- <2 = -e- <2 = -e- <2
S - k- >2 -« k= >2 -+ k- >2
a o o o
.\
N 5 ~N ~N
o 7 T o o
-
o B ~— — _ o . o
e e e e e e —
20 60 100 160 200 300 20 60 100 160 200 300 20 60 100 160 200 300
P P P
n=20 n=40 n=80

Fig. 2. Proportions of the banding width selected by the method of Qiu and Chen [30]. Red solid lines with squares report the proportion of times that the
selected k agrees with the true value ¢ = 2; the green dashed lines with circles report the proportion that the selected k < 2; and the blue dot-dash lines
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Table 1

Empirical power with respect to k for the identity test. Data were multivariate Gaussian with & = 0 and £; = I, + 0.62Q, where & = (w;)1<i j<p that
w;j =1(Ji —j| =2),n =20and p = 20.

k 0 1 2 3 4 5 6 7
0.072 0.077 0.942 0.902 0.856 0.831

Power 0.798 0.766

While the above results were assuring, we need a practical way to select the banding width k in order to carry out the tests.
Qiu and Chen [30] proposed a selection method by minimizing an empirical estimate of E||B,(S;) — X ||§. They demonstrated
that the approach has superior performance than the cross-validation approach based on random sample splitting proposed
in Bickel and Levina [8]. The cross-validation was formulated based on a score function of k that measured the discrepancy
between B (S;,) based on one part of the split sample, and the sample covariance based on the remaining sample. The issue
with the cross-validation was that the use of the inconsistent sample covariance makes the approach unreliable in high
dimension.

We carried out 1000 simulation experiments to investigate the performance of the banding width denoted as kg
prescribed by Qiu and Chen [30] for the same Gaussian model with covariance matrix X; in the setting for Table 1 for
the identity test. We considered n = 20, 40, 80 and p = 20, 60, 100, 160, 200, 300 in the simulations. Fig. 2 reports the
empirical proportion that the selected banding width ky. agreed with the true value, which was £ = 2, and otherwise. The
performance of the banding width selection algorithm was satisfactory. Fig. 2 shows that even when n was small at 20, the
algorithm could still identify the true banding width with sufficient probability, and the precision improved as the dimension
p was increased. When n was 40, the proportion of correct selection started to be close to 100%. The corresponding empirical
powers of the proposed identity test using kq. were close to one for most combinations of n and p. Hence, this numerical
study provided support to using kg for the regularized tests for high dimensional covariance matrices.
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Table 2
Empirical sizes of the proposed test for the identity hypothesis (denoted by IT), along with those of the tests by Chen et al. [14] (CZZ) and Ledoit and
Wolf [26] (LW) at 5% nominal significance.
D n=20 n =40 n =60 n =80
IT Cczz LW IT Czz LW IT Czz LW IT CzzZ LW

Gaussian distributed innovation

38 0.077 0.075 0.059 0.072 0.057 0.064 0.057 0.056 0.051 0.062 0.064 0.053
55 0.080 0.058 0.059 0.056 0.053 0.047 0.052 0.046 0.058 0.061 0.066 0.063
89 0.076 0.084 0.057 0.072 0.057 0.045 0.063 0.071 0.045 0.072 0.071 0.048
159 0.073 0.065 0.057 0.064 0.062 0.049 0.060 0.057 0.049 0.068 0.056 0.050

181 0.077 0.087 0.049 0.057 0.057 0.050 0.046 0.056 0.056 0.053 0.051 0.053
331 0.081 0.071 0.063 0.066 0.055 0.061 0.060 0.051 0.057 0.060 0.054 0.062
343 0.069 0.072 0.054 0.062 0.065 0.053 0.056 0.056 0.051 0.060 0.042 0.044
642 0.074 0.071 0.054 0.056 0.060 0.055 0.056 0.059 0.053 0.057 0.045 0.045

Gamma distributed innovation

38 0.094 0.081 0.198 0.078 0.071 0.209 0.055 0.067 0.221 0.052 0.059 0.199
55 0.081 0.074 0.182 0.067 0.072 0.212 0.065 0.060 0.192 0.058 0.062 0.191
89 0.085 0.080 0.213 0.066 0.055 0.195 0.059 0.051 0.195 0.066 0.065 0.185
159 0.080 0.073 0.168 0.075 0.061 0.178 0.067 0.064 0.207 0.056 0.046 0.189
181 0.087 0.081 0.176 0.071 0.059 0.200 0.059 0.056 0.212 0.062 0.052 0.228

331 0.088 0.071 0.198 0.067 0.074 0.193 0.059 0.073 0.182 0.060 0.049 0.188
343 0.083 0.079 0.182 0.063 0.064 0.198 0.073 0.065 0.172 0.062 0.063 0.189
642 0.076 0.065 0.183 0.074 0.056 0.173 0.061 0.060 0.184 0.056 0.065 0.178

5. Numerical results
5.1. Simulation studies

We report results of simulation experiments which were designed to evaluate the performance of the proposed tests for
identity and sphericity of high dimensional X. To demonstrate the improvement in power of the proposed tests, we also
experimented two existing high dimensional tests: the one by Chen et al. [ 14] (CZZ hereafter) and the test by Ledoit and
Wolf [26] (LW hereafter). The LW test is applicable for Gaussian data only. The test statistics of CZZ and LW tests include all
the components of the sample covariance matrix in their formulation and were expected to have lower power as the test
statistics can bear larger variation.

We considered two types of innovations for generating data according to Assumption 2: the Gaussian innovation
where Z; were N (0, I;,) distributed; and the Gamma innovation where Z; had m independent and identically distributed
components, and each component was the standardized Gamma random variable with parameters 4 and 0.5 such that it
had zero mean and unit variance. In the simulations for the sphericity test, the null hypothesis was Hy : X = ﬁlp.

When evaluating the powers of the tests for both identity and sphericity hypotheses, we considered the following three
forms of X.

e Diagonal form: Set ¥ = diag(4 x 1), 2 X 1,_[p)) Where [x] denotes the integer truncation of x and v characterizes the
sparsity of the signals. We chose v = 0.05 and 0.1.

e Banded form: ¥ = (0y)1<ij<p With o = p7/I{]i — j| < 1} and p = 0.10.

e Bandable form: Take X = (0y) 1<i j<p With oy = 1(i = j) +-0|i —j|”I(i # j) with6 = 1.2 and p = 0.16, which prescribed
a polynomial decay as considered by Qiu and Chen [30].

To mimic the large p, small n scenario, we set n = 20, 40, 60 and 80, and for each n let p = 38, 55, 89, 159, 181,
331, 343, 642, also set m = p when generating the data according to Assumption 2. All the simulation results were based
on 1000 iterations with nominal significance level at 5%. The parameter k was determined by k = kg + 1 where kg was

the banding width by the method of Qiu and Chen [30]. We add 1 to kq. was to ensure the banding estimator Bk(f) contains
enough signals.

Table 2 displays the empirical sizes of the proposed identity test, the CZZ and LW tests for testing (1.3). It shows that for
the Gaussian data the LW test maintained the size better than the other two tests as the LW test was designed for Gaussian
data. It is observed that as the sample size was increased, both the proposed identity test and the CZZ test had empirical sizes
approaching to the nominal significance level. For the Gamma distributed innovation, as displayed in Table 2, the proposed
identity test and the CZZ test had the empirical sizes close to the nominal level, while the LW test failed to control the size.
The empirical sizes of the three tests for testing the sphericity hypothesis are reported in the supplementary materials Chen
et al. [12], which were quite similar to those of the identity tests in Table 2.

To compare the powers of the tests, we considered n = 40, 60, 80 for p set as above. For the Gamma distributed data,
only the proposed identity and the CZZ tests were considered since the LW test was no longer applicable. Figs. 3-5 display
the empirical powers of the proposed identity test, the CZZ and LW tests. It was very clear that the proposed identity
test outperformed the other two tests for both data generating distributions and the covariance models considered in the
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Fig. 4. Empirical powers against the alternative in the diagonal form, with v = 0.05 and v = 0.1 respectively, of the proposed test for the identity
hypothesis (IT), along with those of the tests by Chen et al. [14] (CZZ) at 5% nominal significance with the Gamma distributed innovation.

simulation. For the alternative X with the diagonal form (in Figs. 3 and 4), the powers of all three tests were improved for
all tests when v is large as expected; the LW and CZZ tests have comparable powers for the Gaussian data (Fig. 3). Fig. 5
reports the empirical power for the bandable and banded alternative. It shows that the proposed identity test outperformed
the other two tests. For the alternative in the bandable form, neither the CZZ test nor the LW test gained extra powers as p
was increased, while the proposed identity test had its power increased as p was increased as shown in (panels (a) and (b)

of Fig. 5). As n was increased, all three tests gained powers as expected.
Given the slow decay rate of off-diagonal entries, the alternative in the banded form had a relatively larger banding width

than other two types of alternatives. For the banded alternative, all tests gain powers in growing p or n and the CZZ test has
power approaching to the proposed identity test as n increasing (panels (c) and (d) in Fig. 5).

The power performance of the proposed test for the sphericity along with the CZZ and LW tests are reported in Figs. 6
and 7, which suggest that the proposed sphericity test was much more powerful than the other two tests under the three
forms of the alternatives X. More simulation results are reported in the supplementary material, Chen et al. [12].

5.2. Empirical study

We analyzed an acute lymphoblastic leukemia (ALL) data reported in Chiaretti et al. [ 15] to demonstrate the proposed
regularized tests for identity and sphericity. The data contain microarray expressions for patients having acute lymphoblastic
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Fig. 7. Empirical powers against the alternatives in either the bandable or banded forms of the proposed test for the sphericity hypothesis (ST), along
with those of the tests by Chen et al. [ 14] (CZZ) and Ledoit and Wolf [26] (LW) at 5% nominal significance with either the Gaussian or Gamma distributed
innovation. Different sample sizes are compared (n = 40, 60, 80).

leukemia of either T-lymphocyte type or B-lymphocyte type. We focused on the sub-sample of B-lymphocyte type leukemia
in this analysis. The 78 patients of B-lymphocyte type leukemia were classified into two groups: the BCR/ABL fusion (36
patients) and cytogenetically normal NEG (42 patients). The original dataset has been analyzed by Chen and Qin [13],
Chiaretti et al. [15], and Dudoit et al. [ 17], using different methodologies.

Our analysis is to study the covariance structures for sets of genes defined within the gene ontology (GO) framework. It is
known that genes tend to work collectively to achieve certain biological tasks, which gave rise to the identification of gene-
sets (also called GO terms) with respect to three broader categories of biological functions: biological processes (BP), cellular
components (CC) and molecular functions (MF). The gene-sets are technically defined in the gene ontology (GO) system via
structured vocabularies which produce unique name for a gene-set. After a preliminary screening with the gene-filtering
approach advocated in Gentleman et al. [20], there left 2694 unique gene-sets in the BP category, 352 in the CC category and
419 in the MF category for the ALL data. The largest gene-set had 3048, 3140 and 303 genes in BP, CC and MF, respectively.

Our aim was to study the dependence structures in the expression levels of gene-sets between the BCR/ABL and NEG
groups for each of the three functional categories by testing hypotheses (1.3) and (1.4) for appropriately transformed data.
The procedure is described as following. To attain bandable covariance structure so that we can apply the proposed tests,
we employed the re-ordering algorithm in Friendly [19] to each gene-set in both the NEG and the BCR/ABL fusion groups
to obtain a permutation of the genes in that gene-set so that the covariance was more bandable. As a demonstration of this
data re-ordering algorithm, we compare the heat maps of the correlation matrices before and after the re-ordering based
on samples from the NEG group for the gene-set GO:0000086 (G2/M transition of mitotic cell cycle), which has 63 genes, in
the supplementary materials, Chen et al. [12].

For a gene-set of a functional category with the NEG sample, say the gth gene-set, its covariance Xeg s Was estimated
by using the banding estimator, denoted as f)neg,g with the banding width determined by the method in Qiu and Chen [30].
And f;el/ 2 was used to transform the same gene-set in the BCR/ABL group. For each transformed gene-set in the BCR/ABL

group, we tested the hypotheses (1.3) and (1.4) using the proposed regularized identity and sphericity tests when p > 10
and use the tests by John [23,24] for those gene-sets with smaller dimensions. For the proposed tests, k was chosen as
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Table 3
Number of identified gene-sets against null hypotheses by controlling FDR at 0.001. ST and IT stand for the proposed sphericity and identity tests,
respectively. The last column reports the means and standard deviations for k.

GO category Total Sphericity hypothesis (1.4) Identity hypothesis (1.3) k after re-ordering
ST only Both CZZ only IT only Both CZZ only

BP 2694 21 2338 0 19 2450 1 (14.11, 10.03)

CC 352 0 317 0 4 325 2 (14.57,9.51)

MF 418 7 363 1 8 372 2 (13.57,9.33)

kg + 1. We essentially tested hypotheses Hy : Xegy = Xpcr/ABLg OF Xnegg = U;ZBCR/ABLg for some o> > 0 for each
g = 1,..., 4 where g is the total number of gene-sets in the category. The test of Chen et al. [14] was also performed to
serve as a comparison.

By controlling the false discovery rate (FDR) (Benjamini and Hochberg [6]) at 0.001, we have identified gene-sets that have
significantly different covariance structures between the NEG and BCR/ABL groups. Table 3 provides a broad classification for
the gene-sets identified by the proposed test and the test of Chen et al. [ 14]. The table shows that the dependence structure
between NEG and BCR/ABL were largely different with quite a large number of significantly differential expressed gene-
sets, which was due to a large number of very small p-values (Fig. S3 in Chen et al. [12]). Biologically speaking, the NEG
and BCR/ABL cases have different genetic mechanisms that cytogenetically normal leukemia is not associated with large
chromosomal abnormalities while the BCR/ABL leukemia involves fusion of BCR and ABL genes in Philadelphia chromosome
(Pakakasama et al. [28]).

Table 3 reveals that the proposed tests identified more gene-sets than the CZZ test. It is interesting to notice that the
proposed sphericity test has identified GO:0004527 and GO:0004869 as diseases-associated gene-sets in the MF category
while they were missed by the CZZ test, and biologically these two gene-sets correspond to exonuclease activity and
endopeptidase inhibitor activity, which have been recognized associated to the disease development of different types of
leukemia recently (Shi et al. [33], Tsakou et al. [39]).

6. Discussion

In this paper, we introduced two powerful tests for the identity and sphericity hypotheses of large covariance matrices
and showed that the proposed testing procedures perform particularly well against sparse alternatives from some particular
classes. The proposed tests leverage the sparsity information of the alternatives in high dimensional settings that leads to
significant reduction in the variance of the test statistics. The theoretical properties of the proposed tests were established.
We also explored how the proposed tests improve the powers comparing to the test by Chen et al. [ 14]. Furthermore, we
discussed the selection of k for the proposed tests in practice. Finally, we examined the proposed tests by numerical studies
and illustrated its applications in real data analysis.

The forms of the identity hypothesis that ¥ = I, and the sphericity hypothesis that ¥ = ozlp are two idealized
hypotheses. Despite being idealized, they play central roles in either the classical multivariate analysis where the dimension
of data p is fixed or the high dimensional multivariate analysis where p is diverging and can be larger than the sample size
as treated in this paper. The literature of the classical multivariate analysis include those of Anderson [1], John [23,24] and
Nagao [27], while the contemporary literature includes Chen et al. [ 14] and Ledoit and Wolf [26] among others.

The identity hypothesis in (1.3) actually covers the hypothesis Hy : ¥ = X, for a known invertible covariance matrix

Y. By transforming the data via left multiplying X, Y 2, the identity hypothesis can be carried out for the transformed data.
The sphericity hypothesis can be treated similarly. In practice, the hypotheses X, can be postulated based on the empirical
estimates of X. This was what we have done in the case study by first permuting the data to rearrange the data components so
that those with high correlations are grouped closer than those with low correlation. After the permutation, we employed
the banding estimator of the high dimensional covariance matrix of Bickel and Levina [8] to attain a banded form for X,
which are used to standardize the data. We are aware that using the estimated X, would introduce issues of inference
as the estimation error may affect the asymptotic distribution. While this would not be a big issue in the classical fixed
dimensional context, it would be an issue when p diverges. We would consider this issue in a future study.

Another issue is a concern on the computational costs required in carrying out the proposed test procedures. The main
cost of computation is in computing the raw test statistics and in estimating their variance. To gain information on the
computation time needed, we report in Table 4 the time needed to accomplish a single sphericity test under the alternative
bandable form X in the simulation study for different n and p on a PC with Intel(R) Core(MT) i7-4790K processor and CPU
speed of 4.0 GHz. The computing times in the table suggest that the computation burden for carrying out the test procedure
is manageable even for relatively larger values of n and p with a quite standard computational capacity.
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Appendix A

We begin this appendix by presenting some notation and technical preliminaries that will be used in the proof of the
main results. For a matrix M = (m;j)1<i j<p, we denote A(M) the eigenvalues of M with Anyin (M) and Anax(M) the smallest

and largest eigenvalues of M respectively, and denote the matrix norms by |[M||; = max; ) _; |m;|, [M|| = {Amax (MTM) } 1/2
and ||[M|| o, = max; Zj |myj|. For symmetric X € U(eo, C, o), we have the following properties

(1) IZ]l = 1/g0 and [Bk(Z) — Z[l1 = Ck™;

(2) IIBe(B) Il < 1/e0 + Ck™%;

(3) [Amin{Bk(Z)} — Amin ()| < Ck™; and

(4) there exist C;, C; > 0 such that C; < min; 0y < max; oy < G, for X = (0y)1<ij<p-

Properties (2) and (3) imply that for sufficiently large k, there exists a positive constant &y such that
0 < 8o < Amin{Bk(X)} < Amax{Bk(Z)} < 1/30,

which means tr(X) = O(p) and tr{By(X)} = O(p) for sufficient large k. In addition, some algebraic computations yield
following useful results in remaining derivations:

(1) X,y 1<k 2ty Tirjnfirisinin (B) = [{FTBk(E)r} o (I'T)] < tr{By(X)X%};
(1) 24, iy 1<k 2o lip—ial<k Unhﬁiy'z 1o, (B) = tr [{TTB(Z)T} o {TTB(Z)T}] < tr[{Be () Z}]:
(iif) 2\11—11\<k 2\12—12|<k 011'20}112 = (2k+ 1)2tl‘{(2 © 2)2} Z|11—]1|<k lez—]2\<’< ity Tjaja Tinjz Tniz. = (2k + 1)2t1’{(): °© 2)2}
(V) X i<k 2yl <k Oinia Oniafirisina (B) < (2k + 1)*tr{(T o T)(T 0 T) ' (¥ 0 X)}; and,
)

V) Xjiy i<k Zlipal i iniyiniy () < k4 Der [{(r oD)(ToD)'} ]

A.1. Critical lemmas

In this section, we collect some technical lemmas that will be used in the proofs. The first lemma provides algebraic
representations of the variances and covariances of Ly, Ly, Ln;, Ly, and L.

Lemma A.1. Under Assumptions 1 and 2, for t; k(E) defined in (3.3)and n* = n(n — 1)(n — 2)(n — 3)

ar{ Z L,.,l(i,j)} = 17,(2) + 8n 'tr [{By(Z)Z}*] + 4An""tr [{T " By(Z)T'} o {TTBy(Z)T}],

li—jl<k

{Zw 1)} ( tr{Bk@)ka(z)sz DD {(of1fz<fj1jz+%%>2

li—jl<k lir—j11=k li;—jal<k

+ A4 (6f1f2 Ojijp + Oiyjy Oy )filjlizjz (%) } ’

ar[ Z L”3(ls])} Z Z i112 1112 z : 2 : Oiiy Ol Oy Fjniz »

li—jl<k |11 —il=klia—j2|<k |11 —hl=klia—j2|<k
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p
var {Z Ln4(i)] =2n""r(Z*) + An"'r {(T'T) o (T'T)},

i=1
p

var !Z Ln, (i)} =2{n(n — D} 't (T?),
i=1

and furthermore,

p
cov{ Z Ly, (i, J), ZLn4(i)} = 4n""tr {Bu(2)2?*} 4+ 2an ' [{TTB(D)T} o (T )],

li—jl<k i=1
p p

oV > "L, (@, Y Lng (D) { = 0.
i=1 i=1

The proof of Lemma A.1 is based on standard yet tedious computations that we omit here. Lemma A.1 implies that
var(} " < Lns (LD} =0 (nfzvar{zlifﬂfk Ly, (i,j)}), and under the assumption that k — oo and k = o(min(n'/?, p'/?)),
it yields

var Z Ly, (i,j)] =o0 (var { Z Ly, (i,j)})
li—jl<k li—jl<k

and

var il-s,i} =o0 (var[ Z L,,1(i,j)}) .
i=1

li—jl=k
The next lemma is on the asymptotic normality of statistics Tj, k.
Lemma A.2. Under Assumptions 1and 2, for any real sequences {a,};2 ; and {b,}7 1, Tn x = an Z|i—j\<k Ly, (i, )+bn ZL] Ly, (D
satisfies -
fvar(To )Tk — E(T )} = (0, 1) (A1)
in distribution provided k = o(min(n'/?, p'/?)).

Proof. Let 7y = {(J, 2} and F; = o{Xy, ..., X} fort =1, ..., nbe the sequence of o -fields generated by data, and denote
E/(-) = E(-|%:) and E(-) = Eo(-). Write Ty x — E(Tpx) = Z?:l D¢k, where Dy y = E(Tpx) — Ec—1(Tn ). It is easy to see that
D, is #; measurable and E;_;(D; x) = 0 for each t > 1 so that for every n, {D; k, :}1<¢<n is @ martingale difference array.
By the martingale central limit theorem, (A.1) is straightforward once one can show that, as n — oo,

n n

> Ut2,I< > E(D?,k)
=L B and E—— 0, (A2)
Var(Tn,k) Varz(Tn.k)

with o2, = E._1(D7 ).

AsE(Y i, 0f) = var(Ty ), it suffices to show that var(}_/_; 02,) = o(var®(T,)) to derive the first part of (A.2). By
Lemma A.1,

var(Ty ) = a2t2,(Z) + 207 "tr [{2a,Bu(Z) + bal,} =]* + An~'t[{T7 (2a,B(Z) + bul,) T}
o {I'" (2a,Bx() + baly) T}].
Also, notice that
Dek = 2a,{n(n — D}~ [X! Be(Q-1)X; — tr{Be(Q—1)Z}]
+ 2a,n7" [X]Bu(D)X; — tr{Bi(Z)Z}] + ban " {X[ X, — tr(D)},

where Q1 = (Q ) 1=ijzp = Yo (XX] — X) with Q7 = (7] (xsixg — 07, 50

n
Y 62 = Rin+ Ron + Rap + Ry +nC,

t=1
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for some constant C and

Rin = 8an{n®(n — 1)} Y tr[B(Q-1)Z {2a:Be(%) + bal, } X] .
t=1

Ro.n = 4Aa,{n*(n — 1)} 7! Ztr [{T"Bk(Q-T} o {TT (2a,Bk(2) + bal,) T},
t=1

Rsn = 8az{n’(n — 1)°) 7 Y tr[{B(Q-1)Z)].
t=1

n

Ren = 4Aazn*(n— D* 7Y " [{TTB(Q-1)T} o {TTBu(Q-1T}].

t=1

It is sufficient to show var(R; ) = o(var®(T, ) fori = 1,2, 3, 4 to obtain var(}_;_, o2,) = o(var*(T,.x)).
We first study Ry ,. Denote ; = X {Zaan():) + bnlp} Y. Recall the fact that tr{By(A)C} = tr{ABy(C)} for symmetric
matrices A and C with conformable sizes, we have

t—1

tr (Be(Q-D)Re} = Y [X] Br(R)Xs — tr{Bi()}] .

s=1
Therefore, for eachs > 1
var [X, B ()X — tr{By(Z)@}] = 2tr{ZBi ()} + Atr[{T "B ()T} o {T "B ()T}].
By the algebraic properties summarized before, it holds for some constant y > 0 that
tr{ZBi(R)} < ytr[{By(2) Y tr [{2a,B () + byl } E]z = o{n’var’ (o0},

and also tr [ {TTBy(R)T} o {TTBi(2)T}] < tr{ZB ()} We therefore conclude that there exists constant C > 0 such
that

var(Ry ) < Cn>var [tr {Bg(Q:—1)R}] = o(var® (T x))-

For R; , denote forany 1 < s, s, < n,

Y'5152 = § : § : Oiyiy Tjpjp (Xslilxsljl - Ui111)(X52i2X$ziz - O—iziz)'
liv=j11<k liz—ja|<k

Then

t—1
o [(Bu@ P =) Yo+ D Yo

s=1 $17#52

Notice that E(Ys;s,) = O for any s; # s, and E(Ys,s,Ys,5,) = O for any (sy, sy, $3, S4) except s; = s, = s3 = 54,51 = s3 and
S, =s40rs; = sgand s, = s3. Hence, forany t <[

cov (tr [{Bp(Q_1)ZY] . tr [{Be(Q_1)Z}*]) = (t — Dvar(Yyy) + 2(t — D(t — 2)var(Yyy).

It is therefore sufficiently to show var(Yy;) = o (n°var®(T,x)) and var(Yyz) = o (n*var®(T,x)). As k = o(n'/2), then for
constant C; > 0

2
E(Yy) = Z Z Z Z |:‘7i1i2 Oj1j2 91314 Fj3ja
li1—j1|<k lip—j2|<k liz—j3| <k |ig—js| <k
x E{(qix15, — 0iyj,) KaipX1j, — Oy ) KaigX1j3 — i) KigX1jy — <7i4j4)}]
< G2k + D*r*(B*) = o (nPvar® (To))
so thatvar(Y{1) = o {n5var2(Tn,k) } Similarly, for some constant C; > 0
var(Yy) = Z Z Z Z |:Ui1i2 012 0i3ia Oj3ja
li1—j11=k lia—j2| <k li3—j3]<k lig—jal <k
X {O'i1i3()31j3 + 013 Ojyis + Aﬁ1j1f3j3(z)}{0‘i2i4ajﬁ4 + 01y Ojpig + Aﬁzizi414(z)}i|

< Gk + D*r(E?) = o (n*var’(Ty)) -
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Thus,
var [tr{(Bi(Q-1)2)*}] = t?0 (n*var’ (T,) ,

which implies that for some positive constants y, y; and y,

t=1

var(Rs ») < yn ®var |:Z tr {(Bk(Qtl)E)z}] < yin~var(Yyy) + yon~*var(Yrp)

= o(var (T ).

Likewise, we can show that var(R;;) = o(var?(T,)) fori = 2, 4, by which we obtain the first part of (A.2) using the
concentration property.

It remains to show the second part of (A.2). By standard algebraic computations, one can show that D; y = M; 1 + M;»
where

M1 = 2ap{n(n — )}~ [X! Be(Q—1)X; — tr{Bu(Q_1)Z}],
M2 = n~" [X]{20,Bi(2) + bulp}Xe — tr {(2a,Bi(2) + bulp) X }].

Since Y ;_, E(D} ) < C{>{_ EM{ ) + >t E(M?,)} for constant C > 0, it suffices to show E(M?;) = o(var?(Ty )
for i = 1,2. By Cauchy-Schwarz inequality, for some constant ¢ > 0, E[X/Bx(Q:—1)X; — tr{Bk(Q,,l)):}]4 <
CE [tr*{(Bk(Q:—1) X)?}]. On the other hand,

E[r{Bu@- 02 == Y Y {0ui0hi, + OunipOiiy + Az (E)} 0iriy Oy »

lir—i11<k lia—i2|<k
and
2
var [tr{(Bi(Q:—1) )*}] = t?0 (n*var(T,.0)) ",

we have E [tr?{(Bi(Q:—1) X)?}] = t?0 (nzvar(Tn,k))z. Therefore, it yields

S EME) = 1600 Y E[XBe(Q-1)X: — tr {(Br(Q-1)E}]’
t=1 t=1

<n™0 (nzvar(T,Lk))2 = o(var(T, ).

Similarly, for some constant C > 0,
n n
— 4
Y EM;,) =17 Y E[X] {2a,B(2) + balp}X; — tr {(24,By (%) + byl,) }]
t=1 t=1

< nt? [{2a,Bu(Z) + bal)) ],

which implies Z?Zl E(Mﬁz) =0 (var2 (Tn,k)). We therefore obtain the second part in (A.2), and derive the assertion of
LemmaA.2. 0O

A.2. Proof of Proposition 1

Simple algebraic computations yield

Gy 0 =2n(n=D}" Y 3" (I - 20, + [T},

lin—j1l=k liz—jaI=<k

where
1
I = p2 Z{(Xllilxlljl - Giljl)(xhithjz - Giziz)(xlzilxlzil - Gfljl)(xlzilezjz - Ufzfz)}’
n Li#h
*
I = D3 Z {(X130,X135; = 0iyy) X135 X155, = Oy) K13y Xngjy. = Oigjy) (K30 X3, — Oigp)
nl.hl3

-l *
M= — > {(0X05 — Oui) RiyiXih, — 0ijy) K10 X15j;, — Oiy) Ry — Oigiy))-
m1y,0p,13,14
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Thus, E(67 o) = 04, - Similar to Lemma A1,

2
—1 2
var E E Hl =|—-4n E E {E(x,ilxljlx,izx,jz) — Oijj; Giziz}
lin—j1l=k liz—j2|<k li1—j1l=k lia—j2|<k

-1
+ant >0 Y 3y [{E(Xlnxmxhzxuz)—ffimﬁiy‘z}{E(Xﬁsxusxmxm)—ffigjsﬁim}

li1—j1l=k liz—j2|=k li3—j3] <k lig—jal=<k
1
< E{ (i, %15, — 01j) KaigX1j, — Oiyy) KaisXjy — Ogjy) (RnigXaj, — 0'i4i4)}:|) {1+0m™H}
_ 3, 2.3\ 2
=0 ((n +kn )ovn,l<0) .

The variances for the remaining terms of &\3,1 L0 €an be estimated similarly and the proposition follows.

A.3. Proof of Theorem 1

Denote
Vak= Y Ly, 1)—ZZLH4(1>+p
li—jl<k
Under Assumptions 1 and 2, E(V,1 v = tr[{By(X) — lp}z] From Lemma A.1, we have var(Vn,k) = aénk +

0@y ). var{X o L, )} = ooy ), var(X o Ly (i, )} = ooy, ), and var {3 L ()} = o(oy ). Theorem 1
therefore follows Lemma A.2 and Slutsky s Theorem.

A.4. Proof of Theorem 2

It follows Theorem 1 and (3.5) that

Bunse = 1- @ (03, 0v,407 — oy, [Er{(Bu(E) — 1,)2)])..

As discussed before, it can be seen that

72 (%) 8 + 4A tr[ Z{Bx(X) — I,}]? 2
{Br(%) — I,}?] noot? [{Bu(Z) — I,)?] '

so that under the condition {z, (%)} ~'tr [{Bx (%) — I,}*] — oo, it suffices to show

O—ank <tr [{Bk(z) - Ip}z] (tr2 [

tr[ 2 (B (%) — 1,}]?
ntr? [{By(%) — I, }?]

-0, (A3)

. 1 .
provided oy, | ov, 0 is bounded.

Denote A; < --- < A, the eigenvalues of B;(X) that for some 8p,0 < 8o < A1 < A, < 80_1 for sufficiently large k.
Standard algebraic computations give

tr [Z(Bu(®) — L,}]* = tr [Bu(D)(Bu(®) — I)]* + tr [{E — Bu(®}HB(Z) — )]
+ 2tr [Bu(2){Bi(E) — LHE — Bu(X)H{Bk(E) — 1}]
=h+hL+1.

By the fact that | X — Bi(X)|| < Ck™®, I; = o (ntr? [{Bx() — I,}?]) for i = 2, 3. Notice that

tr [Be(Z) (Be(E) — L}’ Z#(A -1’ <8 ZZ(A —1)7 =8 tr [{Be(®) — Y],

from which (A.3) follows. We therefore obtain Theorem 2.
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A.5. Proof of Theorem 3

Denote

Y Ln@h) 23 L)
i=1

~ li—jl<k

T T aBuD)E) (D) 1

By Lemmas A.1 and A.2, we have var(ﬁn,k) = ojn k{l + o(1)} and U@]kﬁn,k — N (0, 1) in distribution. Together with
results that var [Zli—jlsk Lu, (i, j)/tr{Bk():)):}] = o(og, ). var {0, Ly, ()/tr(E)} = o(od, ) and var[z‘i_jlsk L, (. )/
tr{Bk():)Z}] = o(oﬁnk), we have

o5, Unk = N (0, 1)

in distribution, where

i Z‘: k{Lnl (I’J) - 2Ln2 (la]) + Ln3 (17_,)} 2 {Ln4 (l) — L”S (l)}
= i=1

tr{Bi (%)X} B tr(X)

p

Uy = 1.

Denote e, = [Y_1_,{Ly, (i) — Ly ()} — tr(%)] /tr(X) with E(e;) = 0, then

var(ey) = tr 2(2) [2n ' (%) + An 't {(T'T) o (T7D)} + 2{n(n — 1} 'tr(T?)]
<[@+Mn7 " +2{n(n — D} a2 (D)tr(Z?) = o(oy,).

Thus, Theorem 3 follows from
( tr2 (%) ) (Un.k + 1) - Uy — €2
tr{By (%)X} p S+ ed)?

A.6. Proof of Theorem 4

It follows Theorem 3 and (3.10)

3 tr?(X) OUp 0 1 tr’ (%)
P =179 ([ptr{Bk(z)z}] (ffu,..k )Z“ - [1 B Ptf{Bk(Z)Z}D '

Since oy, ,0/0u, , and p~'tr*(¥) /tr{B,(X) X} are bounded and

[ 72,(%) 8 +4A {( Bu(2)X > )2”1/2
O’Un,k =< ) N + tr - B
tr? {(By(X)X)} n tr(Bp(X)X)  tr(X)

similar to Theorem 2, under the condition {t, x(X)}~![tr{Bx (X)X — tr’(X)/p}] — oo it is sufficient to show

» { 32 z }2 { tr2(%) }‘2
notr - — 1-— — 0. (A.4)
tr(x?) (%) ptr(x?)

Standard algebra and definition in (2.1) implies that

p
e [{2 - o' @uE) )] 242 ) () - o @uEd)
i=1

p
=&t (®) Y {or ' ®uE —p +p 7 — e 2®E))
i=1

= ¢, °tr’ (%) [tr {(tr‘l():)): - p_llp)z} +p{p' - tr‘z(Z)tr(Zz)}z] ,

and {tr(2?) — p'tr2(D)P? = > (D)tr {r (D) T — p*]lp}z, which implies (A.4) and Theorem 4 follows.
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Appendix B. Supplementary material

Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/j.jmva.2016.03.008.
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