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The performance of data assimilation critically depends on
well-specified physical models, particularly accurate assign-
ment of key parameters. Misspecified parameters can intro-
duce model bias and uncertainty, degrading both forecast-
ing and assimilation quality. This paper proposes a sequen-
tial data assimilation procedure with a hierarchical Bayesian
machine learning approach for sequentially calibrating pa-
rameters in the physical model that integrates the ensem-
ble Kalman filter. We define an objective function for pa-
rameter estimation by an optimally weighted distance be-
tween the observations and forecast states over a time seg-
ment. Based on this criterion, we develop a Bayesian learn-
ing algorithm to efficiently estimate the unknown parame-
ters throughout the assimilation window. Statistical proper-
ties of the proposed method are developed. Numerical ex-
periments on the Lorenz'96 system and a two-dimensional
shallow water model demonstrate that the proposed method
outperforms conventional approaches in terms of estima-

tion accuracy and stability.
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1 | INTRODUCTION

In large-scale geophysical models such as those used in atmospheric and oceanic systems, key physical parameters
exert significant influence on dynamic modeling and forecast accuracy. Proper specification of these parameters
is essential to ensure realistic dynamical behavior that reflects the underlying physics, as misspecified parameters
can introduce systematic errors, degrade the data assimilation performance, and ultimately reduce forecast accuracy.
Therefore, estimating the key parameters of the models is a fundamental task in data assimilation, aiming to improve
both the state and the underlying model representation.

Data assimilation integrates observations with a dynamic numerical model to provide an estimator of the unknown
time-evolving state [1, 2, 3]. As a critical tool in diverse fields such as meteorology [3, 4, 5], oceanography [6, 7], and
automatic control [8], data assimilation enhances the accuracy of forecasting systems by assimilating model forecasts
with observations, leading to more accurate forecasts and imputation of the state variables. The Kalman Filter (KF) [9]
was a pioneering method for linear system assimilation with Gaussian noise, by providing optimal recursive solutions
to the state variables. It propagates the mean and covariance of the state distribution through time, updating the state
estimate whenever new observations become available. For nonlinear physical models, the ensemble Kalman Filter
(EnKF) [2, 10] uses the forecast ensembles to estimate the forecast error covariance matrix and updates the system
state via the analysis formula of the KF. It has become a popular data assimilation method.

There are a set of methods for implementing the EnKF. The inflation method was proposed to increase the spread
of the forecast error covariance and to counter the potential model error, thereby reducing filter divergence [11,
12, 13]. To overcome the challenge in high-dimension covariance estimation, researchers developed the localization
method to counter the deterioration of the ensemble forecast error covariance estimation, a technique that imposes
sparsity by tapering or banding the covariance between two far away locations to zero, see [14, 15, 16] for details of
the techniques.

Despite progress in data assimilation algorithms, parameter uncertainty remains a major limitation. Many geo-
physical models, such as oceanic or atmospheric systems, contain empirical estimates of parameters (e.g., vertical
diffusivity, mixing and drag coefficients, optical depths) that strongly affect model dynamics and forecasting accuracy
[17]. These parameters are typically pre-chosen based on prior knowledge, but any misspecification would lead to
biased forecasts and inaccurate analysis states, regardless of the assimilation method used. There have been growing
efforts devoted to incorporating parameter estimation within data assimilation systems. Early strategies include state
augmentation, where parameters are augmented as state variables and are updated as part of the EnKF. Augmented
state assimilation treats uncertain model parameters as an additional state variable and estimates it simultaneously
with the dynamic state [4, 18]. Recently, machine learning methods have been incorporated in augmented data as-
similation procedures [19].

Although the augmented assimilation method has a relatively low computational cost and has been widely used
in fields such as the atmosphere and the ocean, it is sometimes difficult to ensure algorithmic convergence due to
the unstable results of parameter estimation. The quasi maximal likelihood estimation (QMLE) based on the expecta-
tion-maximization algorithm was used for parameter estimation in nonlinear state space models [20, 21]. However, it
relies on the ensemble Kalman smoother (EnKS), and requires re-running of the entire sequence of the EnKS for every
candidate value of parameters, which incurs a heavy computation burden and may not be suitable for high-dimensional
nonlinear systems. Meanwhile, [22, 23] proposed a nonlinear least squares (NLS) estimation for unknown parameters
based Kalman filters. Similar as the QMLE method, it also requires re-running the entire data assimilation procedure
each time the model parameters are updated during the optimization process, which inevitably leads to a substantial

computational burden. Both QMLE and NLS methods do not support sequential parameter updates, and hence, can
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not handle time-varying parameters.

To overcome the limitations of the existing methods, this paper aims to develop an efficient sequential machine
learning algorithm coupled with the EnKF for data assimilation and estimating the underlying model parameter with
a statistical guarantee. The proposed machine learning-based data assimilation algorithm meets the following four
objectives: (i) sequential updating of both state variables and model parameters, (ii) computationally efficient without
repeatedly recalculation of the forecast error covariance matrix in the optimization procedure for the model parameter,
(iii) a more statistically efficient estimator for parameter estimation than the existing approaches, (iv) a statistical
guarantee for the consistency and asymptotic distribution of the parameter estimate.

To achieve the aforementioned objectives, our method combines modern hierarchical Bayesian machine learning
algorithms [24] with the EnKF framework, which leverages the adaptability of data-driven learning while preserving
the predictive strengths of ensemble-based filtering through a sequential learning mechanism. We develop a data
assimilation framework that integrates parameter estimation with state updating. Specifically, first, the entire time
interval is divided into several segments. Parameter estimation and state updating are performed sequentially within
each segment. Second, the estimated parameters in the current segment are used for an initial data assimilation for
the next segment to compute the forecast error covariance matrices. This approach avoids repeated computation of
the Kalman gain matrices during parameter optimization, thereby reducing the computational burden. A statistically
efficient weighting matrix is selected to construct the empirical loss function for parameter estimation, which achieves
minimum asymptotic variance. Finally, a hierarchical expected improvement (HEI) algorithm is employed to search for
the minimum of the loss function. The HEl is an iterative algorithm, which searches for the global optimum with faster
convergence by strengthening the exploration of areas with high prediction uncertainty.

To evaluate the performance of our proposed method, we conduct numerical simulations based on two bench-
mark models: the Lorenz'96 model with a single parameter and the shallow water model with two parameters. Nu-
merical experiments show that our approach consistently outperformed traditional EnKF-based methods without
parameter estimation, augmented data assimilation methods and existing parameter estimation methods in terms of
the accuracy of both data assimilation and parameter estimation.

This paper is organized as follows. Section 2 presents the problem setting, introduces the identification conditions
for parameter estimation in state-space models, and discusses the challenges associated with existing methods. Sec-
tion 3 constructs the proposed sequential machine learning method for data assimilation and parameter estimation
and establishes its asymptotic properties. Section 4 presents numerical studies on the Lorenz-96 model and the two-
dimensional shallow water equations. Section 5 concludes the paper with discussions on future topics. The proofs of
the theorems and additional numerical results are relegated to the supplementary material (SM).

2 | PROBLEM SETTING AND BACKGROUND

We consider the data assimilation (DA) setting with unknown parameters in the state-space models. Suppose the
underlying state variable X; € X c R” and its observation Y; € R9 follow

Xt = Mi(X:21,0%) +ne, (1)
Y: = HiXi+e (2)
fort =1,...,T,where n; and e, are the model and observation errors with zero-mean and covariance matrices Q; and

R¢, respectively. This is the state-space model where { X} }tT=1 may be unobservable while {Yt}tT=1 are observable. Itis
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assumed that both r; and e; are independent of {X,..., X;_1}, respectively. In this study, we do not impose specific
distributional assumptions (e.g., Gaussianity) on n; and e, allowing them to follow unknown distributions. Moreover,
M (-,+) : RP x © — RP is a nonlinear physical model operator, H; is a g x p known linear observational matrix, and
6* is an interior point of © c R?, which represents the unknown true value of the key model parameters.

The purpose of data assimilation is to impute the state X from observation Y; based on the physical model, which
depends on choosing a quality estimate of 8*. Misspecification of the parameter 8 can result in systematic bias in the
physical model and the data assimilation procedure [25]. In particular, when the physical model M;(-,8) is highly
sensitive to @, such as the general circulation models (GCMs) [26], the resulting bias may degrade the performance
of data assimilation and forecast, and in severe cases, lead to filter divergence or failure. The goal of this paper is
to propose a joint estimation procedure for both states and parameters with a guarantee on statistical consistency,
which can reduce model bias and maintain the quality of the analysis state.

Let X;’tw be the j-th perturbed analysis ensemble at ¢t — 1 for j = 1,...,n. Let XfJ(G*) = Mt(Xf71J,0*)
be the one-step ensemble forecast of X; under the true parameter. Denote the j-th forecast error at 8" as §;; =

Xt — X’;j (8"). Then, Equation (2) can be expressed as

Y:= HtMt(Xf_u,G*)+Ht6t,j+et. (3)
Let || - || denote the Euclidean norm of vectors. We make the following assumptions for the statistical identification
of 8* based on the observed data Y1, ..., Y, via the expression in (3).

(S1) The analysis ensemble randomness among {Xiu} is independent with {e; }tT:1.

(S2) The forecast error satisfies [E{[Eens (8¢j) | Yt } = 0, where Eeps represents taking expectation over the ensem-
bles.

(S3) For every e > 0, we have supjg_g 5 9~ [E||Ht[EenS(Mt(Xf_w,0) - /\/(f(Xf_Lj,G*))”2 > 0.

Assumption S1 is a natural condition as the analysis ensembles are determined by the observations Y1.;_1 before
time ¢. Assumption S2 assumes the unbiasedness of the average ensemble forecast of Xf at the true parameter value
8*. In applications, violations of S1 may arise from the misspecification of the model or observation operators, in
which case bias modeling is required [18]. Assumption S3 imposes distinguishability of the parameter 8 after applying
the observation operator H;. It ensures sufficient curvature of the population loss function at the true value 8* so that
the observed data can identify the target parameter.

For a gxq positive definite matrix W, let ||a|| = a’Wa for a € R9. The following Lemma provides an identification
criterion for 6.

Lemma 1 Under the model in (1) and (2), if Assumptions S1-S3 hold at t, then for any q x q positive definite matrix W, the

true parameter 8" is the unique minimum of the optimization problem:

. . 2
9" =argmin F [Ye = HeEens {Me (X7, .0}l - (4)
The lemma provides a theoretical basis for estimating 8* by minimizing the squared residual between the obser-
vation and forecast states at a single time point. To conduct parameter estimation along with data assimilation as time
progresses, we introduce the main steps of EnKF in the following.
For a given parameter value 8 and the analysis ensembles {X? m _attime t — 1, the forecast ensembles are

t-1,7j=1

obtained by Xf\/. (6) = Me(X?_, .8). Let s =3f(8") = Var(Xij (8*)) be the forecast covariance matrix at the true
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parameter value. Let 37 (8) be the sample covariance of {X:j (6)}7_, and R:(8) = 31(8)H](H:2f (8)H! + R;)™" be
the Kalman gain matrix, which highlights the role of # on these quantities. Let e;; be an independent copy of the
observation error e;, with mean 0 and covariance R;. The EnKF updates the analysis ensembles at ¢ via

X3 (R:(6),6) = X1 ,(0) +Re(8)(Ye = H X[ ;(6) +ex) (5)

forj=1,---,n, where Xf’j(/?t (8),0) depends on 6 through both the Kalman gain K;(8) and the forecast ensembles
via M (-,8). Therefore, for each change of 8, we need to re-run the ensembles and re-estimate the Kalman gain
matrix to obtain an updated value of Xf,j(/%, (8),0). This would make parameter estimation very computationally
expensive for dynamic state-space models.

To overcome the challenge, we consider a sequential updating approach by partitioning the entire time horizon
evenly into K segments: {1,...,T} = 1 U---UJx = uf=177<, where L = T/K and the k-th segment 7¢ = {(k —
1)L+1,...,kL}. Our strategy is to update estimates of 8* iteratively over the segments. Starting from an initial value,
say 89, we run an initial data assimilation procedure to obtain the Kalman gain matrices {R; (9(0))} using 8 = 6@
for t € 77. Fix those Kalman gain matrices, we calculate the analysis and forecast ensembles XfJ(l%t (0(0) ),8) and

Xf/ () in this segment by varying the value of 8 in the model operator M;(-,8). We obtain an improved estimate

9(1) from the first segment 77 by minimizing an empirical estimate of the loss function in (4). In general, given a 9(k_1)
on the (k — 1)-th segment, a new estimate é(k) is obtained based on 9(k_1) and the observations in the k-th segment
T¢. The rationale and detailed procedure of the proposed approach will be outlined in the next section.

Augmented-state EnKF methods (e.g., [19, 27]) incorporate unknown parameters into the state vector and apply
artificial evolution models (such as random walks) to enable joint state-parameter estimation. These approaches are
computationally straightforward and allow parameters to be updated sequentially in every time step. However, their
performance may be limited in complex or nonlinear systems, since the imposed parameter dynamics do not necessar-
ily reflect the true evolution, potentially affecting estimation stability and accuracy. On the other hand, optimization-
based methods such as the NLS estimator [23, 22] provide statistically consistent estimators by minimizing a global
loss function. However, they are computationally expensive, as evaluating each candidate parameter requires rerun-
ning the full data assimilation cycle over all time steps, resulting in substantial computational burden, high memory
consumption, and limited algorithmic scalability.

Our proposed framework bridges these two approaches by combining their respective strengths: it performs
parameter updates sequentially over time segments, like the augmented EnKF, while ensuring statistical consistency
through segment-wise optimization, as in the NLS. This hybrid framework enables scalable and accurate parameter

estimation in both high-dimensional and nonlinear state-space models.

3 | METHODOLOGY

We elaborate the detailed method for updating @(k_”

to ém using the forecast states and the observations in the
k-th segment 7¢. Specifically, for each segment 7; given the parameter estimate from the previous segment 9(k_1),
we build an objective function of 8 using the weighted residuals between the forecast states and the observations
in this period by recycling a common Kalman gain matrix and the forecast error covariance over the segment. This
avoids repeatedly estimating the forecast error covariance matrices and the Kalman gain matrices while the value of
6 changes. Motivated by this, we propose a sequential estimation framework for jointly estimating the states and

parameters of the state-space model via hierarchical Bayesian optimization [24].
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3.1 | Sequential objective function

Given the estimate 9(1(7]) from the (k — 1)-th segment, we run the EnKF using 9(1(71) to obtain the initial analysis en-
sembles for every time point ¢ in the k-th segment 7 as in (5). We denote XfJ (9(’(71) |9(k71)) =X{; (Ke (9(1(71)),9(/(71) )
for notation simplicity, where the two arguments of 8 in X‘;’J (81162) indicate that 8 is used to run the model operator
M;:_1(-,87) at t — 1 and 8, is used to estimate the Kalman gain matrix. The initial forecast ensembles are obtained by
{Xf’j(é(kq)) = Mt(Xf_U(é(kq) |§(k71)),9(k71))};:], where 85" is used in M;(-,0) forall t € T¢. The Kalman

CDy st @y (st @Y
of the forecast ensembles {XfJ (é(k_” ) }J‘.":1 .

By keeping the Kalman gain matrices fixed at the parameter value 9(k71

gain matrices K, (8 YH+R¢) ! for 7¢, where 31 "%V is the sample covariance

) estimated in the previous segment over
the k-th segment, we find an updated estimate of 8* by evaluating forecast states in the k-th segment with changing
values of 8. Specifically, given {K,(8*=") }ter; and using the analysis ensembles as the end of the (k —1)-th segment

as the initial states for the k-th segment, we obtain the analysis ensembles at a8 and t € 7 as
o (k=1 5 a(k-1
x3,010“") = X! .(0) + R 6" (Y. ~ HeXE(0) +ex)) ()

forj = 1,---,n, where fo.(o) = Mt(x771j(o|é(k’”),e), e:; ~ N(0,R;) and N(0,R;) denotes the normal dis-

tribution with mean zero and covariance R;. Different from ij(kt(e),o) in (5) and the initial analysis ensembles

{ij (é(k_” |9(k_1))}, the sequentially updated analysis ensembles in (6) use different values of 8 for obtaining the

Kalman gain matrices and computing the model forecasts, as reflected by the notation ij (e|é(k‘”

). This allows us
to find a @ that minimizes weighted a distance between Y ; and H,XfJ. (@) for t € T without re-computing the Kalman
gain matrix at each time point of the k-th segment. We consider the following objective function in the k-th segment

T¢ to minimize with respect to 6:

(k-1 Of s, alk=1 oF
Le@18" ") = N (v~ H X[ ) W@V (Y. - HX (0)), 7)
teTy
where w;(8*%") = (Htﬁf(@(kq))Ht’ +R:)""and f(f(e) =n! py x’;j(o). The weighting matrix W, (@*™ ") is

introduced to improve the efficiency of parameter estimation in the presence of heteroscedastic forecast errors. See
the detailed explanation in the following paragraphs and the theoretical comparison with the NLS estimator without
weighting in Theorem 4. Thus, we can obtain an updated estimate 9(k) of @ in the k-th segment as

5k=1)

8% — argminL, 816 "). ®)
6¢e6

H(k=1)

In evaluating the objective function, obtaining the inverse of the g x g matrix (Ht)f’;(a )H; + R:) can be com-

putationally realized by using the Sherman-Morrison-Woodbury formula if R; is a spherical matrix [28]. Hence, the

objective function, despite being weighted by W; (@(k_w

), does not incur additional computational cost compared
to the standard EnKF. Figure 1 illustrates the main steps of the proposed sequential updating and data assimilation
process in the k-th segment.

It is noted that the NLS estimator minimizes the squared Euclidean distance ||Y; — Ht)?f(e)||2 between Y; and
f(f(e) without weighting, which is used in estimating the parameter for state-space models. However, the sequen-
tially updating procedure was not developed. Evaluating the NLS loss function over the entire time period requires

repeated re-runs of the whole data assimilation procedure, which is computationally heavy. Furthermore, even if the
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P Kalman gain Kalman gain EnKF

P = oD SN with 6D
o K1 (0 ) K (0% ) to estimate
o KG matrix

§k-1) Analysis Analysis 6 (k)
Hk—1 A=)y | e -

- X{1,;(010%1) X{;(016%1) o

(k=1)L,j KLj

Innovation Innovation er oo | Obtain 6® .

Ye1— Ht*ljz{—l(g) yt_Ht)?{(B)

e \\/,{’ """"""""""""""""""" :

i “\f L, (6]6%-D) \: minimization

'
'
'
'
'
'
'
'
'
'
\

Segment k

FIGURE 1 The entire time span is divided into L segments, and parameter estimation is performed within each segment
using a machine learning-based optimization scheme introduced in Section 3.2. This plot shows the workflow for the k-th seg-
ment 7, where the parameter 8" from the previous segment is used in an initial EnKF procedure to compute the Kalman gain
K: (9(k_1)) for t € 7. Keeping those Kalman gain matrices unchanged, the analysis states are calculated with varying 8 in the
model M;(-,8) to evaluate the forecast error at each time step. The objective function Lk(Glé(kJ)) of the weighted forecast
errors is minimized to obtain the updated estimate 9(“4 The red arrow indicates that the unknown parameter 8 is propagated

through the model, enabling a sequential update of parameters and states.

proposed sequential estimation procedure is applied, the NLS estimator

Ak . of
Bt = argmin . |IY, - HXL (@) )

6co =

without weighting on the k-th segment is not statistically efficient due to the heteroscedastic variances and correla-
tions of the forecast errors Y; — Ht)A(i (6). Namely, @,(\,kL)S does not achieve the lowest possible estimation variance as
the sample size increases.

Note that Var(Y|Y1.,_1) = H:Z{(8")H] + R, = (W;)~" if 21 (6*) = Var(X¢|Y1._1). The application of the

9“71)) leads to whitened forecast errors. This is in the same

weighting matrix Wt(é(kq)) in our loss function L, (6|
spirit as the weighted least squares estimation in linear regression. Theorem 4 shows that the proposed estimator
8" in (8) is more efficient than the NLS estimator 9,(\,?5 under suitable conditions. In practical terms, 9,(\,1?5 tends to
be more sensitive to the variability of forecast errors and thus may produce a less stable parameter estimate. The
proposed weighted least squares approach enhances the stability of parameter estimation by weighting the forecast

errors, and thus, reduces the asymptotic variance of the estimate.
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3.2 | Hierarchical expected optimization algorithm

Because the physical model M; (-, 8) is computationally expensive, particularly for high-resolution geophysical models,
the optimization problem in (8) effectively becomes a black-box optimization task with substantial computational cost.
To reduce the number of computationally expensive forward model evaluations, we adopt the hierarchical Bayesian
optimization framework in [24], which uses a hierarchical Bayesian surrogate model to approximate the loss func-
tion L, (86"

our method selects the most informative parameter value by maximizing an expected improvement function, called

). At each iteration, instead of numerically computing the derivative of M;(-,8) with respect to 8,

hierarchical expected improvement (HEI). Compared to the Bayesian optimization procedure using expected improve-
ment in [23], the proposed HEI procedure provides a more efficient and stable search for é(k) in (8) by balancing the
exploitation of the surrogate model and exploration of the areas with high prediction uncertainty.

Let {g(8)} ~ GP(0,5%V,) for @ € © denote a zero-mean Gaussian process (GP) on 8 with marginal variance o2
and correlation function V; (-, -), where V;(8,8) = 1 for any value of 8 and 7 is the parameter. The correlation function
V; encodes the dependence of this process over @ € ©. For this GP, (g(81),...,g(8m))T follows a multivariate normal
distribution with mean zero and covariance o (V; (8,,6i,))mxm forany@y,...,8m € ©. To construct a surrogate model

9(/(71) ), we introduce a hierarchical GP process model L, (8; B, 02, 7) as

for the objective function L (8|
Lk (6;Bk,0%,7) ~ GP(b(8) B, 0" Vr), (10)
Bi o<1 and o? ~1G(ax 1, ax2), (11)

where b(0) = (b1(8),...,b,(8))’ are r basis functions, B, € R" are their coefficients, By « 1 denotes a flat (non-
informative) prior, meaning that all values of B, are assigned equal prior probability, and IG (a1, ax 2) represents the
inverse Gamma distribution with parameters ay 1, ax 2. Under this hierarchical Bayesian model in (10)-(11), the mean
b(6)’ B of the GP fits the overall trend of the objective function Lk(0|9(k_”

local structures and provides a credible interval for the fitted curve. Here, the prior distributions specified in (11) are

), while its variance part o2V, fits the

designed to increase the error variance o2 of the model, and hence, to widen the length of the credible intervals. This

helps faster exploration of the objective function L, (9|9(k_1)

) over the range of 6.

The GP model in (10) with basis function regression ¢ (8)’ 8 is a common statistical model used in atmospheric sci-
ences [29, 30, 31]. The covariance function V; encodes spatial-temporal dependence, analogous to error covariance
structures in numerical weather prediction and data assimilation [3]. The flat prior B¢ « 1 indicates that no strong prior
knowledge is imposed on the coefficients, allowing the data to determine the deterministic trend. Similar approaches
have been successfully applied in climate and weather prediction [32, 33].

The HEI optimization procedure is conducted in an iterative manner. Let 8y 1,...,0¢ , be m pre-specified de-

9(/(*1)

sign points, where we evaluate the objective function L, (8] ). To build a surrogate model, we assume the GP

L« (8; B¢, 02, 1) takes the same value as Ly (Glé(kq)) on those design points {8 ;}™,. That is, we use the set

A (k-1
Do = {0k, Lk(ek,i\e( ))},’21,

9(/(71)) on Dy . The posterior distribution of

as the training data for the GP, where L (ka,-;ﬁk,az,'r) = L (Ol
L (8;B¢, 02, 1) given Dy o provides the predictive mean and variance, which are considered as a surrogate function
of L, (8 |é(k_1) ) and its uncertainty quantification, respectively. This posterior distribution is then utilized to construct
the HEI updating function for Bayesian optimization.

Let T, (a, b2) be the location-scale ¢ distribution with the location parameter a, scale parameter 6 and degree of
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freedom v, where T, (a, b%) = a+ bt, and t, is the Student’s ¢ distribution with degree of freedom v. Given the training
set Dy o and the parameter 7 in the correlation function V., let Bk and &f be the maximum likelihood estimators
(MLESs) of B and o? for the model in (10), respectively. Let 62 = @y /@1, Where & = agq + (m - r)/2 and
Akp = Ak + m&,f/Q. Note that all those estimates depend on the training set Dy o in the updating procedure of HEI.
Here, we ignore this dependence in those notations for simplicity of the presentation. Under the hierarchical model
in (10)-(11), the marginal posterior distribution L (8)| Dy o conditioned on the training set Dy ¢ that integrates over
the prior distributions of B4 and o2 follows a location-scale t-distribution as

Lk (8)|Dio ~ Taay, (L (8),6755(8)), (12)

where [ (8) = b(8)'B; + v @)YV (Lg - PiB,) and s2(0) =1=vi(8)' V. 'vi(8) +he(8) (PLV'Pr) ™ hi (8) with
V() = (Ve(0.01), Ve0.0km)s Vi = (Ve(Brip 0™, o L = (L 05118, L (04 18 "y,
Pi=(b(Bk1).....b(Bkm)) and he(8) = b(8) — P,V 'vi(8).

The posterior distribution L, (8)| Dy o serves as a probabilistic surrogate representation of the objective function

m
it2ip=1"

Lk(6|é(k71)), allowing uncertainty quantification through the GP covariance function and the prior distribution on
o2. In the posterior distribution, L (8) is the estimated conditional mean of L, (@) given the set Dy ¢ of training data.
Its first term, b(e)'[ik, gives the overall trend prediction by the regression basis functions, and its the second term
provides a covariance-based correction, which exactly reproduces the same values of Lk(elé(kq)) at the evaluation
points {8 }7,, while smoothly interpolates in between. Figure 2 evaluates the fitted curve of L (8) in a Lorenz-96
system. The detailed simulation settings are introduced in Section 4.1. From this figure, the fitted curve closely aligned
with the true objective function and the leave one out cross validation errors were small over all simulation repetitions,
demonstrating that the GP model offers a good surrogate for our loss function of 8.

Note that the expression of the estimated conditional mean L, () is the same as that of the universal kriging
or Bayesian optimization based on a Gaussian process with a fixed covariance function [34]. Universal kriging and
Bayesian optimization are widely used in geoscience to develop statistical emulators for physical model operators. See,
for example [23] and [31]. However, our posterior variance is different due to adding a prior on the error variance o2
in (11). This results in a ¢-distribution which has a larger variance than the normal distributed posterior in the universal
kriging and Bayesian optimization. A larger posterior variance helps for faster exploring outside the training points
{6¢,i} 7, in the optimization procedure introduced in the following.

Using the posterior distribution L, (8)| Dy in (12), we now introduce an iterative procedure to minimize the
objective function Lk(elé(k_1>). Let Ly min = min{Lk(eleé(k_U) :i=1,...,m}. Based on the current training set
Dy0, we aim to find a new evaluation point of 8 that balances the exploitation and exploration. Here, exploitation
means finding the minimum value of the current fitted curve L (8), and exploration means finding the value of 8
outside Dy o where the fitted curve is most uncertain, namely, the locations with large posterior variances. This can
be achieved by maximizing the expected improvement function, defined as

HE'O(G) = [Ezk(g)\z)k,o{Lk,min - Zk (3) }+,

where {x}; = max{x, 0} is the positive truncation function. The improvement function {L mi, — L (8)}+ measures
the potential gain at 8 if L (8) is smaller than the current minimum value L min in the set Dy . Based on the result

in (12), the HEI updating function can be calculated as

1 (6)
G5 (0)

HEIo(6) = 14 (8) s, ( (13)

)+Vk55k(9)¢2(ak,1-1)( 6 )

VG sk (0)
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95% CI — Posteriormean ¢ Training data - -* True objective function

70- 6.00%-
s
T 65 )
3 = 4.00%
2 o
8 &
o ] )
% 90 iz

2.00%-
557 T
4 6 8 10 12
forcing 6

FIGURE 2 Fitted curve (left) of the loss function for the Lorenz-96 system with T = 1000, p = 50 and g = 40, where the
parameter of interest is the forcing 6 of this system and its true value is 87 = 8. For demonstration of the Gaussian process
fitting, only one segment of data assimilation is considered (K = 1). The objective function (red dots) L (6¢ | 9/(:0)) is derived using
the standard ensemble Kalman filter with ensemble size n = 50 and initial value 9}__0> = 11. The posterior mean (black line) L (6)
is computed under the model in (10) using the training data (blue points) with size m = 20, where the design points {61}, are
uniformly selected from (4, 12). The shaded area represents the 95% credible interval. The boxplot (right) shows the distribution
of the relative RMSE (RMSE normalized by the true values of objective function) based on 200 replications.

where Iy (8) = Ly min — L (8), vi = {@x1/ (&1 — 1)}/, and ®,(-) and ¢, (-) represent the cumulative distribution
function and the probability density function of a ¢-distribution with degree of freedom a, respectively. The hyperpa-
rameters 7, a1 and a7 in the model (10)-(11) can be estimated empirically, and their estimates are plugged-in to
evaluate the HEI function HEly(8).

Given the expression of HElp(8) in (13), we obtain the next evaluation point 8y .1 by maximizing HEly(8),
namely,

0t m+1 = argmax HEly(8). (14)
0cO

The training set is then updated as Dy 1 = Dy o U{(Ok m+1. Lk Ok m+1 |9(k71))}. Based on this updated training dataset
D1, we compute a new fitted curve and the posterior distribution L (8)| Dx.1 as (12). Then, we evaluate the HEI
function HEI (8) = [Eik(o)\Dk,1 {Lgmin — Lk (8)}+ as (13) and calculate its maximum to obtain the subsequent eval-
uation point 6 n+2. This iterative HEI procedure continues until the number of iterations reaches a prespecified
threshold smax, which produces a sequence of evaluation points {8 ; : i = 1,..., m+ smax} for the objective function

in the k-th segment. The estimate 9(k) in (8) is computed as

o - argmin Le018% "), (15)

0e{B j1i=1.....m+smax}
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which is the minimum value of the objective function in the set of evaluation points selected by the HEI procedure.

Remark The HEIl algorithm is a computationally efficient global optimization method in machine learning which avoids
intensive computation of the derivatives of the model operator M;(-,8). The HEI function in (13) is a combination of
two parts, where the first part L min — L« (8) reaches the maximum at the minimum value of the fitted curve L, (8),
and the second part is determined by the posterior standard deviation &s,(8), which penalizes the fitted value by
its uncertainty quantification. Specifically, in the expression of s, (8), a large value of h;(8) implies deviation of 8
from the training data, which leads to a large posterior variance. This means that s, () could be large for the points
that are far away from the training data, as demonstrated in Figure 2. Therefore, searching a new evaluation point by
maximizing the HEI function in (14) intrinsically considers an exploitation-exploration trade-off: minimizing the fitted
curve based on the training data while exploring the regions outside the training set with large prediction uncertainty.
The posterior distribution of L (8) integrates over the prior uncertainty of o2 in (11), resulting a heavier-tailed ¢-
distribution rather than the normal distribution used in universal kriging. This heavier tail allows HEI to put more
weight on exploration, so that it may find the global optimizer using fewer steps than Bayesian optimization.

3.3 | Sequential algorithm for parameter estimation

Based on the sequential objective function introduced in Section 3.1 and the HEI algorithm in Section 3.2, we pro-
pose an efficient sequential machine learning framework for joint data assimilation and parameter estimation under
the models in (1) and (2). The time domain is divided into K segments {77<}f=1, and the parameter estimation is per-
formed once per segment based on the accumulated observations therein. This strategy retains the adaptivity of the
augmented EnKF which updates the parameter at every assimilation step, while also enjoying the statistical properties
of minimizing a global loss function across the entire domain of data assimilation. Given the observations Y4,...,Y 1
and the initial condition X and the covariance X of the background field, we develop the following algorithm for

data assimilation with parameter estimation.

e 1. (Initialization at ¢t = 0) Give the initial condition X and the background error covariance X, generate n
ensemble members {Xp 1, ..., Xo,»} from the distribution N (X0, Zo) of the background field; give an initial value
0© of @.

e 2. (Initial EnKF with 9(1(7”) In the k-th time segment, carry forward the analysis ensemble at the end of 7;x_; as
the initial state and fix the parameter até(kq). Run EnKF over t € 7; using the physical model Mt(~,9(k71)) and

(9(1(71))}, then calculate their sample covariance if(é(kq)). Using
t

obtain the initial forecast ensembles {XfJ.
ﬁf(é(k_” ), compute the weighting matrix W; (é(k_”) and Kalman gain K; (é(k_”) as introduced in Section 3.1.
e 3. (Loss function in 7¢) With {W;(0%*~D)} and {K; (0~} held fixed for t € 7%, we evaluate the forecast and
analysis ensembles for a candidate value 8 over 7 and construct the objective function L (8 | -1)) defined
in (7). Generate m design points 8y 1, . .., 8 m uniformly sampled from © by the space-filling design (Chapter 5 of
[35]). Obtain m evaluations of Lk(6|9(k_”

e 4. (HEI optimization) Minimize the objective function L, (6 | §*~1)) and obtain an update ék via the HEI algo-

) at the design points 8¢ 1,...,0k m.

rithm as follows:
i) construct the HEI updating funcition HEI(8) by (13);
ii) perform smax iterations of HEI, yielding smax new evaluation points {84 m+1, - - ., 0k m+smax } -
iii) obtain the updated parameter é(k) from all evaluation points, including the initial m design points, by (15).
e 5. (EnKF with 9(k)) Based on the updated parameter @(k>, compute the updated forecast states Xf’j (9(k)) and
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analysis states X;”j(é(k) o) forj=1,...,n.
e 6. lterate Steps 2-5 for all the time segments 71, ... ., 7k.

Figure 3 presents a flowchart to illustrate this sequential data assimilation algorithm with parameter estimation by
Bayesian optimization. Due to the rapid convergence of the hierarchical Bayesian optimization algorithm, the overall

computational cost can be kept low.

Initial parameter

6, and perturbed

initial conditions
¥o;}i=1

Initial EnKF with
previous parameter

g(k—1)

PR LT T e e T e PP PP PP ETERTETETEY

Generate
f o Alk—
Xt,j (B (k 1])

Compute
£1(6%-1)

Compute
L(6%D), R.(§%)

Bayesian
Optimization

Yes

FIGURE 3 Flowchart illustrating the sequential machine learning algorithm for data assimilation and parameter estimation

by the hierarchical Bayesian optimization.
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3.4 | Theoretical properties

In this subsection, we investigate the theoretical properties of the proposed estimator, which establishes its consis-
tency, asymptotic normality, and efficiency under suitable regularity conditions. The proofs of all theorems can be
found in the SM.

Theorem 2 Under Assumptions S1'-S3’ and A1-A5 in the SM, é(k) converges to 8* in probability for k = 1,...,K as

n, L — oo.

Theorem 2 establishes the consistency of the proposed estimator of 8* in each segment. Recall that (0, %)
denotes the multivariate normal distribution with zero mean and covariance X. The following theorem shows the
asymptotic normality of 8’

Theorem 3 Under Assumptions S1-S3" and A1-A8 in the SM, \/Z(@U) — 68") converges to Ny (0, U1‘1 Uo1 U;‘) in distri-
bution, and for k = 2,...,K, \/Z(é(k) —0) converges to N (0, Uk“) in distribution, as n, L — oo, where

L
Uor = lim — Z E{Eens{w*)} Hi (HeEL (0O )Hy + Re) ™ (HeZ[H{ + Re) (H 2] (00 H{ + Re) ™! HttEenswe*)}}

L—oo L

and

.1
Ug= Jim = > E{{Eense(07)} H{W, He{Eens Je(0)}} k= 1..... K
teTy

with J; (6%) = %M,(x'g_u,e*)

Theorem 3 derives the asymptotic variance of the proposed estimator 9(k) in the k-th segment and shows its
asymptotic normality property. From this theorem, the convergence rate of 9(k) is at the order L~'/2, meaning a
larger L (longer segment) leads to a more accurate estimate of 8*. However, this would increase the computation

burden in that segment. The (1 — a) x 100% confidence interval of the ¢-th component of 8 can be constructed as

fore=1,...,d, where

Rl 2\ v k), [0 9 ()
uk-ngnw—Z{;Za— Xi 1, )}Htwe >Hf{;Za—Mt<Xt 10 >}

teTy

is an estimator of U, 35 9 M (X2 k)) can be obtained by numerical differentiation, (0/:1 )ee denotes the ¢-th

1
diagonal element of the mversetmajtrlx of U, and Zi_q/2 refers to the (1 — a/2) quantile of the standard normal
distribution.

To demonstrate the advantage of the proposed estimator é(k) using a weighted loss function in (7) over the non-
linear least squares estimator 9,(\,kL)s in (9) without weighting, we compare their asymptotic variances and theoretically

show the proposed estimator is statistically more efficient.
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14 Sequential machine learning for data assimilation with parameter estimation via HEI by Sun et al.

Theorem 4 Under the same Assumptions as Theorem 3, we have VL (9&)5 —6") converges to Ny (0, Uk‘ 0ok Uk‘ Y in distri-
bution, where the expressions of Uy and Uy are given in formulae (S3) and (S5) in the SM. Furthermore, U 0o O - U
is positive semidefinite for k = 2,...,K as n, L — oo.

Since L7k‘1 Ok 0;1 - Uk‘1 is positive semidefinite, the variances of the proposed estimator are smaller than those
of the NLS estimator as the ensemble size n and the length L of each segment grow large. This demonstrates that the
proposed method yields more precise parameter estimates with smaller asymptotic variance.

Remark Both the proposed estimator and the NLS estimator are constructed from the forecast ensembles. In contrast,
one may also consider an alternative estimator

8, = argmin 3" ||y, - H.X{ (016" "

6co teTx

)2 (16)

based on the analysis ensembles, as the mean of the analysis ensembles is generally closer to the true state than that
of the forecast ensembles. However, our theoretical analysis in the SM shows that @gk) is not necessarily superior to
9,(\,kL)S In fact, the estimator 92/() can in fact be viewed as a special case of the weighted loss framework, where the
weighting matrix is specified as W; = (I - Kt(é(kq))Ht)'(Iq - R (@(kq))Ht). In the SM, we have shown that the
proposed estimator 9(k) is optimal within the class of estimators that minimize a weighted loss as (7). This means that

the proposed estimator also has higher precision than Af,“.

4 | NUMERICAL STUDIES

To evaluate the performance of the proposed method, we conducted a series of numerical experiments using the
Lorenz’96 model and the two-dimensional shallow water equations. All simulations were implemented in R and were
based on 50 repeated runs. The proposed sequential data assimilation method (Seq_HEI) was compared against
five existing approaches: the standard EnKF, EnKF with inflation (EnKF_infla), augmented assimilation (Aug), aug-
mented assimilation with inflation (Aug_infla), and the standard EnKF using the NLS method for parameter estimation
(EnKF_NLS) without sequential data assimilation and updating, as proposed in [23].

4.1 | Simulations on Lorenz'96 model

We considered the Lorenz'96 model [36], a widely used nonlinear dynamical system that has been extensively studied
in the context of data assimilation. Let the true state variable at time t be denoted by X = (X, ..., X,)’, which evolved
according to the following equation:

dx;
dt

= (Xivt = Xi—2) Xic1 = Xi+0f, i=1,...,p, (17)

where X_1 = Xp_1, X_2 = Xp_2 and 67 = 8 was the true parameter. We solved the equation (17) by the fourth-order
Runge-Kutta time integration scheme with a time step of 0.05 non-dimensional time unit. We set the initial state
Xo = (Xo1, ..., Xop)’ with the j-th element Xo; = 6% for i # [ p/2], Xo; = 67 +0.001 fori = |p/2],i =1,...,p,and the
initial parameter 9,(__0) = 11. Recall that Q = (Qj;,/,) and R = (R,

error covariance in (1), respectively. We set Q;,;, = o1 x 0.31~%2l and R

) are the the model error covariance and observation
iy = 02 X 0.111 =%l for i, ip =1,...,p. We
considered two settings for the simulation experiment. In the first setting, we fixed o1 = 0.1 and let o, = 0.2,0.4,0.8.
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In the second setting, we fixed o, = 0.2 and allowed o to take values of 0.2, 0.4, and 0.8.

For all methods, we set T = 2000, p = 200,400, g = 0.8p, and the ensemble size n = 30, 60. For the proposed
method, we divided the time period {1,...,T} into K = 20 segments. For the standard EnKF and EnKF_infla that
don’t involve parameter estimation, the initial value G(FO) = 11 was set to obtain their prediction states. To compare
the performance between different methods, we used the average RMSE over spatial locations for the differences
between the observations and the analysis states, that is,

RMSE, = J 1
q

To carry out the proposed sequential algorithm introduced in Section 3.3 based on Lorenz'96 model, we used orthog-

1 n R e 2
Yt——ZH,Xf.(e(k)\e(k ”)H, for te Tp, k=1,....K. (18)
n & J
=

onal polynomial basis functions to fit the loss function under model (10), and the polynomial order was determined
according to the Bayesian Information Criterion rule. Due to space limits, some of the simulation results were provided
in the SM.

Figure 4 together with Figures S1-S2 in the SM report the RMSEs under observation variances o, = 0.2,0.4,0.8,
respectively. From those figures, Seq_HEI consistently achieved the lowest RMSE. At o, = 0.2 with n = 30, its RMSE
remained below 1.5, while standard EnKF and EnKF_infla exceeded 2.5. Increasing n to 60 reduced Seq_HEI's RMSE to
around 1.0, whereas other methods improved only marginally. As o, grew, all methods’ errors increased, yet Seq_HEI
retained its lead, especially at small ensemble sizes, demonstrating superior performance under limited ensembles.

Figure 5 and Figures S3-5S4 in the SM report the RMSEs under model variance oy = 0.2,0.4, 0.8, respectively. At
o1 = 0.2 and n = 30, Seq_HEI stabilized around 2.0, outperforming EnKF_NLS (2.5 to 3.0), Aug (around 3.0), Aug_infla
(2.5 to 3.0), standard EnKF and EnKF_infla (both around 3.5). When n increased to 60, its RMSE fell to around 1.5
while others remained above 2.5. Although all methods’ RMSEs rose with the increase of the model variance o,
Seq_HEI consistently yielded the most accurate data assimilation results.

We also summarize the mean and standard deviation of the RMSEs for the analysis state over simulation rep-
etitions in Tables 1 and 2, which also demonstrated that Seq_HEI consistently attained the lowest RMSE with the
smallest variability, and its advantage became more pronounced as p grew. Table 3 presents the average and standard
deviation of the estimates of 67 by four methods, the proposed Seq_HEI, EnKF_NLS, Aug and Aug_infla, over simu-
lation repetitions. For the proposed method, we reported the estimate §(X) from the last segment 7x. Consistent
with previous results, Seq_HEI provided the most accurate and stable estimates as shown in Table 3. These results

confirmed that our method provided both superior data assimilation accuracy and reliable parameter estimation.

4.2 | Simulations on shallow water equations

The shallow water equations (SWE) are simplified PDEs for a thin fluid layer (e.g., oceans, rivers, lakes) where horizontal
scales greatly exceed the vertical depth, so vertical accelerations are negligible relative to horizontal accelerations. In

atmospheric and oceanic studies, SWE are also widely used to assess the performance of data assimilation methods
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TABLE 1 The average (standard derivation) of RMSEs of the data assimilation results by six different methods, Seq_HEI
(proposed), EnKF_NLS, EnKF, EnKF_infla, Aug, Aug_infla, for the the Lorenz'96 model with p = 200,400,q = 160,320 and T =
2000, n = 30.

n=30,p =200, g =160

Method o =0.1 o, =0.2

O = 0.2 0o = 0.4 oy = 0.8 o1 = 0.2 o1 = 0.4 o1 = 0.8
EnKF 2.84(0.170)  2.99(0.231)  3.30(0.250) 2.68(0.203) 2.83(0.278)  3.27(0.282)
EnKF_infla 2.80(0.215) 2.97(0.232) 3.27(0.218) 2.64(0.203) 2.84(0.260) 3.26(0.223)
Seq_HEI 1.71(0.160) 1.84(0.151) 1.99(0.133) 1.71(0.182)  2.05(0.186) 2.02(0.174)
EnKF_NLS 2.22(0.215) 2.43(0.142) 2.52(0.215) 2.11(0.209) 2.38(0.203) 2.72(0.342)
Aug 2.43(0.521) 2.50(0.384) 2.69(0.447) 2.45(0.474) 2.52(0.385) 3.32(0.705)
Aug_infla 2.23(0.377) 2.47(0.279) 2.65(0.358) 2.20(0.444) 2.51(0.336) 2.82(0.543)

n =30,p =400, g = 320

Method o1 =0.1 oy =0.2

oy, =0.2 o, =04 o, =0.8 o1 =0.2 o1 =04 o; =0.8
EnKF 3.69(0.126) 3.87(0.139) 4.06(0.163) 3.63(0.168) 3.69(0.189) 3.74(0.207)
EnKF_infla 3.68(0.118)  3.83(0.093) 4.01(0.143) 3.62(0.189) 3.60(0.148)  3.68(0.182)
Seq_HEI 1.94(0.089) 2.05(0.111)  2.24(0.120) 2.01(0.116) 2.05(0.116) 2.21(0.116)
EnKF_NLS 2.65(0.352)  2.69(0.449) 2.97(0.350) 2.59(0.394)  2.60(0.344)  2.79(0.307)
Aug 2.84(1.224) 3.13(0.871) 2.89(0.487) 2.93(0.700)  2.96(0.660)  3.21(0.643)
Aug_infla 2.51(0.442) 2.73(0.545) 2.88(0.361) 2.62(0.659) 2.83(0.664) 3.02(0.444)

TABLE 2 The average (standard derivation) of RMSEs of the data assimilation results by six different methods, Seq_HEIl
(proposed), EnKF_NLS, EnKF, EnKF_infla, Aug, Aug_infla, for the the Lorenz’96 model with p = 200,400, g = 160,320 and T =
2000, n = 60.

n=60,p =200, g =160

Method o1 =0.1 op=0.2
oy =0.2 oy =04 oy =0.8 o1 =0.2 o1 =04 o1 =0.8
EnKF 1.72(0.280) 2.18(0.252) 2.65(0.396) @ 1.58(0.193) 1.82(0.247) 1.98(0.240)

0.253) 2.62(0.425) 1.57(0.218) 1.71(0.224) 1.98(0.237)
0.076) 1.22(0.143) 0.85(0.094) 1.08(0.124) 1.36(0.146)

( ( (
EnKF_infla = 1.68(0.226) 2.17 ( (
( ( (

0.169) 1.97(0.391) 1.21(0.418) 1.48(0.175) 1.78(0.224)
( (
( (

Seq_HEI 0.68(0.069) 0.87
EnKF_NLS  1.08(0.181) 1.37
Aug 1.16(0.259) 1.51
Aug_infla 1.16(0.242) 1.54

0.318) 1.94(0.375) 1.53(0.442) 1.60(0.165) 1.90(0.310)
0.308) 1.95(0.315) 1.32(0.132) 1.60(0.094) 1.89(0.306)

o= e = g -] g

n =60, p = 400, g = 320

Method o; =0.1 op =0.2
oy =0.2 op =04 oy =0.8 o1 =0.2 o1 =04 o1 =0.8

EnKF 2.76(0.122) 2.92(0.186) 3.26(0.199) 3.16(0.246) 3.27(0.215) 3.50(0.241)
EnKF_infla = 2.74(0.140) 2.91(0.161) 3.19(0.164) @ 3.13(0.249) 3.24(0.213) 3.34(0.129)
Seq_HEI 1.64(0.096) 1.75(0.097) 1.98(0.123) 1.76(0.185) 1.97(0.162) 2.32(0.172)
EnKF_NLS = 2.10(0.178) 2.19(0.152) 2.50(0.141) 2.65(0.165) 2.80(0.232) 2.96(0.223)
Aug 2.27(0.416) 2.45(0.266) 2.57(0.292) 3.08(0.715) 3.12(0.546) 3.28(0.800)
Aug_infla 2.24(0.372) 2.29(0.198) 2.52(0.185) 2.96(0.476) 3.11(0.529) 3.27(0.458)
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FIGURE 5 RMSE of the data assimilation results by six different methods, Seq_HEI (proposed), EnKF_NLS, EnKF, EnKF_infla,
Aug, Aug_infla, for the the Lorenz'96 model with (p, g, T) = (400,320, 2000) and (o7, 07) = (0.2,0.2).
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TABLE 3 The average (standard derivation) of estimated values of the unknown parameter in the Lorenz'96 model by four
different methods, Seq_HEI (proposed), EnKF_NLS, Aug, Aug_infla, with n = 60, p = 200, 400, g = 160, 320 and o4, o, = 0.2,0.4,0.8.

n =60, p = 200, g = 160

Method o1 =0.1 oy =0.2
oy =0.2 oy =04 op; =0.8 o1 =0.2 o1 =04 o1 =0.8
Seq_HEI 8.00(0.039) 8.00(0.048) 7.97(0.043) 8.00(0.045) 8.04(0.054) 8.05(0.303)
EnKF_NLS = 7.90(0.193) 7.91(0.172) 7.88(0.243) 7.87(0.216) 7.88(0.128) 7.82(0.399)
Aug 8.11(1.744) 8.04(1.692) 7.66(1.778) 8.95(3.549) 6.99(1.673) 7.79(4.031)
Aug_infla 7.85(1.353) 8.06(1.692) 7.23(1.926) 7.62(2.028) 5.95(4.109) 7.45(3.897)
n =60, p =400, g = 320

Method o1 =0.1 oy =0.2

oy =0.2 op =04 op =0.8 o1 =0.2 o1 =04 o1 =0.8
Seq_HEI 7.72(0.454) 7.69(0.406) 7.53(0.216) 8.03(0.354) 7.95(0.224) 7.95(0.065)
EnKF_NLS = 7.69(0.620) 7.10(1.304) 6.59(0.215) @ 7.76(0.442) 7.65(0.526) 7.48(0.674)
Aug 7.71(2.578) 6.99(1.376) 6.82(1.432) 7.41(4.579) 8.21(4.454) 9.18(3.332)
Aug_infla 7.37(2.221) 8.66(1.502) 8.75(1.312) 8.59(4.877) 8.35(4.641) 9.15(5.034)

[25, 37, 38]. Referring to [25], the continuous fields u(z;, z, t), v(z1, z2, t) and h(zy, z2, t) satisfy

du du du oh 2
tu—+v——fv=—g—+kV
ot Yoz TV oz VT T8, o
ov ov ov oh
—HtU—+V—+fUu=—g— +kV?
ot Yoz TV ez YT T8, v

dh  o(uh) A(vh)

+ + =k V2h,
ot 0z1 0zy

where u, v and h are simplified notations for u(zy, z,t), v(z1, 22, t) and h(zy, zp, t), respectively, z; € [0,L], z; €
[0,D],g =9.8ms~2, k = 56, x10* m2 s~ is the diffusion coefficient, and f = 8,x10~* s~ is the Coriolis parameter. We
uniformly discretized [0, L] X [0, D] to a p; x p; grid. Letus = {u(z1, z2,t) }, ve = {v(z1, 22, t)} and hy = {h(z1, 22, t)}
be the grid-stacked vectors of state variables. We applied the proposed method to estimate the parameters 8 =
(61,6,)" in the Coriolis and diffusion coefficients, and recovery the true state vector X; = (u}, v}, h})’. Note that the
dimension of X is p = 35, where g = p1ps.

We set L = 500km and D = 300km, took the true parameter 8 = (67,65)" = (1,1)’, and set the observation
dimension to § = 0.2 5. For the proposed method, we divided the time period {1,..., T} into K = 12 segments. The

observation error covariance was taken constant over time as
_ : 2 2 2
R;=R= dlag(O'qu, O'VIq, O'hIq),

where 62 = 62 = 0.5 and o7 = 1.0. The initial condition Xo = (u{. v{. h})’ was specified as follows. First, the initial
height (depth) field was prescribed by

B 9(D/2 - zy) 2(9(DJ2 - z3)\ . (2nz
h(z1,27) = Ho + Hy tanh(izD )+H2 sech (7D )sm( i )

with Hy = 50m, H; = 5.5m, and H, = 3.325m. Then, the initial velocity fields (ug, vo) were then obtained from hg
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using the geostrophic balance. We integrated the SWE for 24.5 hours using 30-second time steps, for a total of 2940
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FIGURE 6 RMSE of the data assimilation results by six different methods, Seq_HEI (proposed), EnKF_NLS, EnKF, EnKF_infla,
Aug, and Aug_infla, for the shallow water model with (T, n) = (3000, 25).

steps, after a 60-step spin-up. Observations were assimilated every 60 steps (i.e., every 30 minutes). The initial value
of @ was set as 8(9) = (0.8,0.8)’. For the standard EnKF and EnKF _infla that don’t involve parameter estimation, we
used this initial value to run the SWE.

Figure 6 reports the data assimilation RMSEs between the true state and analysis state by the proposed method
(Seq_HEI) and five existing methods considered in Section 4.1 under two settings of model dimensions (p, g). In both
settings, the proposed method Seq_HEI achieved the lowest RMSE around 0.4, demonstrating its estimation accuracy
and robustness to the increase of dimensions. The EnKF_NLS method performed slightly worse, but still outperformed
the other methods. The augmented data assimilation approaches, Aug and Aug_infla, showed moderate performance,
achieving lower RMSE than the standard EnKF and EnKF_infla, which suffered from large initial spikes due to the
misspecification of 8.

Overall, the results from both simulation studies confirm that the proposed method can achieve better data as-
similation accuracy by a sequentially updated estimation of the model parameters. The improvement is particularly
evident when compared to traditional EnKF methods and their inflation-based variants that don’t consider model
calibration or parameter estimation.

5 | CONCLUSION AND DISCUSSION

The unknown parameter in state-space models can introduce significant bias that even advanced data assimilation
techniques cannot fully correct. Existing methods for parameter estimation often break down under strong non-
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linearity, high dimensionality, or large error variances, and they incur heavy computational costs. To address these
challenges, this paper proposes a sequential machine learning algorithm that couples the ensemble Kalman filter with
hierarchical Bayesian optimization. This method not only provides effective sequential estimates of the parameters
but also achieves an efficient “estimating-while-assimilating” computational paradigm. The asymptotic properties in-
cluding the consistency and the asymptotic normality of the proposed estimator have been established in this paper.
Numerical experiments on the Lorenz-96 and the shallow water models demonstrate the accuracy and efficiency of
the proposed method in high-dimensional settings with large variance in both observation and model errors.

Since this paper focuses primarily on parameter estimation, it overlooks certain data assimilation techniques, for
example, the localization methods in high-dimensional data assimilation. In atmospheric or oceanic data assimilation,
the dimension of state variables can be much higher than the time step and the ensemble size. In such cases, local-
ization can be incorporated into our sequential data assimilation procedure to improve the accuracy of forecast error
covariance estimation. The loss function in (7) and parameter estimation by the proposed HEI algorithm can be simi-
larly constructed with localized data assimilation methods. Our study also assumes that the forecast error is unbiased
conditional on the historical observations (Assumption S2). If the data assimilation and prediction results are biased,
a debiasing step [4] is necessary before constructing the loss function for parameter estimation. We will leave those

two extensions of the proposed method in future works.
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