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Abstract

Motivated by evaluating the effects of air pollution alerts on air quality, we propose the dynamic synthetic
control method for micro-level data with time-varying confounders and spatial dependence under an auto-
regressive model setting. We employ the empirical likelihood to define the synthetic control weights,
which ensures a unique solution and permits theoretical analysis. The dynamic matching increases the
feasibility of matching and enables us to assess the unconfoundedness assumption using pre-
treatment data. For statistical inference, we develop a normalised placebo test to address the
asymmetry issue. The method is illustrated and evaluated on numerical simulations and a case study on
air pollution alerts.
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1 Introduction

We consider evaluating the treatment effects caused by a policy intervention on a target group in
the spatial and temporal panel data setting. In the absence of random assignment, simple compar-
isons of the treatment and control groups cannot demonstrate the causal link between the treat-
ment intervention and the observed outcomes due to the unbalanced distributions of
confounding variables. One common strategy is to match each of the treated units with a set of
control units that share similar characteristics on the confounding variables (Rubin, 2006;
Stuart, 2010). However, in the panel data setting with time-varying observations, it is difficult
to find a control unit that matches the whole trajectory of the confounding variables. The synthetic
control (SC) method, proposed by Abadie and Gardeazabal (2003) and further developed in
Abadie et al. (2010), offered an approach to tackle this issue by creating SCs that provide a better
comparison in the application setting with a single treated unit. Currie et al. (2020) conducted a
comprehensive review on the SC-related papers published in the National Bureau of Economic
Research papers and the top-five economic journals, and found a rapid growth in the use of the
SC method since 2010. The SC method had been regarded as one of the most important innova-
tions in the policy evaluation studies and has been widely applied since its inception (Athey &
Imbens, 2017). Similar idea of adaptive weighting is also adopted in the literature of statistical in-
ference on adaptively collected data (Deshpande et al., 2018; Hadad et al., 2021; Zhan et al.,
2021; Zhangetal.,2021), where the weights are designed to account for the variance part for valid
inference.

The SC method uses the outcomes and covariates in the pre-treatment period to construct a vec-
tor of weights such that the weighted averages of the control units match both the trajectory of
pre-treatment outcomes and the covariates of the treated unit. Then, the counterfactual outcomes
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2 Zheng and Chen

of the treated unit in the post-treatment periods are estimated by weighted averages of the out-
comes in the control group. Abadie et al. (2010) proves that the SC estimator of the causal effect
is asymptotically unbiased given that the length of pre-treatment periods Ty goes to infinity and the
matching equations can be attained. Arkhangelsky et al. (2019) proposed a synthetic difference in
difference (SDID) method that combined the SC and the difference in difference method to offer
the double-robustness in the same factor model context as the SC, which also contained aspects
useful for further theoretical analysis of the SC method.

As the SC approach is not applicable for the settings with time-varying confounders, we extend
the SC to dynamic panel data setting as encountered in the air pollution alert study. We develop a
dynamic synthetic control (DSC) approach which constructs dynamic weights to match the level of
time-varying confounders via the empirical likelihood (EL).

The dynamic property of the weights makes it easier to find an exact match as the matching con-
ditions do not involve the whole pre-treatment periods. We prove that under a lenient assumption,
the exact match can be attained with probability approaching one.

The proposed DSC method facilitates consistent estimation of the average treatment effect on
the treated (ATT) in situations with micro-level data including multiple treated units and time-
varying covariates. We propose to construct a series of time-varying weights by maximising the
EL (Chen & Van Keilegom, 2009; Owen, 1988; Qin & Lawless, 1994) of the weighted distribu-
tion, under the constraints that match the current state of the time-varying confounders and the
lagged values of the potential outcomes under control. This is also the first work that provides
the asymptotic orders of w?, for spatially weakly dependent data and under both cases with and
without confounding bias, while the SC method used the simple range 0 < w}, <1 for deriving
an upper bound of the expected bias in the error of the estimated treatment effect for independent
data. The use of the EL ensures that the solution of the optimal weights is unique and their order of
the magnitude can be controlled such that the consistency of the treatment effect estimates can be
established. The DSC formulation via the EL is connected to the entropy balancing (EB) method
(Zhao & Percival, 2016), where the weights are obtained by minimising the relative entropy be-
tween the observed and the weighted distributions. If we exchange the positions of the observed
and the weighted distributions in the EB, it would yield the same result as the EL formulation.
The manner of dynamic matching improves over the SC method, as it is generally hard to derive
the SC weights for matching both the pre-treatment outcomes and covariates (Ferman & Pinto,
2016).

The need for the proposed DSC emerges when evaluating the effects of air pollution alerts,
where the confounding variables are time-varying meteorological variables and the air-quality ob-
servations from the monitoring sites are spatially dependent. Air pollution alerts and associated
mandatory emission-reduction measures are interventions by management authorities to tempor-
arily reduce the emission levels under foreseen unfavourable meteorological conditions. Due to the
social and economic costs associated with the alerts, there is an enduring question on the effect-
iveness of these alerts. A common approach for evaluating their effectiveness is based on the air-
quality models, for instance the Comprehensive Air Quality Model with Extensions in conjunction
with Weather Research Forecast model via the scenario analysis (Cheng et al., 2017; Wang et al.,
2018). A limitation of the approach is its reliance on the emission inventory, which are subject to
measurement errors and usually 3—4 years reporting delay. To the best of our knowledge, there is a
lack of studies which examine effects of air pollution alerts based on observational data. Although
motivated by the air-quality alert study, the application scenario for DSC is quite wide, as time-
varying confounders appear in many other fields, for instance in marketing and medical research,
with data collected from wearable devices.

Statistical inference procedures associated with the DSC method are proposed, including
a test for the model specification based on the estimated effects in the pre-treatment
period, and a normalised placebo test to evaluate the significance of the estimated treatment
effects.

In addition to the simulation experiments to validate the theoretical results, we applied the DSC
method to evaluate two air pollution alerts issued in Beijing. The estimated pseudo-treatment ef-
fects in the pre-treatment period supported the unconfoundedness assumption and the model spe-
cification. The hypothesis testing shows that the emission-reduction measure led to significant
pollution reduction about 7-8 h after the start of the alerts.
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The rest of the paper proceeds as follows. Section 2 introduces the DSC method and gives the
theoretical results on the existence of SCs, the order of the EL weights, and the consistency of
the estimation. Section 3 shows how to assess the unconfoundedness assumption using the pre-
treatment data and introduces the normalised placebo test to examine the significance of the esti-
mated treatment effects. Section 4 reports simulation results, while Section 5 demonstrates the
DSC by evaluating the effects of two air pollution alerts in Beijing.

2 DSC method

Suppose that there are N, units from the treatment group and N, units from the control group,
which add up to a total number of N = N, + N, units. The units may be pollution monitoring
sites in the air pollution study. All units are observed for T time periods. Let 7 and C be the
sets of unit indexes in the treatment and the control groups, respectively. Units in 7 are exposed
to a policy intervention after time Ty and subsequently observed for T — Ty time units, which are
called the treated units. Units in C are unaffected by the intervention in the observed time span. Let
Dj; be the treatment indicator so that D;, = 1 if unit i is affected by the intervention at time ¢ and
D;; = 0 otherwise; and D; = D; 1,41 be the unit treatment indicator that denotes if unit 7 is exposed
to the intervention (treatment) after Ty. Let Y;; be the outcome of interest, X;; be the p-dimensional
vectors of covariates.

2.1 Average treatment effects on the treated

Adopting the notion of potential outcomes (Rubin, 1974), let Y;;(0) and Yj(1) be the potential out-
comes which would be observed for unit 7 at time # when D;; = 0 and 1, respectively. The observed
outcome is Y;; = Y;;(D;;) depending on whether unit i is affected by the intervention at time ¢ or not.
We focus on the ATT group at time ¢ over the post-intervention period:

7= E(Y,- (1) = Yi(0)|D; = 1) forte{To+1,, ..., T} (2.1)

Note 7, in definition (2.1) is irrelevant to the unit index i, which implies that we assume the poten-
tial outcomes {Y;(1), Y;;(0)} for the units with D; =1 in the treatment group share an identical
distribution.

The proposed DSC method estimates 7, by the difference between the simple average of the treat-
ment group and a dynamic weighted average of the control group s Iz% =Y icc Wi Yir, where
w}, € o({Yis-1, Xis}i<;). By constructing the weights as dynamic, the DSC extends the setting of
the SC to the case with time-varying confounders while allowing both outcomes Y;; and covariates
X;; to be spatially dependent across units. The DSC method is also the first to employ the EL into
the construction of {w}} and provide theoretical analysis on the asymptotic orders of the SC
weights %, which is crucial to prove the consistency of 7;.

Before introducing the DSC method, we introduce the following common assumptions on the
potential outcomes.

Assumption 1  The consistency assumption: Y;; = D;; Y (1) + (1 — D;#)Y;(0) for 1 <t < T,
1<i<N.

Assumption 2 The unconfoundedness assumption:
E(Yi(0)1Yi-1(0), Xir, Di = 1) = E(Yir(0)Yi-1(0), Xir, D; = 0).

Assumption 3  The confounding variables are unaffected by the intervention such that
Xit = X,t(l) = X,t(O) for 1 <t< T.

Assumption 4 P(D;=1) > 0; P(D; = 11X, Y;,—1(0)) < 1 with probability one.
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4 Zheng and Chen

Assumption 1 ensures that one of the potential outcomes is observed for each unit at each peri-
od, which connects the potential outcomes with the observed outcomes. Under Assumption 1,
E(Y;(1)|D; =1) =E(Y;;|D; = 1) for t > Ty. Therefore, for t > Ty,

o =E(YylD; =1) — E(Ya(0)|D; = 1), (2.2)

where the first term is estimated by the sample average in the treatment group and the second term
E(Y;(0)|D; = 1) will be estimated by the proposed DSC.

It should be noted that the potential outcomes at time ¢ actually rely on the historical path of
treatment indicators before #, Y;;(1) implicitly denotes the potential outcome if unit i has been sub-
ject to the treatment after Ty, and Y;;(0) denotes the potential outcome if unit i has been under con-
trol from the start. In the notations from Robins et al. (2000) and Boruvka et al. (2018), we may
express the potential outcomes as

(0-.. ~--1) and Yy(0)=Y;(0---0,0---0).

—_— —_—

T, =T, T =Ty

In this way, it is clearer why the expectation in Assumption 2 is conditioning on the potential out-

come under control Y;,_1(0), instead of the observed outcome Y;, 1. In our case, since the inter-

vention is only administered after ¢ = Tj) or never in our scenario, we may leave out the past
treatment indicators when expressing the potential outcomes.

Following Imbens and Wooldridge (2009), we call Assumption 2 as the unconfoundedness as-
sumption, which is for the identification of 7, and means that given the same covariates and lagged
outcomes, the conditional expectations of Y;;(0), the potential outcomes under control, are iden-
tical between the treatment and the control groups. Assumption 3 implies that the time-varying
covariates X;; are not affected by the treatment.

Under Assumptions 1-3, the conditional expectation of Y;(0) in the treatment group can be ex-
pressed in terms of the observed data (identifiable),

E(Yi(0)|Xir, Yis-1(0), D; =1) = E(Y;#(0)|Xir, Yi-1(0), D; = 0) = E(Y;[Xiy, Yip—1, D;i =0),

which suggests that z; can be estimable from observed data. Note that since Y;; = Y;;(0) for all units
no matter D; =0 or D; =1 when ¢ < Ty, the validity of Assumption 2 for ¢ < Ty can be assessed
using the pre-treatment data. A test for that purpose is given in Section 3.1. Assumption 4 ensure
that 7; is well defined and for each given value of X;; and Y;;_1(0) and there is always a fraction of
untreated population that can be used as controls.

2.2 Dynamic synthetic controls

To put forward the DSC method, we assume that E(Y;(0)|Y;;-1(0), Xj) is linear as given by the
following dynamic linear model:

Yi(0) =0, + B X +p,Yie1(0) + 24, for 1<i<N, 1<t<T, (2.3)

where J; is a unknown common factor that is time-varying. It is assumed that ¢;; is independent of
{Xit, Yiz—1(0)} with zero mean at each time #. Spatial dependence among the errors {Sit}f\il foreacht
is allowed provided that } ;. E(eirgir) = O(N), where the latter regulates the degree of the
spatial dependence.

For each post-treatment period ¢ > Ty, we aim at constructing a set of SCs that match the coun-
terfactual situation of the treatment group in the absence of treatment to estimate
1,(0) = E(Y:(0)|D = 1), which is the key in estimating z; from equation (2.2). We consider con-
structing the SCs by weighted averages of the outcomes from units in the control group C to
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estimate y,(0), namely

- YWV, 24
ieC
where w; = (w7, ..., wy_ ) is a vector of non-negative weights summing to 1. The weights deter-

mine the contribution of the control units at time # in the DSC estimates ,(0).
According to Model (2.3), the weighted average

D wiYie=Y widi+ Y wiXu+p, Y wiYie1(0)+ ) when. (2.5)

ieC ieC ieC ieC ieC

At the same time, we note the following natural but infeasible estimator 1,(0) of z,(0),

0) = Z lt(O)_5t+ﬂtZNlt Z z;\i Z;Izi . (2.6)

ieT tr ieT

lad!

71,(0) =:

Despite being infeasible as Y;;(0) are unobserved in the treatment units for ¢ > Ty, 1,(0) motivates
two matching conditions (2.8) and (2.9) for the synthetic weights w}.

We use the EL method (Chen & Van Keilegom, 2009; Owen, 1988; Qin & Lawless, 1994) to
construct the synthetic weights {w n}l » which can be regarded as a non-parametric distribution on
the control group that put probability mass w7, on unit 7 at time point ¢, and [ [, 2}, is the EL. We
would like to maximise the likelihood under the structural constraints in equations (2.8) and (2.9).

Notably, the use of the EL is crucial as it leads to a unique solution of the weights which facil-
itates analyses of the asymptotic properties of w?.

Specifically, the EL SC weights w; = (w},, ..., wy_,) are defined as

=argmax 1_[ Wity (2.7)

wEW; ieC

where W, = {w;: ZL wi =1, w; > 0, and satisfy the following equations (2.8) and (2.9)},

> wiXy = Z N (2.8)

ieC jeT
> Yji-1/Ne, ift<To+1; (2.9a)
ZwitYi,t—l - ,
~ a0 = S i if > To 1. (2.9b)
1€

Then, the treatment effect 7; is estimated by

7= Z’% ZNH s — Zw;;yﬁ, t>T,. (2.10)
j€T ieC

The structural constraints (2.8) and (2.9) match terms in equation (2.5) with the corresponding
terms in equation (2.6). In particular, equation (2.8) offers matching on the covariates between
the treatment and the control groups based on the second term of Model (2.3), while equations
(2.9a) and (2.9b) match the lagged values of the potential outcomes Y;,_1(0) before and after the
time point Ty + 1. The dynamic matching in equations (2.9a) and (2.9b) requires some explanations.
We expect to find weights {1} such that Y, w7 Y;,—1(0) in (2.5) matches >, Y;;-1(0)/N¢ in
equation (2.6). When ¢ < T + 1,as Yi;—1 = Y;;-1(0) for i € T, the observed lagged outcome is un-
affected by the intervention, the matching is readily equation (2.9a). For ¢ > Ty + 1, as Y;;_1(0) is
unobserved for units in the treatment group 7', we replace Y, Yi;—1(0)/N by 7i,_1(0), the SC es-
timate for u,_;(0) in the last time point, leading to equation (2.9b). While equation (2.3) specifies an
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6 Zheng and Chen

AR-1 model, an extension to AR—k model can be made, which requires replace the lag—1 matching
constraint in equation (2.9) to the lag—k version by requiring 7z, _;(0) =} cowi,; Yis—j for 1 <j < k;
see Section 1.5 of the online supplementary material for details.

The matching as rendered in equations (2.9a) and (2.9b) are critical in making the dynamic syn-
thetic control estimates 7,(0) in (2.4) consistent to 7,(0). To appreciate this, let #,=
Y iec Wheit = D et N%s,'t, and p! =[[_s,, pi for s <t. When ¢ < T + 1, according to the structural
constraints (2.8) and (2.9a), 11,(0) — 11,(0) = 5,. As for ¢ > T + 1, there is an accumulation of error
terms as we replaced 7i,_,(0) with z,_;(0) in equation (2.9b), which leads to a recursive formula
,(0) = 2,(0) = n, + p,(it,_1 (0) = 17,_1 (0)). Therefore, we have

N> ift<To+1;
~ ~ o -1
14:(0) = 1,(0) = n,+ Z pln, ift>To+ 1. (2.11)
s=To+1

Under certain mild assumptions, the order of {w}} can be controlled and equation (2.11) is sto-
chastically small as will be shown in Theorem 1.

2.3 Comparison with SC method

The proposed DSC method is motivated by the SC method in Abadie et al. (2010) and the setting of
the air pollution alert study. It differs from the SC method in several aspects. First, the vector of
weights w} is time-varying and is defined for each time point to accommodate time-varying con-
founding variables. This is different from the SC method as the SC weights are constant in time due
to the time-invariant nature of the confounders. Abadie et al. (2010) considered the following fac-
tor model:

Yir(0) =6, + B, Xi + 2:&; + i (2.12)
where 4; and ¢&; are unobserved factors. The weights used in constructing the counterfactual aver-

age are obtained by matching (p + Ty)-dimensional equations for the time-invariant covariates
and the whole trajectory of Ty pre-treatment outcomes:

waX,:Z% and Zw}kY,-,tzz;\/{’t fort=1, ..., Tp. (2.13)
tr

ieC €T ieC jeT

The structural constraints (2.8) and (2.9) used by the proposed DSC are counterparts of equation
(2.13). The essence of equation (2.13) is to match on the trajectory up to the time Ty before inter-
vention. This is a key difference from the formulation in DSC where we conduct repeated matching
at each time period ¢, which is largely determined by the different models used. We consider the
auto-regressive model (2.3) that suits for time-varying confounders, instead of having the factor
component 4,&; in equation (2.12).

From the practical perspective, the estimated effects in the post-treatment period {z;} do not re-
quire a large Ty, and only rely on the pre-treatment outcomes {Y;r,} at time Ty. To obtain w}, we
only need to match in the DSCs on p+ 1 dimensions, which is less demanding than the
(p + Tp)-dimensional match required in Abadie et al. (2010), and increases the feasibility of finding
the weights for a match. A price for the proposed DSC method is the increased computation, while
the SC method only solves the optimisation problem once, the proposed DSC needs to repeat the
procedure for each post-treatment period.

An advantage of the proposed DSC method is that the weights {w}*,}ficf are obtained by maximis-
ing the EL under the constraints that reflect the matched equations. This ensures that the solution
is unique and also allows us to provide a complete characterisation on the order of {/},} in terms of
Neo. In contrast, the SC method cannot generally ensure exact matches for large Tj. As results,
there are proposals for attaining approximate matches. It is noted that the dimensions of matching
equations of the DSC does not increase with Ty and, as shown in Lemma 1, the probability of
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having the exact matches tends to be 1 as the sample size the increases. In fact, the EL can be used
to obtain the SC weights with equation (2.13) as the EL constraints. It may be shown that the EL
solution of the synthetic weights is uniqueness. Additionally, since the DSC does not match the
whole trajectory of the pre-treatment outcomes, the difference between the synthetic controls
and the observed outcomes in the pre-treatment periods can be used to assess the Assumption 2
for unconfoundedness and the linear specification (2.3). To appreciate this aspect, note that
11,(0) can be obtained for each pre-treatment period. If the method is valid, 7,(0) should be close
to the simple average on the treatment group. Otherwise, the difference between 1,(0) and the
average on the treatment group would be large in absolute value.

The detailed testing procedures will be introduced in Section 3.1. In contrast, note that the
weights in the SC method are obtained by matching the pre-treatment outcomes, so the differences
in the pre-treatment periods do not provide evidence to assess the factor model assumption.

Regarding the analysis settings of the two methods, the SC requires Ty to be sufficiently large for
the estimation to be asymptotically unbiased, while the DSC allows Tj to be fixed but requires
both Ni; and N, to be large when establishing the estimation consistency. These are reflected
in the forms of the theoretical results as we analyse the asymptotic probability of finding the exact
match and prove the consistency of the DSC estimate under Ngo, N;, — o0, while Abadie et al.
(2010) proved the asymptotically unbiasedness of the SC estimate when Ty — co and N, = 1.
More importantly, the two methods operate on different model settings. The DSC method may
be viewed as a complement for the SC in the case with time-varying confounders and
auto-regressive model structure.

The auto-regression was briefly discussed in Abadie et al. (2010) under the dual dynamic linear
models for outcomes Y;; and the covariates Xj;:

Yi(0) = B Xir + p, Yie—1(0) + €, (2.14)
Xir =IXiz-1 + 7, Yis—1(0) + viz,

where €; and v; are residuals. The authors constructed the SC estimates as 7y(¢) =Y ;o w7 Yir,

where the weights {17} were still time-invariant and obtained by matching the covariates and out-

comes at Ty only:

X Y;
> wiXr, = ZN’—T“ and Y w!Yi, = L} (2.15)

ieC jer v ieC €T N

Note that Model (2.14) requires that the confounders X;; also satisfy an auto-regressive model,
while Model (2.3) for the DSC does not specify a model on X, as we match the time-varying con-
founders for each period. Besides, the variance of the SC estimates would be large as it only con-
trols the initial status of the covariates and outcomes at the time point Tj.

One may wonder how the SC would perform under the dynamic Model (2.3). According to the
SC matching equation (2.15),

~ ~ / * (XI,T 1~ X.’T )
/1§F(oj+1 —tr,+1(0)=n,+p |:Z wi (Xiroe1 = Ximy) = Z % ’
ieC T “

which implies that for > Ty + 1,

&C = (0) = n, +p@S —Ft (0)) + D ﬁ/[zwﬂxis—xi,s_l)—z

(Xis — Xis-1)
s=Ty+1 ieC €T

Nir
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8 Zheng and Chen

Let Ay = (Y iee 0} (Xit = Xigm1) = Yoy Xt1]), then

Ny + Arys1 ift=Ty+1;
~SC ~ t—=1 t—1 s
0) —1,(0) = . 2.16
a0 =R Oy =1, Moo+ Dot Y A ift>To+ 1 (2.16)
s=To+1 s=To+1  I=Ty+1

Comparing equation (2.16) with equation (2.11), it can be seen that the SC estimates would incur
larger variance due to the extra terms related to A;. The latter reflects the variation in X, which is
not accounted for by the SC formulation. Thus, under the dual dynamic linear models (2.14),
which is a more restricted version of equation (2.3), both estimates are unbiased but the SC esti-
mates will have a larger variance than the DSC estimates. Furthermore, if {X;;} does not satisfy the
auto-regressive specification prescribed in the second equation of equation (2.14), the SC estimates
might be biased with a larger variance, as shown by a simulation experiment in Section 4.

2.4 Theoretical analysis of weights and consistency result

The EL SC weights {1} that maximise equation (2.7) can be obtained by the Lagrange multiplier
method. Let ZO (X, Yiee1)' for 1 <i< N, 1<t<T, and Z, =

(2 ie7Xe/Ners Y ier Yig-1/Ne) for t <To + 1 and (37 X,/ Ner, ,(0))' for ¢ > To + 1. Then,
the structural constraints (2.8) and (2.9) can be written as matching the (p + 1)-dimensional vector

Yiee wl,ZO Zf. The EL weights admit the following expression:

W= N 1+ 2(Z2=Z)™ fori=1, ..., Neo, (2.17)

where 4 is the Lagrange multiplier that satisfies

(Z0-ZH[1+2(Z2°-Z, o 2.1
1+4(Z,-7Z,)] =0 (2.18)

Mz

—_

=

and can be found by numerical methods, for instance the Newton-Raphson method.

Before introducing Theorem 1 on the consistency of 7;, we firstly show in Lemma 1 that the feas-
ible region W for the optimisation problem (2.7) would be non-empty with probability approach-
ing 1 under a mild condition, such that the optimisation problem admits a finite and unique
solution for w?. In addition, we provide a characterisation on the order of {w}} in Lemma 2, which
allows us to establish the consistency res%ﬂt in Theorem 1. The problem (2.7) is feasible when the
region W, # @, which is equivalent to Z, falling into the convex hull of {Zo}t 7, denoted by #,.
Under the following Assumption 5, we can prove that Z, € H with probability tending to 1 as
the sample size is increased. Let Z; = (X),, Y;;_1(0)) for 1 <i<N,1<t<T.

it>

Assumption 5 Suppose that there exists a binary variable S; € {0,1} such that
P(S;=1|D;=0)>0, E(Zy|D; =0, S;=1)=E(Z;|D; =1), and
Var(Z;|D; =1, S;=1) is of full rank.

Note that Z;; denotes the vector of confounding variables which was unaffected by the treat-
ment but influence the potential outcome Y;;(0). When there are systematic differences on Z;,
i.e. E(Z;|D; = 0) # E(Z;|D, = 1), we cannot compare the treatment group with the control group
directly even with sufficiently large sample size. Assumption 5 requires that there exists a compar-
able sub-population in the control group (D; = 0) that has the same expectation on the confound-
ers Z;; in the treatment group (D; =1). To appreciate it, let us illustrate in the context of air
pollution alerts example, where Z;; includes the meteorological confounders. While the distribu-
tion of meteorological variables may not be balanced across the treated region (Beijing, subject to
pollution alerts) and the surrounding control region, Assumption 5 states that it suffices to have a
part of the control region which shares the same expectation of meteorgllogical variables as that in
Beijing. Under Assumption 5, we can conclude that the probability of Z, € H, would converge to
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1 as shown in Lemma 1 such that Problem (2.7) is feasible. Let ® = {6:||0| = 1} be the set of unit
vectors in RP*, where | - || is the Euclidean distance.

Lemmal LetP,y,, be the empirical distribution of {Zg}ficl" and Z? be the random variable
with distribution P, x,,, then under Assumption 5,

co?d

inf Pt,Nm({a(z? —Zl) > 0}) >0 as N, Ny — . (2.19)

Note that Ztl € H, is equivalent to that there does not exist § € O such that 9’(22 - le) <0 for
alli=1, ..., N¢. Combining this fact and Lemma 1, we may conclude that as N, Ny — oo, Z}
falls into H,; with probability approaching 1. Therefore, the feasible region W, is not empty and
hence Problem (2.7) is well defined. Furthermore, note that W; is convex and bounded, a finite

solution of {wj‘t}ficf for Problem (2.7) uniquely exists by the theory of convex optimisation (see
online supplementary material for details).

From now on, we assume the existence of {wj;}ﬁi‘f. As for the order of wj}, when
E(Z;|D; =0) =E(Z;|D; = 1), we may apply the standard result of EL (Qin & Lawless, 1994) to
obtain that w}, = O,(NZ}) uniformly fori= 1, ..., Neo as Neo, Nir — 0. However, in the context
of SCs, it is often the case that the means of the confounders Z;; can be quite different between the
treatment and control groups, which prevents attaining the uniform order of O,(NZ]!) for the
weights on control units. We need develop results on the order of the upper bound of {w};} to es-
tablish the consistency result of 7,. In the following, we analyse {wj}}ﬁi“i‘ at a fixed ¢ by generalising
(Ghosh & Chaudhuri, 2019) to the case of multivariate covariates and spatially dependent data.

For a unit vector § € O, define &(0) = §[Z)) — E(Z))] for 1 < i < Neo. Let &nin(6) = mingee {&(6)),
Emin2(0) = minjee {{&;(O)N\{Emin(0)}). The following assumptions on &;(6) are required to derive the
asymptotic order of w.

Assumption 6  For any 6 € ® with ||| = 1, {&;(0)} has positive variance (non-degenerated)
and )2 cov(&i(0), &;(0)) < co.

Assumption 7  There exists a non-random sequence b,, — o0, y > 0, and 6 > 0, such that
(a) b2 =o0,(n) and [Enin(0)] = O(bN, )L+ 0p(1)); (b)  [Emin(6) —
Emin2(0)] = by with probability converging to 1 as Ng, — o0; and (c)
brH2P(|&(0)] > i?}l“s) — 0as#n— oo.

Assumption 6 is to ensure the distribution of &;(6) is non-degenerate with positive variance and
ensure the law of large numbers limy_, - o Zfif &;/Neo = 0 holds (Anderson, 1971). Assumption 7
restricts the growth rate of the extreme order statistics [&nin(0)], [€min(0) = Emin2(0)], and the decay
rate of the tail probability P(|&(6)| > bL°). By the standard results of extreme value theory
(Leadbetter et al., 1983), many distributions of ¢&;(0) would allow {51(6)}51? satisfying
Assumption 7 given that (a) the distribution of &;(6) is in the domain of attraction of some extreme
value distribution and (b) {&, (), &, (), ...} is a stationary random field with weak dependence,
where s; € R? denotes the ‘spatial’ location of unit i and &, (0) = &;(0) for g € Z*. For example, in
the case study of air pollution alert s; € R? denotes the geographical location of site i. Specifically,
(a) means that there exist normalising constants 4,,, b,, such that F g)(anx + b,) — G(x) where
F¢ (g denotes the distribution function of &;(6) and G(x) is in the form of Gumbel, Fréchet or
Weibull distributions. The weak dependence assumed in (b) is to allow the theory for independent
random variables to go through in the dependent case. Leadbetter and Rootzén (1998) proved that
the required weakly dependence can be formulated by a coordinate-wise mixing condition, which
extends the typical ‘strong mixing’ condition in each coordinate direction. Doukhan and Gomez
(2017) considered the upper bound of covariance |Cov(f(Xi,, ..., X;,), gX;,, ..., X;,))| of any
pair of /—distant finite sequences (i1, ..., 1), (j;» ---,]J,) and any pair of bounded function £, g
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with finite Lipschitz modules. Specially, when {&;(6)} are Gaussian distributed, we may take

by =/logn,y>1 and 0 <6 <1 such that {&;(6)} would satisfy Assumption 7.
Under Assumptions 6 and 7, we may establish the order of w} for the general case of
E(Z;|D; =0) - E(Zz|D;=1) # 0.

Lemma 2 When N, and N, — oo,

(i) if E(Zy|D;=0)—-E(Zy|D;=1)=0, then w}=0,(N;!) uniformly for
i=1, ..., Neos

(ii) if E(ZiDi=0)=E(Z;|D;=1)#0, then max{w}:i # imin} = Op(b}y NZ})
and wi = Op(b;&u) for i = iy under Assumption 7, where iy, is the in-
dex of &, (6%).

Lemma 2 characterises the asymptotic order of f{wf}. In the case when
E(Zy|D;=0) - E(Zy|D; =1) #0, the weights other than w} , are bounded by
Op(b};\zzN&}) =0,(NZ!/?). Lemma 2 ensures that the error term 7, in equation (2.11) is stochastic-

ally small and leads to the consistency of 7, as in the next theorem.

Theorem 1  Under Assumptions 1-7 and Model (2.3), the matching equations (2.8) and
(2.9) can be attained with probability converging to 1 and there exists a
unique solution for the EL SC weights {w;‘t}fff. Given that the error terms
{eithiny satisfy Yoo Eleigie) = O(N), the SC estimate 7; — 7, in probabil-
ity as both Ny, and N, — oo.

Theorem 1 establishes the consistency of 7, under the asymptotic regime where N, and
N — oo, while T is fixed, which is motivated by the setting of the air pollution alert study.
Under a suggestion of a referee, we further examine the consistency of the DSC estimator 77 for
large T by imposing conditions on the relative rates of divergence between T and N, as shown
in the next proposition. Specifically, we need to assume the following conditions.

Assumption 8 In the case of E[Z;|D, = 1] = E[Z;4|D; = 0], (a) if lim7_ «|ps| > 1, then

T=op(logNe,) =op(logNy,); (b) if limr_ o lprl =1, then
O(THL Ip,|) = 0p(N*) = 0p(N& ). In the case of
E[Zy|D;=1] # E[Zy|D;=0], (i) if limr_elpy|>1,  then
T=op(logbn,)=o0p(logNy); (i) if  limroglpp|=1,  then

O(TTIL, Ip,)) = op(Ni2) = op(bn,)-

The conditions in Assumption 8 are provided under different situations depending on whether
E[Z;|D; =1] =E[Z;|D; = 0] and the upper limits {p,} being larger than 1 or equal to 1, and does
not require Y;(1) or Y;(0) as stationary. This is because the order of (7t —z7) involves the
auto-regressive coefficients {p,} and the synthetic weights {s};}, while the order of {w} is related
to whether E[Z;|D; =1] is equal to E[Z;|D; = 0] as described in Lemma 2. It is noted that if
lim7_, o |p7| < 1, 7r is consistent without requiring the conditions on the relative rates between

T and Ny, and N,. Thus, Assumption 8 does not need to provide for this case.

Proposition 1  Under Assumptions 1-8 and Model (2.3), Tr — 77 in probability as
Ny, Neo, and T — oo.

In practice, Ztl may fall outside the convex hull H; due to limited sample size, then the weights
w; can be solved by minimising the distance between the weighted average and the matching ob-
ject. Specifically, let A/(w;) = || ;¢ w,-tZg - Zf |. Then w} can be obtained by minimising A,(w;)
subject to Y, wj; = 1 and w;; > 0. This is a convex optimisation problem where the feasible re-
gion under constraint is bounded, closed and convex. Thus, there exists a global optimum and a
solution is assured.
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3 Statistical inference

In this section, we present the inference procedures associated with the proposed DSC method on
how to (a) assess the unconfoundedness assumption and model specification using the pre-
treatment data and (b) assess the significance of the estimated effects 7;.

3.1 Assess the unconfoundedness assumption and model specification
Recall that the unconfoundedness Assumption 2 requires that

E(Yi(0)[Yiz-1(0), Xiz, D =1) = E(Yi(0)|Yiz-1(0), Xiz, D = 0).

Since Y;(0) and Y;;_1(0) are observable for both of the treated units with D; = 1 and the control
units with D; = 0 during the pre-treatment period when ¢ < T, we can use the pre-treatment data
to assess a portion of this assumption.

As 7, in equation (2.1) and7; in equation (2.10) are only defined for ¢ > T} in the post-treatment
period, to extend the notations to the pre-treatment periods, we define

0, if 1<t< Ty
o =E(Yi = YalO)ID; = 1) = [ E(Yi(l) - YilO)D;=1), if Ty<z<T. O
Then, the SC estimate 7; can be also extended to the entire time span,
R 1
TF;:N—UY”—;WZY,,, 1<r<T, (3.2)

where w?, for t < Ty is also defined by the constrained EL optimisation problem (2.7).

Note that Y;; = Y;(0) for the treated units with D; = 1 when # < Ty, so the first term in equation
(3.2) is the sample average Y.,(0) in the treatment group. Also, recall that ", w5 Y is an estimate
of E(Y(0)|D; =1) by equation (2.4). Therefore, if the SC ) ;.. w}Yj; is a good estimation for
E(Y;4(0)|D; =1),7; is expected to be around zero in the pre-treatment period. Specifically, the
null hypothesis at ¢ < Ty is

Hy:Y;,(0) =6, + B Xir +p,Yir-1(0) + &; holds forie CuT. (3.3)

Under Hj, the SC estimate in pre-treatment periods

a:ZEi = whe. (3.4)

ieT T eC

And note that the weights w?, € o({Xy, Y,-,z_l}fil ), we have E(z;) = 0.

To test H{:E(r;)=0 at a t<Ty, we consider the distribution of 7, conditional on
Fi=0{Xit, ..., Xit, Yi1, ..., Yiy_1}, the information set of confounding covariates and lagged
outcomes up to time ¢. Assume {¢;;}~,, are spatially stationary and isotropic, and there exists a func-
tion ¢2(-) such that Cov(es, &) = a>(||s; — sl|), where s; denotes unit #’s spatial location. The con-
ditional variance Var(z;|F;) = N;2 dijeT a2 (d;) + D ijec w;‘tw;‘,af(d,-,-) + 2 ieTjec N;lw;‘tatz(d,»,-) for
t < Ty, where d;j:= |Is; — s;||. In implementation, ¢*(d) is estimated by the sample covariance 5*(d)
from the residuals obtained from fitting the dynamic linear model (2.3) using the ordinary least
square method. Let 'Ei be the corresponding estimation for Var(z;|F;). Then we use 7,/0;, as the
test statistic.

Note that there exists testing multiplicity as we need to test Hf, repeatedly fort=1, ..., Tp. To
address this issue, we adopt the false discovery rate (FDR) procedure (Benjamini & Yekutieli,
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2001) to control the expected rate of false ‘discoveries’ under arbitrary dependence assumptions.
Let p, be the p-value for testing at time point tand p ;) < p(5) < --- < p, be their ordered values.

To control FDR at level a, we compare b with O‘W where C(Ty) = ,Tl 1is the harmonic

number. If there exists p;, < am, letj = max v < aTOT(TO) }, the null hypothesis is rejected
for the time points corresponding to py), .., Pj)-

In applications, we may adopt the above testing method to guide the selection of the appropriate
model specification in equation (2.3). Specifically, we may select the covariates first based on the
domain knowledge and include the first-order lagged outcomes at first. If the testing results suggest
violation of the model specification, we may either change the covariates or include higher order
lagged outcomes in the dynamic linear model, as demonstrated in an empirical sensitivity analysis
in the context of the air pollution alert in Section 5. Furthermore, one may consider a non-linear
extension via the time-varying generalised additive model Y;(0)=0d; +m,(t, Yi,—1(0))+
ZL] my(t, Xi[R]) + €, where we denote Xj;[k] as the kth covariate of X; of unit ; at time ¢
However, the non-linear case is much more involved as it requires constructing an SC object for
each unit in the treatment group, in stead of one SC for the whole treatment group in the linear
case, which requires further analysis.

3.2 Normalised placebo test

To evaluate the significance of the estimated treatment effects, Abadie et al. (2010) adopted an in-
ferential technique called the placebo test, which examines whether the absolute values of the
treatment effect estimated by the SC method for the treatment group is large relative to the
pseudo-effect for a randomly selected group unaffected by the treatment. The placebo test is a ver-
sion of the permutation test (Canay et al., 2017). In the context of synthetic control method, the
validity of this test requires that the distributions of the estimated effects are identical for the treat-
ment group and the randomly selected groups given that there is no treatment effect. In this section
we need to additionally assume that {g;, ), are normally distributed with the same variance among
units, as Hahn and Shi (2017) proved that the normality of ¢; is necessary for such property to be
correct up to a normalisation.

Before introducing the normalised placebo test, we analyse 7; under the null hypothesis that
there is no treatment effect and the potential outcomes Yi:(1)=Y;(0). Let
Ny = icc Wikit — Z;eT zizz and ‘72 =Var(n,|F) =N Y, /eT (dij) + Zi,/ec wj‘tw;}af(d,y) +
Yierjec Ng'whor (dy) for 1 <t < T. (3.4) shows that When t< To, 7, = #,. For a time point ¢ >

To + 1 in the post-intervention period, 7; =7, + Zg;}wlpént_s by equation (2.11). In summary,
under the null hypothesis that there is no treatment effect, we have

Mts fort <Top+1;
~_~ o~ — t—1
7, =14,(0) — 1,(0) e+ Z pzm_s’ for t> Ty + 1. (3.5)
s=Ty+1

The accumulation of error terms when ¢ > Ty + 1 is resulted from using z,_;(0) as an approxima-
tion for z,(0) in the matching constraint (2.9b). Let ; be the conditional standard deviation of 7,

then 6, =0, for t<Ty+1 and o, = 02 +ZS Tor1 (PE) 202) for t> Ty + 1. As o, is related to

weights {w lt}f\ll , and the weights Would Change for another pair of treatment/control groups in

the placebo runs, we should normalise the placebo estimates of 7; with respect to the corresponding
deviations. Details will be introduced later.
In implementing the placebo test, a group of N;; control units are randomly selected from the

control group C to be a placebo treatment group. Let 7 denote the set of indexes of the placebo
group in the kth round of random selection, and C*) = C \ T be the control group for 7. Then
we apply the proposed DSC method to the placebo treatment group 7% and the control group ¢
as if there was a policy intervention imposed on 7 from Ty + 1. Let {w}, } be the EL SC weights
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for the treatment group 7% and define the placebo estimate for the pseudo-effect at time ¢

k) _ 1 «(k)
w=3 N, VT > wi Vi

jeT® iec®

Let nf,k> =D e N = Qe w;(k)sit. Note that Y;, =Y;(0) for i €C by Assumption 1 and
7K c ¢, c® c ¢, the placebo estimates

t—1
@W=pt for t<To+1 and =4+ 3 py® for t>Tp+1. (3.6)
s=Ty+1

Since in most applications N, is large relative to Ny, such procedures can be implemented for
many rounds, say K times, to obtain a set of placebo estimates.

The rationale of the placebo test is that under the null hypothesis of no treatment effects, the
empirical distribution {'#%;1 are used to approximate the distribution 7,. While the variance of
?ffk) relies on the DSC weights {w;;(k)}, we need to normalise the estimated pseudo—effects?(tk)
tain the same variance as7;. Let

to at-

be the normalised SC estimations, where o*’ is the standard deviation of 7). Then we use the em-

pirical distribution of {zﬁk)}f=1 to approximate the distribution of 7; under the null hypothesis that

there is no treatment effect at time ¢. When reducing effects are expected as in air pollution alerts,
the alternative hypothesis is 7; < 0 and the p-value is approximated empirically by random repli-

cations as K~! le 1(z§k) <7).

4 Simulation study

We report results from simulation experiments designed to validate the main theoretical results
established in the previous sections that (a) the exact matches can be attained under
Assumption 3, (b) the proposed DSC method provides a consistent estimation to the underlying
treatment effect, and compare the DSC method with SC method. The simulations were conducted
under both cases in Lemma 2 such that E(Z;|D; = 0) — E(Z;;|D; = 1) is zero and non-zero. We also
investigated the accuracy of the DSC estimator 7; and the profiles of the dynamic synthetic control
weights to confirm the results of Lemma 2.
The samples of the potential outcomes were generated according to

Yi(0) =0, +pYi;—1(0) + B Xt + €irs (4.1)
Yir(1) = Yi(0) + 74, )

where &; ~ N(0, 62), 7y ~ N(z;, 62), and X;; represented p-dimensional time-varying confounders.

We set the underlying treatment effect 7; = =30/[1 + exp { — 0.2(t — Tp — 6)}], 62 = = 1,p = 0.8,
p=4, and B=(1,1,1,1)T. Then the samples of observed outcomes were generated by Y; =
Y (0)U(£ < To) + Ya(1))(z > To) for i € T and Y = Y4(0) for i € C.

We considered three settings for {{X;}\ ], generation: (a) spatially and temporally independ-
ent Gaussian random variables, (b) temporally independent but spatially dependent Gaussian ran-
dom variables, and (c) temporally dependent but spatially independent setting with Gamma
innovations. In Setting (b), the spatial dependence across units was based on an isotropic semi-
variogram y(s;,, s;,) =3 Var(X; . — Xj,u) =1 — elsn=sallwhere X;,, is the kth dimension of X;

and s; is the spatial coordinate of the ith unit. We generated {X;}Y, according to the covariance
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matrix determined by the semi-variogram at each ¢. Setting (c) generated the covariate X;; from an
auto-regressive model X, = p; + T';; + 0.5 .1 for each i, where each dimension of I';; and T';,_¢
are independent Gamma(4, 2) distributed random variables centred by the expectations.

Under each of the three settings for X;;, we conducted simulation experiments for the cases hav-
ing the identical or non-identical means between the treatment and control groups, which corre-
sponded to cases (i) and (ii) of Lemma 2, respectively. In the non-identical mean case, the
covariates Xj; in the control group were generated from a mixture distribution such that one
half of the samples shared the same distribution as the treatment group and the other half had
a shift d in the mean u. Under such design, there was a sub-population of the control group
that had the same expectation of X;, with the treatment group satisfying Assumption 5. Taking
Setting (a) as an example, X;; were generated from N(u, ;) in the treatment group and were
from a mixture distribution 1N(u, I,)+3iN(u+d,1,) in the control group. The mean
u=(1,5,10,15) and the shiftd=56x (1, 1, 1, 1) for =0, 0.5 and 1, respectively.

We set the total time T = 72 and the pre-treatment duration T = 48, the same as the case study
in the next section. The number of the treatment units N, = 100, and the number of control units
N, = 100 and 500 for each experiment setting, respectively. The experiments were replicated for
1,000 times for each setting. We implemented the proposed DSC method in equations (2.8) and
(2.9), the SC method in equation (2.15), and the naive method of taking raw differences.

To make the comparison with the SC fairer, as suggested by a referee, we considered two exten-
sions of the SC. The first extension, which is called SC_ext1, has the weights {tz5¢-*1} still being

1
static, but the covariate values Xj; for ¢ > T are also added to the matching equations such that

Z wisc‘e’“l Yir, = Z Yir,/Nee and ZW?C_SXt1th = X:X,-,/Ntr for t=Ty, ..., T.
ieC ieT ieC €T

The second extension, called SC_ext2, allows the weights w?¢-*2 to be dynamically updated with
respect to Xj; for each ¢ > Ty, but does not involve the recursive matching of lagged outcomes and
the EL.

D Wi Y, =Y Y /Ne and Y wiSOCX; =) " X/ Ny

ieC ieT ieC ieT

Table 1. The average root mean square errors (RMSEs) of estimated treatment efforts 7; based on 1,000 replications
for the DSC, the SC, the SC_ext1, the SC_ext2, and the Raw-difference

X;; setting Method 0=0 0=0.5 o=1

Noo=100 N =500 N =100 N., =500 N, =100 N, =500

Independent normally DSC 0.24 0.18 0.59 0.47 1.46 0.69
distributed SC 0.54 0.41 4.46 4.38 8.98 8.66
SC_ext1 0.51 0.39 2.78 2.66 6.82 6.35

SC_ext2 0.51 0.40 3.72 3.38 7.62 6.95

Raw-diff  0.53 0.41 5.03 5.01 10.01 10.12

Spatially dependent DSC 0.62 0.47 1.21 0.77 2.89 0.87
normally distributed SC 0.87 0.68 5.42 5.13 10.37 10.02
SC_extl 0.85 0.65 2.89 2.31 7.12 6.27

SC_ext2 0.85 0.67 4.30 4.06 8.42 7.93

Raw-diff  0.85 0.67 6.53 6.55 13.19 13.31

Temporally dependent DSC 0.19 0.13 0.37 0.23 0.68 0.35
gamma innovation SC 0.31 0.23 2.94 2.87 5.31 5.26
SC_extl 0.28 0.19 2.32 2.19 3.57 3.69

SC_ext2 0.29 0.22 2.40 2.62 4.67 3.82

Raw-diff  0.32 0.21 4.13 4.21 8.25 8.34

Note. The RMSEs were averaged over the post-treatment period (48 h) under three settings of the confounders X;; and
with difference amount of disparity (d) in the means between the treatment and control groups. DSC = dynamic synthetic
control; SC = synthetic control.
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Figure 1. Estimated treatment effects 7; (semitransparent grey lines) of 1,000 simulations and the underlying
effects 7; (non-transparent blue lines) by the DSC, SC, SC_ext1, SC_ext2, and Raw-difference methods under
Setting (a) for the covariates with d =1 and N, = 100 (top row) and 500 (bottom row). DSC = dynamic synthetic
control; SC = synthetic control.

Table 1 reports the averaged root mean squared errors (RMSEs) over the post-treatment period. It
was observed that the exact matches were attained for all replications of the simulation at all time

points for the DSC weights {w} with numerical errors || Y, w5 Z0 Ztl || < 10-¢, which con-
firmed Theorem 1 that the matchmg equations (2.8) and (2.9) can be attained with probability
converging to 1. In contrast, the weights {1} of the SC method in equation (2.15) only matched
X;; and Yj; at # = Ty, which could not control the bias in the post-treatment periods. The average

matching errors Zt Tor1 | 2iec w*ZO Zzl II/(T = Ty) with static SC weights ranged from 0.24 to
5.82 over the considered experiment settings, which explained the bias of SC estimates.

Table 1 shows that the two extended SC, SC_ext1, and SC_ext2, were able to reduce the RMSEs
of the original SC method by adding the post-treatment covariates in the matching equations, es-
pecially in the experiment settings with confounding bias under § > 0. Between the two extensions,
SC_ext1 had lower RMSEs, which was benefited from more matching equations. However, both
SC_ext1 and SC_ext2 were unable to remove the estimation bias due to not matching the lagged
outcomes.

Figure 1 shows more detailed results at each time point in all replications by the five methods
when 6=1 for Setting (a) for the covariates with spatially and temporally independent
Gaussian X;; as were introduced after equation (4.1), where the grey and blue lines correspond
to the estimates 7; and the underlying t;, respectively. Comparing the results of the DSC method
with those of the four methods, the DSC method had the smallest RMSEs in all settings. More im-
portantly, as the sample size N, was increased from 100 to 500 in each setting, the RMSE:s of the
estimated treatment effects were reduced indicating the consistency of the DSC estimation. In con-
trast, as N, was increased, the RMSE:s of the three versions of SC and the Raw-difference method
were not much reduced due to the systematic bias of the two estimators. Compared among the
original SC method, both SC_ext1 and SC_ext2 showed smaller bias and lower variance by adding
more information to the matching equations, especially for SC_ext1. It was observed that as the
disparity parameter ¢ in the confounders X;; was increased, the RMSEs of all three SC estimators
got larger. In contrast, the DSC still managed to reduce the RMSEs by increasing the sample size
while the SC-related methods and the Raw-difference method were still severely biased.

The bias of the SC method was due to the static matching procedure. As shown in Figure 1, as
the SC only matched X;r, and Yir,, the bias of 77 originated from varying {Xj;_y, ,; accumu-
lated in the post-treatment periods. The bias of the Raw-difference method originates from the dis-
tribution shift of covariates X, between the treatment and control groups when d # 0. The
increased sample size could only reduce the variance of the estimations while was not able to elim-
inate the bias, which explained that the RMSEs reduced little for the SC method with increased
sample size. It is noted that the DSC demonstrated a smaller variance than the SC in the simulation
results reported in Figure 1, which confirmed the theoretical derivation conveyed in (2.16) that
shows the SC would incur accumulation of variance as the SC does not take into account the time-
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Figure 2. The dynamic synthetic control weights {W;},’»\f;’zﬂ in one replication under Setting (a) and different disparity

parameters d (a—c), and the average maximum weights for each time point t over the 1,000 replications (d-f) with
the sample size Ny = Ny, =100. (a) d=(0, 0, 0, 0), (b) d=(0.5, 0.5, 0.5, 0.5), (c) d=(1,1,1,1), (d d=(0, 0, 0, 0),
(e) d=(0.5,0.5,0.5 05),and (ffd=(1,1,1,1).

varying confounding of the covariates. Except for the point estimation, we implemented the pla-
cebo test to examine the significance of the estimated effects by the DSC method shown in Figure 1.
The results showed that the underlying z, is outside the confidence intervals in the 500 replications
without committing the type-2 errors. To examine the coverage under the null hypothesis (3.3) ,
we also added a simulation scenario with 7, = 0. The results showed that the coverage were around
95% in all time points, see online supplementary material for details.

To demonstrate the results on the synthetic weights, Figure 2a—c provides the heat-maps of the
DSC weights {w;-kt}l.l\:[“ftzl in one replication for d = 0, 0.5, 1 and the sample size N, = 100 under the
basic Setting (a). To make up for the fact that the heat-maps were only based in one replication,
Figure 2d—f shows the average maximum weights over the 1,000 replications at each time ¢.
Figure 2a shows that most of the DSC weights appeared to be fairly uniformly scattered for
d =0 when there was no confounding bias, which confirmed the result of Lemma 2 that w}, =
O,(NZ}) having a uniform bound when E(Z;|D; =0) — E(Z;|D;=1) =0. In Figure 2b and ¢
where d # 0, the maximum weights at each time point were much higher than the other weights,
which echoed Lemma 2 that there exists one weight in {w;}}fi“f with a larger order than the other
weights when E(Z;|D; =0) — E(Z;|D; = 1) # 0. Therefore, Zf\i‘l" (w?‘t)2 would be larger in the
presence of the confounding bias, which led to a larger variance in the estimation 7; according
to equation (2.11), which explained the inferior performance of the DSC when J# 0 in
Table 1. Figure 2d—f also shows that the increasing degree of confounding bias led to heavier het-
erogeneity among the weights {w}|i=1, ..., N} of all control units. Note that Figure 2e and £
indicates an increasing trend in the beginning, which was because Y;(0) at #=1 was sampled
from the same distribution in the treatment and control groups but differences accumulated due
to the disparity of Xj;.

5 Evaluating air pollution alerts

We estimated the effects of two air pollution alerts in Beijing, which motivated our proposal of the
DSC method. The air pollution alerts in Beijing have four colour-coded categories, blue, yellow,
orange, and red alerts in the ascending severity. Specific instructions of emergency measures are
given according to each category. During the studied air pollution alerts, the emission-reduction
measures were solely conducted in Beijing, which allowed us to use the monitoring stations in
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Figure 3. The estimated average potential outcomes %;(0) (dashed line) and the observed average Z,-GTX,—': (solid
line) for the two alerts by the DSC and SC methods, respectively. (a) The orange alert (DSC). (b) The orange alert (SC).
(c) The red alert (DSC) and (d) The red alert (SC). DSC = dynamic synthetic control; SC = synthetic control.

the neighbouring provinces as control units to estimate the potential levels of air pollution in
Beijing in the absence of the alerts.

We used hourly pollution data at the monitoring station level, which enabled the incorporation
of multiple treated units with sufficient control units. Our analysis involved an orange alert start-
ing from 00:00 on 17 November 2016 and a red alert starting from 20:00 on 26 December 2016.
We aimed to estimate the effects of these alerts on the hourly PM; 5 concentration during the 24 h
after the start of the alerts.

The region under treatment was Beijing, where 20 air-quality stations located in the urban core
districts were considered excluding sites in the outer suburbs to remove the potential interference
from the non-treatment regions outside Beijing. To construct the synthetic controls, we considered
74 air-quality stations in Tianjin, Hebei, Shandong, and Shanxi, the municipality and provinces
neighbouring Beijing, as there were no air pollution alerts in these regions and the air pollution
levels were comparable to those in Beijing.

The outcome variable was the hourly PM, 5 concentration measured in ug/m?3. Since PM, 5 con-
centration is highly influenced by meteorological conditions (Chen et al., 2017; Liang et al., 2015),
we considered meteorological variables as covariates. Hourly meteorological variables for each
air-quality monitoring station was sourced from the nearest meteorological station of China’s
Central Meteorological Agency (CMA). We selected four meteorological variables, wind speed,
humidity, dew point temperature, and air pressure, which are known to be influential on the
PM, s levels. These four meteorological variables and the lagged PM; 5 were used to create the syn-
thetic control weights.

There were longitudinal measurements at N = 94 monitoring stations, which consisted of N, =
20 stations in the treatment region and N, = 74 stations in the control region. Pre-treatment pe-
riods were extended back for Ty = 48 h from the start of the alerts for verification of Assumption 2
and model specification (2.3). We applied the proposed method to estimate the effect of pollution
alerts on the hourly PM; s during the 24 h after the intervention. So the total length of the studied
time span is T =72.
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Figure 4. The dynamic synthetic control weights {V\/,’;}I/.Vj; for the two alerts: (a) the orange alert and (b) the red
alert.

Figure 3 shows the DSC estimates 7,(0) and the average observed outcomes » ;. Yi;/Ni in
Beijing in periods before and after the pollution alerts by the proposed DSC method and the SC
method. The synthetic Beijing (dashed line) was constructed by the weighted average of the mon-
itoring stations in the regions under control at each time period, to estimate the counterfactual lev-
els of PM, s if the pollution alerts were not issued. The trajectories of the observed average PM, s
in the Beijing area exhibited a diurnal pattern and the DSC estimates also displayed similar peri-
odic patterns both before and after the starts of the pollution alerts. During the pre-intervention
periods of both alerts and the early stage of the post-intervention periods of the orange alert,
the DSC estimates closely tracked the trajectory of the observed average PM, 5 concentrations
in Beijing. For the post-intervention periods, the DSC estimates showed an overall higher level
of PM, 5 concentrations and ended up with a higher peak for both alerts, which suggested that
the emission-reduction measures prevented the potential deterioration of the air quality. By con-
trast, when we adopted the SC method, the static weights {w}};c could not exactly match all the
concentrations in the pre-treatment periods and would underestimate the post-alert effects.

The average treatment effects on the treated {z;} were estimated by the differences between the

observed averages in Beijing and the SC estimates zz,(0). For the orange alert, the potential average
concentration of PM, s would be 139.0ug/m? in the absence of the contingency measures offered
by the alert, while the observed average was 105.3ug/m>. The PM, 5 was reduced by 33.8ug/m?
on average with standard error (SE) being 4.4ug/m?, which accounts for 24.3% of the potential
level. For the red alert, the emission-reduction measures reduced the PM, 5 concentration from
a potential average of 269.2ug/m> to 198.8ug/m>, where the decreasing effect was 70.4ug/m?
on average (SE = 9.6ug/m3) and the reduction is 26.2%. This suggested that it was necessary to
launch the red alert as otherwise the pollution level would be much higher.
Figure 4 shows the optimal weights {w}‘t}ficl“; calculated by the definitions in (2.7)—(2.9), where
the range of values are signified by colour. It can be seen that at each time point, there existed only
a few stations with relatively large weights (signified by deeper blue), while the other stations were
endowed with small weights that are close to zeros (signified by the colours close to white). For
example, for the orange alert at t =1, only 3 of the 74 weights were lager than 0.1, which are
0.27, 0.13, and 0.12, while the other weights were all less then 1073, This result corresponded
to the second case when E(Z;;|D; = 0) # E(Z;;|D; = 1) as shown in Lemma 2.

To assess Assumption 2 and the linear model specification, we tested the null hypothesis Hj:
Yir(0) = 6; + B, Xit + p,; Yir-1(0) + ¢ holdsfori e CU T fort =1, ..., Ty. For both alerts, we could
not reject the null hypotheses {E(7;) = O}tT:“1 when FDR was controlled at level 0.05, which sup-
ported the Assumption 2 and Model (2.3). To evaluate the effectiveness of the proposed DSC
method, we adopted the normalised placebo test in Section 3.2. The placebo experiment was re-
plicated for 500 times. Figure 5 shows the normalised 7' in the placebo runs vs. the estimated ef-
fectT, for the air pollution episodes of the two alerts. The graphical displays indicate the scales of
the estimated treatment effects 7, was well in in the middle of the distribution of normalised pla-

cebo ¥ in the pre-treatment period, and then started to deviate from the body of the normalised
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Figure 5. The estimated effects 7; for Beijing (black line) and the normalised differences {z¥}2% for the placebo
treatment group (grey lines): (a) the orange alert and (b) the red alert.
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Figure 6. Estimated average potential outcomes,(0) (dashed line) and the observed average .+ E—(’: (solid line) for
the orange alert under four matching strategies. Panel (a) used the original version that includes meteorological
covariates and the first lagged PM 5, Panels (b) and (c) only matched the meteorological covariates and the first
lagged PM, 5, respectively, and Panel (d) matched the meteorological covariates and the first and second lagged
PMzs.

placebo 7! after the starts of the alert. The p-value was calculated by 500! D 1% <7) (see

online supplementary material for details), which showed that the most significant effects under
the orange alert were attained in the period of 8-15 h after the start of the alert, and those under
the red alert were 617 h after the start of the alert.

To gain information on the sensitivity of the proposed DSC method to changes in the model spe-
cification, we experimented the following three alternative model settings:
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(i) Y#(0)=6;+pX;s +¢;, and obtain the weights by matching only the meteorological
covariates.
(i) Yi(0)=0;+pYis—1(0) + &; and obtain the weights by matching only the lag value of PM, s.
(ii1) Yi(0)=6; 4+ p;Yis-1(0) + p, Yis2(0) + B Xt + & and match the second lagged PM, s
additionally.

Figure 6a shows the DSC results for the orange alert where the weights were calculated according
to equations (2.7)—(2.9), while Panels (b)—(d) of Figure 6 provide analogous DSC results under the
alternative model Settings (a)—(c), respectively. In particular, Figure 6b shows that only matching
the four meteorological covariates was not sufficient to track the trend of PM, s, as reflected in the
divergence between the blue and red lines in the pre-treatment periods. Figures 6¢ and d are quite
similar to the results in Panel (a), which suggested that by either excluding the covariates X, or
including the second-order lagged value Y;;_> would not affect the results much as long as the first
lagged PM; 5 was included. In summary, the analyses suggested that having the first-order lagged
PM; 5 in the dynamic matching equations was crucial to establish the unconfoundedness assump-
tion, while the meteorological covariates were less important and having the second-order lagged
PM; 5 seemed unnecessary.

6 Discussion

We propose the DSC method for dynamic average treatment effect estimation with multiple
treated units and time-varying covariates. We employ the EL to construct the DSC weights and
provide theoretical analyses on the asymptotic orders of the weights and consistency results on
the effect estimation. Statistical inferences for the DSC are developed which allows us to assess
model specification and to attain the significance of the estimated treatment effects.

Although the DSC method is proposed to evaluate the effects of air pollution alerts, it may be
applied to evaluate dynamic treatment effects in other studies. For example, assessing the effects
of health interventions based on data recorded by wearable devices (Boruvka et al., 2018; Liao et
al., 2020), estimating the effect of epileptic seizures on the dynamic patterns of the electroenceph-
alogram, and evaluating the impacts of promotion strategies on consumer-generated product re-
views. Future work may consider extending the DSC method to allow more flexible models. For
now, the DSC method relies on a linear model over both the treatment and control groups, which
is the same as the SC method. We may add non-parametric transformation on the covariate before
matching such that the outcome is linear in the transformed covariates.

A question is that if the DSC can be extended for the policy evaluation. The inverse probability
weighting method is a commonly used estimation of ATT for policy evaluation as demonstrated in
Zhou et al. (2018). Specifically, let Z be the pre-treatment covariates and z:Z — [0, 1] denote a
policy propensity score that maps Z to the probability of receiving the policy. The ATT of policy
7 at time 7 is 7= E[Y,(1) = Y:(0)|D = 1] = E[Y,|D = 1] = E[Y; - (1 — D)/(1 — 7(Z))]. Hence, 7; can
be estimated by 7, =3p_; Yi/Nu—) po Yi/(1 —n(Z;)) via the the propensity score.
Comparing with the DSC estimate » ©p, _; Yie/Ne — 3 _p._o W} Ya, it is seen that 1/(1 — n(Z;)) plays
a similar role as the weight w7, in the DSC. However, to extend the DSC approach for the policy
evaluation, one has to extend the DSC method to non-linear models as the the propensity score of
receiving the policy is a non-linear function of the covariates Z. One possible way for doing the
non-linear extension is via the generalised additive model as discussed toward the end of
Section 3.1, which requires further analysis.

It is noted that Brodersen et al. (2015) employed a structural time series model with time-varying
covariates to infer the causal effects of a policy intervention. The study shared the same goal with the
DSC. It assumed a more detailed model for the outcome under control, which was a linear function
of a multi-dimensional state vector including covariates, unobserved local linear trend and a season-
ality term, where the latter were modelled explicitly. In contrast, the DSC method does not specify an
explicit form of the latent factor J,. However, Brodersen et al. (2015) can make more formal infer-
ence than the DSC as it can simulate the posterior predictive distribution of the counterfactual out-
comes based on the explicit model of Y;(0) and the specification of the prior distributions, while the
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DSC method can only produce a point estimation of the counterfactual average and has to rely on
the placebo treatment simulation to gauge on the significance of the estimated effects.

The DSC weighting scheme outlined in equations (2.7)—(2.9) can be directly applied to estimate
the average instantaneous effect in the staggered rollout design (Xiong et al., 2019), despite that
the starting time of treatment may vary by unit in the staggered rollout design. However, the pro-
posed DSC method cannot be directly applied to estimate the average lagged effect as it would re-
quires more assumptions. The detailed formulations and the related discussion are available in
Section 1.5 (extended discussions) in the online supplementary material.
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